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Abstract

We consider generalized Jacobi weight functions w on the unit circle T, i.e. w
is positive and smooth everywhere except at a finite number of points z; € T,
such that for small ¢, w(ze®) is equal to [t|°* (B > —1) multiplied by some
positive smooth function. An asymptotic estimate of Hilb’s type is established
for the orthogonal polynomials w.r.t. these weight functions. It gives a precise
description of the asymptotic behavior of the orthogonal polynomials on the
whole unit circle.
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1 The result
Consider the following function on the unit disk

n(2) = (=) [[(L - 7z)™, (1.1)

k

where
e the 2z represent a finite number of points on the unit circle,

e 9(z) is analytic on the open unit disk and all its derivatives extend to a continuous
function on the closed unit disk,

e ¢(z) has no zeros in the closed unit disk and ¥(0) =1,
o p < %

We are interested in the asymptotic behavior of the orthogonal polynomials for the measure
1
|m(2)?

on the unit circle, where d(e) = ;—Wdt represents the uniform probability measure on the

dp(z) d(z) (1.2)

unit circle. Hence 7(z) is the inverse of the Szegd function of the weight and from Szegd’s
theory it follows that the weight functions described in the abstract can be put in this form
up to a normalizing constant.

Let p,(2) denote the polynomial of degree < n such that p,(0) > 0 and such that for each
polynomial g(z) of degree < n, we have

q(0)
pn(O)'

Then it is easily verified that its reciprocal

[ a(@a(2)du(z) = (13)

Pn(2) := 2"pn(3) (1.4)

is an orthonormal polynomial of degree n for the measure g on the unit circle. In this paper
the reciprocals of the orthonormal polynomials play a more central role than the orthonormal

N | =

polynomials themselves. Therefore this unconventional reversion of the notation of p, and
p;. was preferred.

Orthogonal polynomials w.r.t. generalized Jacobi weights have been studied extensively both
on the unit circle and on a finite interval (generally under weaker smoothness assumptions

than here). We have

lim p,(2) = 7(2) (1.5)

n— 00

uniformly for |z| < r < 1 [9] and uniformly on every closed arc on the unit circle that
contains no singular point 2z (cf. e.g. [3]). The behavior near the singular points is more
subtle. We have the following bounds holding on the whole unit circle [5, 2]

e

I (o=l ;) <all =i < CIL(le - a4 ) (€T, (16)
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where C; and C, are independent of n and z. Other results include the asymptotics of the
reflection coefficients, of the Christoffel function and of the mean convergence of Fourier
series. Some references to these topics are [1, 6, 8.

In this paper it is shown that the asymptotic behavior of p,(z) on the unit circle near a
singular point is governed by an entire function P,(z) that can be expressed in terms of
Bessel functions as follows

Po(22) = 277 3V/7e" (o3 (2) — i2j a1 3(2)), (L.7)

where

. B 0o -1 k P 2k
3o(2) = 2775(2) = 2. —(I—p l k! (5) ' (1.8)

The main result of this paper is the following theorem.
Theorem 1.1 Suppose Ay is a closed interval containing 0 as an interior point such that
2 = z,e® (z € Ag)

is the parametrization of an arc containing zy, but no other singular point. Write the function
7(2) on this arc as follows

W(zkei"’:) = (—z)™xr(z) (2 € Ag).

Then we have, uniformly for x € Ay, that

pa(226®) = 0% Py (nz)xa(z) + O (10%”) (% + |m|)ak> (1.9)

as n — o0.

The proof consists of 4 steps. First a sequence of auxiliary polynomials ¢, is constructed.
These polynomials converge to 7, except near the singular points, where they satisfy an
asymptotic estimate like (1.9) but with P,, replaced by some other function Q,,. Secondly,
with ¢, the Bernstein-Szego integral equation on the unit circle is constructed whose unique
solution is p,. Then, similarly, an integral equation on the real line is constructed with
Qa,- It is shown that this integral equation has a unique solution and that this solution
satisfies an orthogonality condition w.r.t. the weight M‘g—ka on the real line. The solution
of this integral equation is P,,. This orthogonality of entire functions is related to Krein’s
theory concerning the continuous analog of the orthogonal polynomials on the unit circle
[7]. Finally, it is shown that under proper scaling the integral equations on the real line (one
for each singular point z;) form in some sense the limit of the integral equation on the unit
circle. This permits then to establish the above theorem.

The smoothness assumptions on v(z) are stronger than necessary for theorem 1.1 to hold
(conditions on the derivatives of order higher than 2 are superfluous). These strong assump-
tions however permit to obtain in theorem 2.2 for the auxiliary polynomials g, a complete
asymptotic expansion that is termwise differentiable. This result suggests that maybe also for

the polynomials p, more precise asymptotic estimates can be obtained than in theorem 1.1.



2 Polynomial approximations of 7(z)

2.1 A sequence of convolution kernels

We choose a smooth even function ¢(¢) with support in [—1,1] such that

1
0) = — 2.1
50)= o (2.1)
and
dF0)=0 k=1,23,.... (2.2)
Let ®,, denote the following trigonometric polynomial of degree < n
n k
2.(0)= > #()e (23
k=-n

For a 2m-periodic function f, the convolution of ®,, with f is

(@ @)= [ fORae = Y o) [ ple)e M,

—T —T

+m

k=—n

Observe that if f(z) = g(e*®), where g(z) is analytic inside the open unit disk and continuous
in its closure, then (®, * f)(z) = gn(e®), where g,(2) is a polynomial of degree < n and

9n(0) = g(0).
In order to estimate ®, x f for large values of n we use the Poisson summation formula
B,(z)=n Y. d(n(z+2rm)) (2.4)
where
A +oo .
$(z) = / $(t)e """ dt, (2.5)
B1) = o [ dla)ed (26)
=5, ) #lz)edz. :

$ z), as well as its derivatives, decreases faster at infinity than any negative power of z
(integrate by parts (2.5)) and it has vanishing moments

/_:° Ho)de = 1, (2.7)

+oo
/ Jz)cbde =0 k=1,2,3,.... (2.8)
The convolution of ®,, with f can now be expressed as

(% f)(z) = /:r (1) f(x +t)dt
_ Yo, / i" H(n(t + 20m)) f(z + t)dt

m=—00
_|_

— / ng(nt)f(z + t)dt

— o0

_ /:’ Hs)f (o + 2)ds. (2.9)



2.2 The polynomials g,
Let a be a fixed positive number that will be specified later.

Definition 2.1 g, is defined as the polynomial of degree < n such that g,(e*®) is the convo-
lution of ®,, with the function

W(e_%e”) = W(ei(z"'i%)). (2.10)

Note that ¢,(0) = 1.
Fix a singular point z;. Let Ag be a closed interval containing 0 as an interior point and
such that

2 = z;€™ (z € Ag) (2.11)

is the parametrization of an arc containing no singular point except z;. Let

oa(2) = (—22)*  ((z) >0,z #0) (2.12)
and write
W(zkeiz) = 04, (2)xk(2). (2.13)

Here xx(2) = xx(z +ty) is analytic in the upper half-plane y > 0 and all its derivatives have
a limit as y — 04 when z is in A or close to Ag.

Theorem 2.2 For z € Ay, we have

21 Qayi(nz) X ()

qn(zkeiz) — IZ: ot T + Rk,p,n(:zz)7 (214)
where
too ..
Quilz) = /_  H(s)oala+ s + ia)(s + ia)ds (2.15)

and for all m € N, there exists an My pm > 0 such that

Mipm /1 e
Vo € Ay : |R) (2)] < kem (— + |az|) . (2.16)
mn

kypyn np

In the sequel we will often write shortly @, instead of Qq.
Let F,(z) denote the entire function

Fu(z) = F(Zfa) /Ole”tt‘“‘lgb(t)dt (a < 0) (2.17)
_ _% [ e izgt) + g (a<1). (2.18)

The second expression is obtained by integrating by parts the first expression and represents
its analytic continuation w.r.t. a.



Lemma 2.3 We have

Qa(z) = Fu(z + 1a). (2.19)
For all ¢ > 0, we have
Fo(2) =(=i2)*+ O(|2]™?) as|z] » > (2.20)

uniformly for $(z) > 0, and
Fo(2) = O(|z|*e %G as |z| — (2.21)
uniformly for (z) <0.

Corollary 2.4 If a is chosen sufficiently large, then, for all sufficiently large n, all zeros of
gn(2) lie in the exterior of the unit circle.

3 Integral equations

3.1 The Bernstein-Szego integral equation

We give here the well-known Bernstein-Szego integral equation with its derivation that is
written so as to stress the link with the integral equation on the real line of the next section.
We assume that o is chosen sufficiently large and that n is sufficiently large so that, by
corollary 2.4, g,(z) has no zeros in the closed unit disk. We consider the measure p, on the
unit circle, with

_ d\(z)
|9n(2)1%
Then, for all polynomials f(z), we have

[ @@ @in(a) = 5 f SELE SO o) (32)

N % z|=1 qn(z) z qﬂ(o)

dpin(2) (3.1)

Hence, it is easily verified that

,(2) = 2"qn (i) (3.3)

z

is an orthonormal polynomial of degree n for the measure p,,. Let

= 9a(2)aa(() — an(2)an({)
kn(z,() = —2( zC_—l .

(3.4)

For fixed (, kn(z,() is a polynomial of degree < n in z and

kn(z,() = kn(C, 2). (3.5)
For every polynomial f of degree < n, we have

[e050am© = 52 qn(cﬂ(zo— oe% (3.6)

21
2q;(2) % (9]
211 Jig=1 g2 (¢)(z — ¢)¢

dg. (3.7)
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If z happens to lie on the unit circle, the contour integrals on the right-hand side are in the
sense of the Cauchy principal value. Applying the residue theorem for the first integral on
the right-hand side with respect to the interior of the unit circle and for the second integral
on the right-hand side with respect to the exterior of the unit circle, we have

[ a2, OF(Q)dpn(C) = = £(0)an(2) + £(2). (3.8)

In particular, we have

Pa(2) = Po(0)ga(2) + [ kn(2, Opn(C)diin(0) (3.9)

Using (1.3), we have

[t Opl1a00) = [0k, 1aut) = (225:2) < (3.10)

Subtracting (3.10) from (3.9) and dividing the resulting equation by p,(0) gives the Berstein-
Szego integral equation

P — anla) + [ bl 2~ O (3.11)

Pn Pn

Prnlz

It is not hard to prove that po(0
will be convenient to consider the ratio

is actually the unique solution to this integral equation. It

Un(2) = %. (3.12)

The integral equation (3.11) transforms into the integral equation for u,

un(2) = 1+ [ ka2, CJun(O)AN(Q), (3.13)

where

1 1
R R <|qn<<>|2 - |7r<o|2> (314)

3.2 An integral equation on the real line

In the same way as the Bernstein-Szego integral equation was constructed with the polyno-
mial ¢,, we here construct an integral equation on the real line with the function Q, (a < %),
where we assume a sufficiently large so that by lemma 2.3 all zeros of @, lie in the lower
half-plane. We show that this integral equation has a unique solution, which is characterized
by an orthogonality property, and give an explicit expression for this solution.

Definition 3.1 Let V,_; denote the space of the entire functions v(z) such that

()]
Al e~ (3.15)

The analogue of (3.2) is the following proposition.



Proposition 3.2 Suppose v € V,_1 and

. v(Re®®
V8 e (0,7): REIEOO W =c. (3.16)
Then
. 1 (+R_— dt
Jim /_ o @R G = (3.17)
Let
Qu(2) = €*Qa(2), (3.18)
and
o) — L Qo0 ~ QD) 519
For fixed ¢, ko(2,t) € Va1 and
ka(z,t) = ka(t, 2). (3.20)

Lemma 3.3 There exists a constant M, > 0 such that for all z € € and all t € R, we have

(L+ €=+ [2)*(1 + )™
1+ |z —t '

|ka(2,8)| < Mo,

The next theorem states that k.(z,t) is actually a reproducing kernel for V,_;.

Theorem 3.4 Ifv € V, 1, then

+oo dt
v(z) = ko(z,t)v(t)——~= .
()= [, kelestht) g e (3.21)
1 1 1
Lemma 3.5 |Qa(t)|2 — |t|2a =0 <|t|27a+2> as t— too.

Definition 3.6 Let ), denote the Banach space of the functions y on R such that

i(t) = % e L=(R), (3.22)

with the norm
[yl = |§]lec = ess sup, g |9(2)|- (3.23)
Fory e ),, let

(Kay)(z) = [

— o0

+ o0

ka2, )y (1) <|Qa1(t)|2 _ |t|12a> dt. (3.24)

Theorem 3.7 K, is a compact linear operator on ),.

Theorem 3.8 Ify € V,, then Koy € Vy1.



Lemma 3.9 Suppose v € V,_; and

oo dt
VzeR: /_oo kae, (8) g = 0 (3.25)

Then v = 0.
Theorem 3.10 Suppose y € Vo and y = Koy. Then y = 0.

Theorem 3.11 The integral equation
Y= Qo+ Kay (3.26)

has a unique solution.

Theorem 3.12 Suppose y(z) is an entire function whose restriction to R is in V,. Then
y is the solution of the integral equation (3.26) if and only if the following conditions are
satisfied

1.y — Qa € Va_1,
2. If v € Vy_1 and

. v(Re®)
V@ € (O,W) . REI—l{loo W = C, (327)
then
. 1 p+B— dt
Jim /_ o YO0 e = (3.28)

The following property of the Bessel function J_a_;_ will permit to express the solution of

the integral equation (3.26) in terms of Bessel functions.

Lemma 3.13 Suppose f is an even entire function such that

sup £(2) < 00. (3.29)

cosh(Sz)(1 + |z])>t

Then
B —atl 1 - f(z) d= 1
I 2:/ 1 a+2d = —/ 12.7._ = .
@B = [T y@f@e it = o [ o TS 00, )
where Cgp = {z = Re* : t € [0, 7]}.
Theorem 3.14 The solution of the integral equation (3.26) is P,(z), where
Po(22) = 2275 y/me™ (o 1(2) = 12j_ay1(2)) - (3.31)
Another exzpression for P,(z) is
1o
P.(z) = / el (1 —¢) 7 dt : 32
&)= g e (<o) (3.32)



3.3 Asymptotics of the solution of the Bernstein-Szego integral
equation

We use discrete convergence theory as in [10]. We first give a short outline of this theory.

3.3.1 Discrete convergence theory

Consider Banach spaces £ and E, (n € N) as well as bounded linear maps 7, : £ — E,
such that

Vu € E : lim ||mpu|| = [|ul|- (3.33)
It can be shown that this implies that
limsup ||7,|] < oo. (3.34)

Definition 3.15 A sequence (un), N, where un € En, is called bounded if (||un|), N s
bounded. We say that (un), | is convergent with limitlimu, = u € E if lim [ju, — moul| =
0. We say that (u”)nEN is compact if for every infinite subset N of N there exists an
infinite subset N' of N such that the subsequence (un)nen' s convergent.

Definition 3.16 Consider a sequence (T,), N, where Ty, is a bounded linear operator on
E,.. Then we say that (T”)TLEN converges compactly to the bounded linear operator T' on
E and write

T, — T compactly,
if the following three conditions are satisfied:
1. limsup ||To|| < oo.
2. Yu € E: lim ||Tpmpu — 1, Tul| = 0.
8. If (un),cN s a bounded sequence, then (Thu,), N i a compact sequence.

Theorem 3.17 AssumeT : E — E and T,, : E, — E, are compact linear operators and
T, — T compactly.

Suppose f € E and the equation
u=Tu+ f

has a unique solution u € E. Then there exists an ng € N such that for all n > ng, the
equation

Uy = Tpty + T f

has a unique solution u, € E, and
limu, = u.

Moreover, there exist two positive constants c¢; and ¢y, independent of f and n, such that
a||Tumnu — mpTu|| < ||un — moul| < eof| Tnmnu — mnTul|.

This theorem is e.g. proved in [10].



3.3.2 Application of discrete convergence theory

We consider a partition of the unit circle T in arcs 'y, each containing exactly one singular
point 2z (not as an endpoint). Then there exist intervals Ay, containing 0 as an interior
point, such that the map

Ap = Tp iz z3e™ (3.35)

is bijective.
We consider the Banach space E =[], L*(R), with the norm

()| := max |[ux|o
and the Banach space E, = L*(T).
Definition 3.18 Let m,; : L*°(R) — L*(T') be defined by

(Tnptt) (26" = u(nz) (z € Ag), (3.36)
and 7, : E — B, :u = (ug) — mou by

(mau)(2) = (Topue)(z) (2 € Tg). (3.37)
Verification of (3.33) is straightforward.
Definition 3.19 Let T, : E,, — E, be defined as

(Tuw)(2) = [ k(2 Qu(ANC), (3.38)
where Ky, is as in (3.14), and let T : E — E : uw = (ug) — Tu = (Sguz), where

(Sew)@) = [ rasls y(e)et (3.39)

Q) R
oot = Gyt (i ~ ) (340

and ko(z,t) is as in (3.19).
Proposition 3.20 The operators T,, and T are compact.

Theorem 1.1 is essentially a corollary of theorem 3.17 and theorem 3.21 below.

1
Theorem 3.21 T, > T compactly, and || Tpy7n — 1, T|| = O ( og n) ‘
n

The proof of this theorem is based on the lemmas 3.23 and 3.24 below. We define an auxiliary
operator T, on E, as follows.

Definition 3.22 Let 1, : L=(T) — []; L°(R) be defined as follows

u(zpeln) ifx € nl\,

R

and let T, = 7, T4,,.

(3.41)

otherwise ’
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We have the following integral representation for T,
(Tnu)(zke”) = / nnak(nm,nt)u(zkeit)dt (z € Ag). (3.42)
Ay

On one hand we have

- - 1
Lemma 3.23 T, — T compactly, and ||T,mn — 1, T|| = 0O (—) )
n

On the other hand we have

Lemma 3.24
1T — Tl
1 : -+
_ e (zhe™® 2t 3 £)|dt / (e, OV dA(C
m]?XjélA;)k (/AJZ?TK (zpe*®, 2k€") — Nkq, (nz,nt)| —I—E; |k (28e™, O)|dA(C ))

I <logn> ‘
n

The first equality in this lemma follows immediately from the integral representations of T,
and T,,. The asymptotic bound is based on asymptotic estimates of the factors of the kernel
Kn, which are elaborated below. All these estimates are based on theorem 2.2.

Proposition 3.25 Suppose p €N, z,t € Ay and z = z,e*®, ( = ze®. Then

= Lyl —z))™ (2 +1c—al)
2_’”’” w(( npz,t)+(zc) k))’ (343)

uniformly for z,( € Ty, where

z (Gk,l(na:, z,nt,t) — e™eNGy (nt, t, nz, m))

kn,k,l(z7C) = _Z _C

(3.44)

nzak

and

(#)

W
Gl 2,8) = 3 Qs ) (3.45)

Lemma 3.26 Suppose t € Ay, and let

1 1
fn,k(t) - |qn(zkeit)|2 B |7r(zkeit)|2

(3.46)

and

1 1 n2ak
n,k,0 - . . 7
Frowolt) = <|Qak< o |nt|2o~=> O (3:47)
Then

fap(t) = faro(t) + O (% (% + Itl)_zak> (3.48)

uniformly for t € Ay.

11



Lemma 3.27 Suppose k # [. Then

logn
sup |/€n(z,C)|d)\(C):O< & ) (3.49)
ZEFk Fl n
Lemma 3.28
iz it Qak(nt)Xk(t) iz it logn
n ) -k, , n t)dt = 0O (3.50
s ., |kn(2re™, 21e™) O (n2 e (%) k0(2k€”, 2ke™) frk0(t)] | -(3:50)
Lemma 3.29

sup | Qak(nt)Xk(t) k

. , X
n 1z7 it n t)—2 - ,nt dt = O (_) . (351
ser Jay Qo (n2)xa() k0(26€"”, 2k€") fako(t) — 2TnKy, (nz, nt)| (3.51)

n

4 Proofs

4.1 Proofs of section 2
Proof of theorem 2.2. Let
fal@) = w(£E).
Then, with @ = ming ag, we have for all m € N that

sup @) = 0 (1) 1)) (L1)

S

Now, fix k£ and choose € > 0 sufficiently small so that for all z # 0 at a distance at most ¢
from Ay, we have that z;e™® is not a singular point. Then, for z € Ay,

. +oo s
an(zre™) = [ §(s)fala + 2 )ds = gna(a) + gna(e), (4:2)
where
i) = [ Hs)oale+ T e+ s

. s
gua(e) = [ el ),
By the fast decay of qAS(s) and by (4.1), we have that for all m € N and all ¢ > 0

1
(m)e .\ _ -
R =0 (). (43)
uniformly for all z € Ag. For z € Ay we expand xj about z

p-1 (l)( )

T
xe(z + h) = Z XkThl + (XK, 2, h).
=0 .

12



Then

gma(z) = Z ( [ ds)om(a ey (° m) d3> Xg;!( z

n n

+ne s +1a s +1a
‘I’/ ¢ Uak T+ )Tp(le Zz, T)d‘s

n - (l)
_ IZ: Qakalk(+l )Xk ‘ Z: ( ) - (:IJ), (4‘4)

where

pia(z) = /MZM qAS(s) (s + ia)laak(az N s+ m)ds (4.5)

" "
and
ron(@) = [ ()mule+ T i, T s, (4.6)
We have
el = [f 36 (CE) et + <
nl+ik—m /ISIZM |§£(3)(S + ia)l||0g:)(nm + s +1a)|ds. (4.7)

For z € Ay and |s| > ne, we have
diam(A
la| < |nz + s +4a| < (%(’“)H) Is| + |al.

Hence,
|U(m)(na: + s +2a)| = O(max(1,|s|**™™))
uniformly for z € Ay and [s| > ne. Substituting this result in (4.7), we have by the fast
decay of ¢ that for all ¢ > 0,
(m) 1
o) =0 (=) (+3)

uniformly for z € Ag. As Ry, 1s composed of g2, the p;, and 7, ,, it remains to show
that the derivatives of r,, are suitably bounded. We have

om s +1a m s +1a X(m+p)(z) (s +1a)?
a2k & ) = ™, @, =) = SRS
for some z between z and z + s"’“’ Hence,
om s +1a (1+ |s])P
(%;—mrp(Xk,m, —)=0 (T (4.9)

13



uniformly for ¢ € Ay and |s| < ne. The derivatives of 7,,(z) are obtained by applying
the Leibniz rule of differentiation to the integrand in (4.6). By (4.9), these derivatives are
suitably bounded if for all m we have

[ 18(60) o8 me + 5 + ia)|(1 + lsl)rds = O((1 + [nal)™—),

—ne

uniformly for z € Ag. By the fast decay of qAS, this holds if for sufficiently large ¢
+o0
/ (]— + |3|)—q(1 + |u — 3|)ak—mds — O((]_ + |u|)ak—m)‘

This is proved in the next lemma. O

Lemma 4.1 Suppose 8 € R and v > max(5,0). Then

[T 1 o)t = O((1 + fal)?)

o0

Proof. Put
g(z,t) = (L+ )77 (1 + [t — =2]).
We distinguish between 2 cases.

1. 8>0.
We split the integration region in 2 subregions and prove the bound for the integral on
each of the subregions. For |t — z| < 2|z|, we have

(1+ [t —2])? < (2+2J2[) = 2°(1 + |=])",

whence,

/lt_zl<2|zlg(w,t)dt <2°(1+ |m|)ﬂ/:°(1 + 1) Nt = O((1 + |2])?).

For |t — z| > 2|z| we have |t| > |t;z|, whence

1 |t—z
L+ th)™ < (=
(14 < 5+

)_7_1 = 27"'1(1 + |t — m|)_7_1.
It follows that

+oo
/| g St < 2v+1/ (14t — 2|)f~71dt < oo.
t—x|>2| —o0o

14



2. B<0.
For |t — z| < %, we have [¢]| > |§—| and thus

L+ )™ <27 (1 + =)

Hence, for g # —1,

/ gz, )dt < 2v+1(1+|m|)—v—1/ (14t — z|)Pdt
jt—z|< 2l jt—a|< L2l
2 |z|
< 9rtley -1 1 1ZI\B+1
< T T 0+ )

= O+ [z)"™)
= O((1+|z])),

and it is easily verified that this last bound also holds when 8 = —1.
For |t — z| > %, we have

(41—l < (14 2P <o 4 ol

Hence,
B N e 1 8
/|t >l g(z,t)dt <27°(1 + |z|) / (1+t])7" " dt = O((1 + |=])7).
O

Proof of lemma 2.3. If a < 0, we have by the definition of the Gamma function that

1
INGe)

(—iz+a)* = /0 e Tttty (4.10)
As Q4 () is the convolution of this function with the Fourier transform of ¢(¢), (2.19) results
from the fact that multiplication in the ¢-space corresponds to convolution in the z-space.
For 0 < a < 3, (2.19) is obtained by analytic continuation w.r.t. a.

We now show (2.20) by an argument that reduces essentially to Watson’s lemma. Suppose
first that $(z) > 0 and @ < 0. Then the decomposition of ¢

86 = 5 + (80— o)

implies the following decomposition of F,

Fu(2) = (—i2)* + Ha(2), (4.11)
where
Ha(z) = = (2_”&) [ e (¢(t) _ %) dt = [ ega(t)at. (4.12)

15



Here <;~Sa(t) is smooth on [0, +00), at t = 0 all its derivatives vanish and for ¢ > 1 it equals
==

—F(_—al. The expression (4.12) is an entire function of «, whence, by analytic continuation,

(4.11) also holds for & < 1. After m successive integrations by parts, (4.12) gives

Ha(2) = (—iz)™ / e g (1) ds. (4.13)

0

For m > 1, we have
[Ha(2)] < l2I7 [T 1801t (S(2) 2 0). (4.14)
0

As m can be chosen arbitrarily large, (2.20) is established. It is easily verified, using the
Leibniz rule of differentiation and the Taylor expansion, that actually

A R Ol A e
1

< Cam mmaX g TI(8)] + T a_m)’ (4.15)

where c4,m 18 some constant. This result will be used later on.
Suppose y > 0. Then

e VF,(z —iy) = 2 /+°° et g, (t)dt, (o <0) (4.16)

T(—a) J-co

where

$y(t) = e C7g(2). (4.17)
Let H,, be defined by formula (4.12) but with ¢ replaced by ¢,. Then

e VFa(z —iy) = e V(—iz)* + Hay(z) (4.18)
is valid for z € R and z # 0. By (4.14) and (4.15) the bound

Hay(z) = O(]z™) (4.19)

holds uniformly for y > 0 provided the derivatives of ¢,(¢) admit a bound that is independent
of y. This is indeed true, since

NE

sup [¢{m(t)] <
¥>0,0<t<1

m _(1— m—
<k> sup [y*e (gl h)y)|
¥>0,0<t<1

£
Il

0

<

NE

(7;;) sup [((1 — )y)"e T |(1 - #) o))

¥>0,0<t<1

k=0
< i m su ko—u _ )k p(m—k)
< pute ) [ sup (1 1) g R
=\ k u>0 0<i<1
< o0

where in the last step, we used the fact that at ¢ = 1 all derivatives of ¢(¢) vanish. In the
region |z| > y, we have

(~ie) = O]z —3y|") and [o|** = O(Jo — iy|**).

16



Hence, in this region (2.21) follows from (4.18) and (4.19).
Now suppose |z| < y. Using a partition of unity on the interval [0, 1], we can write

1
P(=a)

Fo(2) = Foy(2) 4 Fasl(z) = /0 it (4)di4 /0 et (), (a < 0)(4.20)

where 0 < € < 1, 9(t) is a smooth function that vanishes for ¢ > € and coincides with 27¢(¢)
in a neighborhood of 0 and 5(¢) is a smooth function with support in [0,1]. In order to
obtain a formula for F, 1(z) that is also valid when 0 < a < %, we integrate by parts

1

ol =1

/0 Tt (s (£) + ¥ (2))d (4.21)
This directly yields the asymptotic bound

Fan(@ — i) = OJo — iy]e¥) = O(fo — iy ™e?) (1.22)
where m is arbitrary. By m successive integrations by parts, we also obtain

Foo(z —1y) = O(|z —2y| ™eY). (4.23)
Hence, (2.21) is now also established in the region |z| < y and the proof is completed. O

Proof of corollary 2.4. The function 7(e~=2) has no zeros in the closed unit disk. If its
approximation g,(z) has a relative error smaller than 1 on the unit circle, in other words, if

qn(eiz)

e ) |« (4.24)
n(e " ne)

sup

zG[R

then it follows from Rouché’s theorem that neither ¢,(z) has any zero in the closed unit
disk. We cover the unit circle by a finite number of arcs, each containing exactly one
singular point zg. It is then sufficient to check the condition on the relative error on each of
the arcs separately. For the arc containing the singularity z; we have by theorem 2.2 (with
p = 1) that the condition

qn(zk eiz)

n(e”n ze'®)

sup
:EEAk

is satisfied for sufficiently large n if

‘ Quilz)

1| < 1. (4.26)

sup

zcR
By (2.19) and (2.20), (4.26) is satisfied for sufficiently large a. O

(—iz + a)*

17



4.2 Proofs of subsection 3.2
Proof of Proposition 3.2. The integral in (3.17) is

L

As the integrand is analytic in the upper half-plane, we can replace the integral by the

integral on the semicircle joining — R to +R
T R 19
= / v(Re Rze’edﬁ

From the asymptotic behavior of Q,(z) in the upper half-plane (cf. proposition 2.3) and the
fact that v € V,_1, the integrand admits a bound independent of R and 6. Application of
the dominated convergence theorem now proves the theorem. O

Proof of Lemma 3.3. We distinguish 2 cases

1. |z —t| > 3: By lemma 2.3, there exists M; > 0 such that
|Qu(2) < Mi(1 + |e])(1 + |2])
and consequently also
|Qa(2)] = |e]1Qa(2)| < Mi(le®| + 1)(1 + [2[)*.

The bound for |kq(2,t)| follows readily.

2. |z—t| < %: Then, applying the mean value theorem, we have

balz,8) = — 5 (0@ ~ QUOTED)

where ( lies somewhere on the line segment that joins ¢t with z. Now, as
Qu(2) = Fo(z +1ia) = (i) Fa1(2 +1a) = (—10)Qa-1(2),

there exists a constant M, > 0 such that
1Qu(2)] < My(1+ [€#[)(1 + [2])°7" < Mp(1 + [e*[)(1 + |2])

and consequently
Q5 (2)] < 1e*1Q4(2)] + €| Qu(2)] < (Mo + Mi)(1 + |e[)(1 + [2])™.

These bounds now easily imply the bound for |kq(2,t)| in case |z — ¢| < 3.

18



a

Proof of Theorem 3.4. We have

/;ook“(z’t)”(t)@itmz - RliTm_QzaS)/ A (:)(? 5 (4.27)

(
Qu(z) (B ()
TR, Tom /_R HOCEDE (4.28)

If z € R, the integrals on the right-hand side represent Cauchy principal values. The
integrand of the first (resp. second) integral on the right-hand side is analytic on the upper
(resp. lower) half-plane, except for a simple pole at ¢t = z if &(z) > 0 (resp. if §(z) < 0).
We move the contour to a large semicircle in the upper (resp. lower) half-plane and apply

the residue theorem. This gives

+oo dt _ v(Re®)Re'®
/_oo ka(z7t)v(t)|Qa(t)|2 - U(z)—l_Rl—l»Ifoo 27r / Qa(Re®)( e’e)de
Reze Reze
I / d6
—I_R—l»Ifoo 27r QR (Re®)(z — Re?)

= v(z).

In the last step, the integrals tend to zero, because in view of the asymptotic behavior of
QRa(z), QL(2) and v(2z) € V4—1 the integrands tend uniformly to zero. O

Proof of Lemma 3.5. By lemma 2.3, we have
. 1
QRa(t) = (=it + a)* (1 + O (t_z)) ast — +oo.

Hence,

QP = [P (1 +i ><1—%t>)a(1+0(§z))

(i (l)

The result of the lemma directly follows from the last formula. O

Proof of Theorem 3.7. Let

ka(Z,t) = kalz, t) <|Qatt)|2 — |t:|[2a> (4.29)

denote the kernel of the integral operator K,. It is convenient to subdivide the integration
region into 2 parts, so that

(Kay)(z) = (Kany)(z) + (Kazy)(z) = /

0

ralo, ()i + | T ol y(t)dt. (4.30)

We prove that K, is compact. The proof that K, ; is compact is analoguous.
Because of the bounds in lemmas 3.3 and 3.5, we have

! \E / ke, 8)](1 + ¢]) “dt</ 1)dt < oo, (4.31)

K, —_—
Haall = 399 (e /|
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where
1 1
1Qa(t)1® [t

In order to show that K, » is compact, we show that K, » can be arbitrarily well approximated

g(t) = 2Ma(1 + |¢[)*

(4.32)

by a compact operator. We proceed in 2 steps.
First, let 0 < r < R and let K, , denote the integral operator w.r.t. the kernel s, (z,1), that
coincides with k4(z,t) on the rectangle

D,r={(z,t) €R*: |z] < Randr <t < R} (4.33)
and vanishes elsewhere. From the bounds in the lemmas 3.3 and 3.5, it follows that
1 oo
|Kaz = Kiall = sup o [ Ika(e,8) — wi(a,1)[(1 + J¢])"d
i ? zcR (1 + [2[)* Jo
©°  g(t)

< sup dt + /T g(t)dt + /oo g(t)dt
0 R

el>r /0 14 [z —1
tends to zero as » — 0+ and R — +00. Hence, it is sufficient to show that K;,z is compact.
On the rectangle D, g, k/(z,t) is continuous. By the Stone-Weierstrass approximation the-
orem, it can therefore be arbitrarily well uniformly approximated on D, r by a degenerate
kernel of the form

> aj(z)bi(t), (4.34)

where a; and b; are continuous on |z| < R and r <t < R respectively. We extend these
functions by 0 to functions on the real line. The integral operator corresponding to the
degenerate kernel approximates K/, , arbitrarily well and is compact because it has finite
dimensional range. This establishes the compactness of K/ ,. O

Proof of Theorem 3.8. Let v(z) = (K,y)(2). Then, by lemma 3.3 and 3.5,

. too  g(t)dt
< M, 1 (1 O‘/ — 4.
()] < Malll1 4l -+ e [T A (4.35)
where
1 1 N, 1
g(t) = (1 + |t])* — < t > =), 4.36
A (NG T G Y (430
for some N, > 0. Hence, v is suitably bounded if the function
oo g(t)dt
h(z) = (1 / — 4.
()= ) [ 2 (4.37)

is bounded. Write z = z + 2y and distinguish between 2 cases:

L. |y| > |#|. Then A(z) is bounded by

oo g(t)dt oo
1—|—a:—|—y/ §2/ g(t)dt.
(elel o [ 20 <2 [
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2. |z| > |y|. Then h(z) is bounded by

(2+2|m|)/+°° _9t) 4

This is clearly bounded when |z| < 1. Suppose z > 1. Then

1 ]
< LAl g(t)dt + 2 _Ltlel
[R\zz1+| | lo 14 |z —t

2N, (3=  dt
< 4/ g(t)dt + —— T —
R\[}z,22] 1+ |z| Jie 14 |z —t]
log(1 + %)

+ x

h(z) g(t)dt

+oo
< 4/ g(t)dt + 4N,

is bounded for z > 1. The case z < —1 is proven analoguously.

v is analytic in every zo € € because v(z) is defined as an integral whose integrand depends
analytically on z and is bounded by an integrable function independent of z for z in some
neighborhood of z,. O

Proof of Lemma 3.9. By Theorem 3.4 and (3.20), we have

(@) = /:’ kel @) g

Hence, we have

/_:° |7|’t(|2)o!2dt /_:" (/_:" ka(m,t)v(m)|Qia;)|2> o() |t‘|i§a.

Estimating the different factors of the integrand, we see that the absolute convergence of

/+°°/+°°Ik )()Id 0t < o

| £

follows essentially from the absolute convergence of

/-I-oo /-I-oo dz dit < o0
—o0 J-oo (14 2[)(1+ [t[)(1 + |z — ¢]) 7

which can be verified by straightforward computations. Hence, we can apply Fubini’s theo-
rem, which gives

/;w |Tf|?a|2dt _ /_:" (@) (/_:" ka(m,t)v(t)|jza> IQj(Z)P ~0.

This is only possible if v = 0. O

Proof of Theorem 3.10. By Theorem 3.8, y € V,_;. Hence, by Theorem 3.4, we have
Foo dt

y(2) — (Kay)(2) = [ kal2,thy(2)

oo |t|2a'
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Now Lemma 3.9 implies that y =0. O

Proof of Theorem 3.11. By Theorem 3.10, 1 is not an eigenvalue of K,. Since K, is
compact, this implies that 1 does not belong to the spectrum of K,, i.e., the operator I — K,
where I represents the identity, is invertible. The solution of the integral equation is thus
unique and is equal to

= (I - Ky) 'Qa.
O
Proof of Theorem 3.12. For all y € ), and v € V4_1, we have by Fubini’s theorem ( its

applicability can be checked in the same way as was done in the proof of theorem 3.9) and
by theorem 3.4 that

~—r

= [ ’““(t’m)y—t<|@al<t>|2 - |t|12a> dt) OreT
- [0 (IQ o |t|12a> </—:o k“(t’m)“(m)wi%ﬁ *
)

=[50 (g )

Hence,
R ) KO, . R ()
O A -3 M s (4:39)

if one of these limits exists.

Suppose y is the solution of the integral equationy = Qo+ Koy. Then y— Qo = Koy € V1.
Assuming v satisfies (3.27), the left-hand side of (4.38) equals mc by proposition 3.2, and
thus (3.28) is satisfied.

Conversely, suppose y satisfies the 2 conditions of the theorem. Then w :=y — K,y — Q4 €
Vo-1. Assuming v satisfies (3.27), we have by (4.38) and proposition 3.2 that

e mv(t) +R y(t) +R Q
/—oo [N Rm/ |t|2a Rm/ ar o

In particular, for v(t) = ku(¢, 2) = ka(z,t), we have

B +°°mka(t,z) I e . dt — (s
0= T 2= L kele )G = )

Hence, w = 0 and y satisfies the integral equation y = Q, + K,y. O

Proof of Lemma 3.13. Put p = —a— % Using the decomposition of the Bessel function in
Hankel functions and then expressing the Hankel functions in terms of the Bessel functions
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of the third kind (cf. [4]), we have
I(a, f,R) = 2 / HO(a mp+1dm+2 / H®(2) f(z)2? e
= = /0 (—z'ac)”“Kp(—ia:)f(m)dm—l—; /0 (2 PH K, (i2) f(2)dz
_ % /_;R(_m)wlf{,,(—m)f(m)dm
= L (Ciaptik (=) f(a)da, (4.39)

m JCg

where in the last step we have applied Cauchy’s theorem. We have the asymptotic estimate

(cf. [4])
T _, 1 3T 3T
K,(z) = W/Ze (1+0O( z|)) |z| = o0, — 5 < arg(z) < 5 (4.40)
The result (3.30) follows from substituting (4.40) in (4.39), using (3.29). O

Proof of Theorem 3.14. We first show that the function P, given by (3.31) satisfies the

conditions of theorem 3.12.
That Py — Qo € Va-1, follows from the asymptotic expansion of the Bessel function (cf. [4]).
Suppose v € V,_ satisfies condition (3.27). Put

(z) +9(=2)

0 = _1:2 2 = =

i) = e o(22), ()= DOTIEE gy AR
Then

sup |{)( )| < ©o

oy cosh(Sz)(1 + |z|)>t

/()]

ng@p cosh(Sz)(1 + |z|)*~ <

sup (\| ( )| < ©o

oy cosh(Sz)(1 + |z|)>2
and f and g are even entire functions. Then

+R dt 21_2a +%_7 _ip d:IJ
_/ |t|2°‘ = — /_% e **P,(2z)e U(Zm)|m|2a

R
3> dz

D Gy @ iy GO o)

9oty /"‘% dz

7 ) (Joa-r(z)f(2) — m2j_a+;—(“’)9(“’))|m|2a




_ 2 i f(z) dz i 9(z) dz 1
N T (/c% € (—12)* 1z B Cp € (—1z)>2 iz) + O(R)
B g-atl v(22) d_z 1

N T /CR (—1z)* 14z + O(R)

RN N

oo /CR (—1z)* 14z + O(R)

Ly v(Re®) 1
= (Cige)i T Olg)

— ¢ as R — +oo.

The second formula (3.32) follows from the Poisson formula for the Bessel function (cf. [4])

Mo+ )5() = = (5) [0y o> -5
2 VT \2 2
This gives
9o+s 1
Jat(z) = m/_1 &7(1 — )1, (a < 0)
and, by integration by parts,
923 1
jet®) = i /_1 (1 — £2)7°dt, (a < 0)
9o+3

— _m/_ll et (1 — )™ tdt  (a <0).

It follows that for a < 0

P,(2z) = 2“‘%\/7?6” (j_a_;_(z) — izj_a_l_%(z))
_ 22a /1 eiz(t—l—l)(]. N t)_a(l T t)_a_ldt
I'(—a) /a1
1

1
_ 22zu, —a—1 1 — ey v
T(—a) /0 T L — )y

In the last step, the change of variable ¢ = 2u — 1 was performed. The proof of formula (3.32)

is now complete. O

4.3 Proofs of subsection 3.3

Proof of Proposition 3.20. T, is compact since it has finite-dimensional range.
In order to prove that T' is compact, it is sufficient to prove that each Sy is compact. As

1Qal2)l (4.41)

e, be > 0,Vz € R : <
(1+ || )=

the vector space isomorphism

Vo — L®(R):y @
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where ), is as in definition 3.6, is also a homeomorphism. As S corresponds to the compact
operator K,, (cf. definition 3.6) under this isomorphism (with o = o), Sk is compact. O

Proof of Theorem 3.21. This follows from lemmas 3.23 and 3.24. Indeed, we check the 3
conditions for compact convergence:

1. limsup || T,|| < limsup ||Tn|| + limsup || T, — TnH = limsup ||Tn|| < 00.

2.

|Tamn — 7Tl < (T — Tl sup [|nl] + | Torn — 7T |
1 1
- O<Ogn> +O(—)
n n
_ 0 <logn> ‘
n

3. Suppose (un) is a bounded sequence in E,. Then,

Lm(T, — Tn)un =0

and (T,u,) is a compact sequence so that for every infinite subset N of N there exists
an infinite subset N’ of N such that

r}g]{[l, Toun =u

for some u € E. Hence,

lim Thu, = lim Tou, + lim (T, — Tn)un =u+0=u,
neN’ neN’ neN’

and (T,uy) is thus a compact sequence.

a

Proof of lemma 3.23. The proof consists of checking the 3 conditions for compact con-
vergence:

L limsup [Tl < limsup [mall[|7] [in] < 7] < oo.

2. Suppose u = (ug) € [Ix L*(R). Then
| Tamnts — mTul| < ||| | T (inmtnts — w)l| < max || Seynnll,

where

yk,n(m) — up

(z) otherwise.
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Hence
[Sevinll < lluall sup [l Iy (2, 1)l

Because of the bounds in the lemmas 3.3 and 3.5 and (4.41), the integral on the right-
hand side is of order

1 1
- - < g 3.
o /[R\mk 1+ [z —¢ 2 = JR\na, 22 (n)
Hence,

~ 1
| Forn — 1T = O (—) .
mn

3. Suppose (uy,) is a bounded sequence. Then (4,u,) is a bounded sequence in E. As T is
compact, there exists for every infinite subset N of N an infinite subset N’ of N such
that (Ttpun)nens converges to say y. As

||T’U,n — 7rny|| < ||T7/nun - y||7

the sequence (Tun)neN/ converges to y.

a

Proof of lemma 3.24. Lemmas 3.28 and 3.29 together show that

1 . y logn
—kn(2p€"", 2™ — nkq ,nt)|dt = O .
a:s;lApk N |27rﬁ (zpe™®, 2ke™) — Nkqy, (nz, nt)| ( - )

This result and the result of lemma 3.27 complete the proof. O

Proof of proposition 3.25. Using the expansion in theorem 2.2 for g,(z,e'®), we have

- g ¢t
iz el EI\NT, T, N
on(zre () = 3 CHIDEIY | (1)

=0

where

P (i) P9
Ukpn(z,t) = Z:Rk,j,n(m)Qﬁ;i::p(_f(;Xk j)(t) + Rion(2) Rr pn(t)

p

— ZRk]TL Rkp _711 ZRk]TL Rkp—l—l Jn(t)

Hence, in view of (3.4) , the remainder in (3.43) can be put in the form

—LC(Uk,p,n(m, t) — e, 4, ).
z JE—
It admits the desired bound if for y = 0,1,...,p,
E— . - a o
Rk,j,n(m)Rk,p—j,’n(t) - elm(z_t)Rk,j,ﬂ(t)Rk,P—j,"(m) =0 (% - |:IJ|) (% - |t|) (4 42)
uniformly for z,¢ € Ag and if (4.42) also holds if p is replaced by p+ 1 and 7 =1,...,p
We prove (4.42) by distinguishing between 2 cases:

26



1. |z = (| > 5=. Then we bound the modulus of the left-hand side of (4.42) by replacing
the denominator by a lower bound

2= 1> 30+l )

and we bound the numerator by using the bound for Ry j,. (4.42) follows directly.

2. |z =(] < 21—n Then we apply the mean value theorem, which permits us to write the
left-hand side of (4.42), up to a factor of modulus 1, as

Ry i (O Rpjn(t) — ine™ Ry () Repjin(€) — €™ I Ry () Ry, 1 (6),

where ¢ lies between z and ¢. Using the bound for Ry ;, and its derivative, we can
bound the above expression by

O (n"’(% + |€I)“’°‘1(% + |t|)°"=) +0 (nn—f’(% + |§|)%(% + |t|)°"°)
+0 (w7 I+ 1) ).

As |€ —z| < ’2—'|eif — €| < 7, we can replace here ¢ by z and since

N W

1 1
; <SnS T
Trlal T+1 =" T le (]

N

we obtain the bound (4.42).

The proof of the bound (4.42) when p is replaced by p + 1 is similar and in fact easier. O

Proof of lemma 3.26. By theorem 2.2 and (4.41), we have

- O o(1))
Hence,
an(zee®)| 2 = Pﬂ%%ﬁﬁ44@+645»
_ ‘W‘_z Lo (% (-+ Itl)_zak> ,

which shows (3.48). O

Proof of lemma 3.27. We subdivide I'; in two parts I';; and I'; 5, where I';; is an arc at a
positive distance from I’y and I’ is at a positive distance from z;. The proof then consists
of 2 parts:
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! (4.43)

sup [ (2, 0ldNQ) = 0 ()
z€l, v n
In order to prove this bound, we observe that since I';; is at a positive distance from
I'x, the denominator in (3.4) remains at a positive distance from 0 so that we have the

bound
|9.(O)I?

= o) ‘1 ~ 0P

?

11
|g.(O ()]

|8a(2, )l = O(lga(O)I*)

uniformly for z € I't,( € I'1. Proceeding as in the proof of lemma 3.26 we further

(L [t
o ( e )

have

| Qe (n2)”

|ka(z, ()] = O(1) ‘1 e

uniformly for z € Ty, ( = zze' € T';;. Hence,

|%n(2, ()1dA(C)

sup
zel, v
|Qay(nt)? 1 L4\
e i RN dt
( ) zleitef‘l,l |nt|2°‘l + nJa; |t|
1, oo oa(8)) 1 1 2o
_ 0(—)/ T Gl P —/ A
n’J-co | 5|2 n2 Jna, lu|
1
o)
n
This completes the proof of (4.43).
(4.44)

2 s [ Im(a0lax0) = 0 (22,

zel, YT 9
As Iy, is at a positive distance from the singularities, we have, uniformly for { € I'; 5,

that
() = 7(0) + OL),

whence, again uniformly for ( € I';,,

o mor =0 )

As T’ 5 is at a positive distance from the singularities we can join it to I'y in the proof

of proposition 3.25 and state that

_oGrlE—a)”
w50 =09 ( Tl
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uniformly for z € I'y and ( € I';5. It follows that over this region we have uniformly

1
kn(2,() = O (m) ,

whence
_ dA(¢)
[ a0 = o f o)

tr o dt
B O(/_W 1—|—n|t|>
_ O(logn)7

n

uniformly for z € I'y. This shows (4.44).

a

Proof of lemma 3.28. The proof consists of 3 consecutive steps.

n(ZKe" ¢ log n
Lo s [P o) — sl = 0 (1) (4.45)

z€l qn(z)
Using the estimates for g, given in theorem 2.2, the bound for k, given in proposi-
tion 3.25 and finally lemma 3.26, we show (4.45) by establishing

1 1
sup SR G N e ki ,
ceh, /o, 1+ nlz —t n
which is easily verified.

qn(zxe™) - it - it logn
2. —— ||k, W zpe ) —kn, W zpe’ nkolt)dt = 0O
S ., |qn(zke”)” (2re"™, zke"™ ) —knp0( 2k, 26™) || frb,0(2)] -

This holds if

2ak
-+t 1
up [ B o (En).

) (4.46)

The integral on the left-hand side can be split into 2 parts: the part |¢| < i and the
part |t| > 5=. The integral over the first part is
1 1 1
6 =0 (—) ,
n

O f,. s Fada=o ()], Qu (B (8

which is suitably bounded. The integral over the second part is bounded by

O(1) sup 4 O (bﬂ> :

veh, Joy 1 +nle—1t] n

Hence, (4.46) is established.
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In(2k€”")  Qay(nt)x(t) : it (10gn
3. su —— knko(2zr€®, z1e"™) foro(t)|dt = O
zGApk A, qn(zkew) Qak(nm)xk(m) || ,k,O( k k )f ,k,O( )| n

By theorem 2.2 the first factor of the integrand is

so that (4.47) admits the same bound as (4.46).

) (4.47)

a

Proof of lemma 3.29. We have for z,t € Ay that

nzak

xi(@)xelt)
. o — it E (Qak(m)Qak(nt)Q;k(m)cwm(%“))
(5 "

kn,k,o(zk eiz; 2k eit)

— gi(z—t) nr — nt

= z — ™ nz.nt) — 1 Q;k(nm)Q;k(nt) xe(2)xK(t) — Xk(m)Xk—(t)
v (S50 )

= (14 O(|z — 1)) (21nkay (nz,nt) + O ((1 + [n2|)**(1 + |nt|)**)).

By lemma 3.3, we thus have

20ty ) )
————kn ko 2e”, zke’t) — 2mnky, (nz,nt) = O ((1 + |nz|)**(1 + |nt|)**),
xk(z)xk(t)

uniformly for z,¢ € Ag. Hence, the left-hand side of (3.51) is bounded by some multiple of

1 1 ! !
1 + |nt|)2ex - N 40 =
S ™ | — e RO

n

+oo
a < [ ey
n J—oo

a

4.4 Proofs of section 1

Lemma 4.2 Under the same hyptheses as in theorem 1.1 we have

pin;:gg;z) =n"%P, (nz)xr(z) + O (loin (% + |m|)ak> : (4.48)

uniformly for x € Ay.

Proof. By theorem 3.17 and theorem 3.21, we have
pn(zkeiz)' _ P,,(nz) Lo <logn> |
Pn(0)gn(2k€®)  Qay(nx) n

uniformly for z € Ag. (4.48) follows by multiplying this result with g,(2ze"®) using theo-
rem 2.2. O
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Proposition 4.3

p(0)=1+0 <1°g”> . (4.49)

n

Proof. We have by (1.3) that

2

pn(0)7 = [[2E) gy = Ly [ [palsen)f_do (4.50)
" Pn(0) 2 S Jan | pa(0) | |m(zke)? '
Using (4.48), we estimate these integrals
/ pn(zke""':)2 dz
ac| pn(0) | [m(zke™))?
| Py, (nz)|? logn (l‘|‘ |m|)2ak
= [ et de 40 | da
A, |nz|?ex n Ja,  |z|?
2 2o
L Rl e Gy,
n Jnly |’U/|2a"° n? nAg |u|2°‘k
— length(A) + O <1°g”>, (4.51)
n
since
2
le—l—@ i as u — +too.
] 22 Jul

Substituting (4.51) in (4.50) gives

1
pn(o)_2 -1 + o) ( Og’n> 7

n

which implies (4.49). O
Proof of theorem 1.1. Multiply (4.48) with (4.49). O
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