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1 The resultConsider the following function on the unit disk�(z) =  (z)Yk (1 � �zkz)�k ; (1.1)where� the zk represent a �nite number of points on the unit circle,�  (z) is analytic on the open unit disk and all its derivatives extend to a continuousfunction on the closed unit disk,�  (z) has no zeros in the closed unit disk and  (0) = 1,� �k < 12 .We are interested in the asymptotic behavior of the orthogonal polynomials for the measured�(z) = 1j�(z)j2d�(z) (1.2)on the unit circle, where d�(eit) = 12�dt represents the uniform probability measure on theunit circle. Hence �(z) is the inverse of the Szeg�o function of the weight and from Szeg�o'stheory it follows that the weight functions described in the abstract can be put in this formup to a normalizing constant.Let pn(z) denote the polynomial of degree � n such that pn(0) > 0 and such that for eachpolynomial q(z) of degree � n, we haveZ pn(z)q(z)d�(z) = q(0)pn(0) : (1.3)Then it is easily veri�ed that its reciprocalp�n(z) := znpn(1�z ) (1.4)is an orthonormal polynomial of degree n for the measure � on the unit circle. In this paperthe reciprocals of the orthonormal polynomials play a more central role than the orthonormalpolynomials themselves. Therefore this unconventional reversion of the notation of pn andp�n was preferred.Orthogonal polynomials w.r.t. generalized Jacobi weights have been studied extensively bothon the unit circle and on a �nite interval (generally under weaker smoothness assumptionsthan here). We havelimn!1 pn(z) = �(z) (1.5)uniformly for jzj � r < 1 [9] and uniformly on every closed arc on the unit circle thatcontains no singular point zk (cf. e.g. [3]). The behavior near the singular points is moresubtle. We have the following bounds holding on the whole unit circle [5, 2]C1Yk �jz � zkj+ 1n��k � jpn(z)j = jp�n(z)j � C2Yk �jz � zkj+ 1n��k (z 2 T); (1.6)1



where C1 and C2 are independent of n and z. Other results include the asymptotics of there
ection coe�cients, of the Christo�el function and of the mean convergence of Fourierseries. Some references to these topics are [1, 6, 8].In this paper it is shown that the asymptotic behavior of pn(z) on the unit circle near asingular point is governed by an entire function P�(z) that can be expressed in terms ofBessel functions as followsP�(2z) = 2�� 12p�eiz �j��� 12 (z)� izj��+ 12 (z)� ; (1.7)wherejp(z) = z�pJp(z) = 1Xk=0 (�1)k�(1 + p+ k)k! �z2�2k : (1.8)The main result of this paper is the following theorem.Theorem 1.1 Suppose �k is a closed interval containing 0 as an interior point such thatz = zkeix (x 2 �k)is the parametrization of an arc containing zk but no other singular point. Write the function�(z) on this arc as follows�(zkeix) = (�ix)�k�k(x) (x 2 �k):Then we have, uniformly for x 2 �k, thatpn(zkeix) = n��kP�k(nx)�k(x) +O log(n)n �1n + jxj��k! (1.9)as n!1.The proof consists of 4 steps. First a sequence of auxiliary polynomials qn is constructed.These polynomials converge to �, except near the singular points, where they satisfy anasymptotic estimate like (1.9) but with P�k replaced by some other function Q�k. Secondly,with qn the Bernstein-Szeg�o integral equation on the unit circle is constructed whose uniquesolution is pn. Then, similarly, an integral equation on the real line is constructed withQ�k. It is shown that this integral equation has a unique solution and that this solutionsatis�es an orthogonality condition w.r.t. the weight dtjtj2�k on the real line. The solutionof this integral equation is P�k . This orthogonality of entire functions is related to Krein'stheory concerning the continuous analog of the orthogonal polynomials on the unit circle[7]. Finally, it is shown that under proper scaling the integral equations on the real line (onefor each singular point zk) form in some sense the limit of the integral equation on the unitcircle. This permits then to establish the above theorem.The smoothness assumptions on  (z) are stronger than necessary for theorem 1.1 to hold(conditions on the derivatives of order higher than 2 are super
uous). These strong assump-tions however permit to obtain in theorem 2.2 for the auxiliary polynomials qn a completeasymptotic expansion that is termwise di�erentiable. This result suggests that maybe also forthe polynomials pn more precise asymptotic estimates can be obtained than in theorem 1.1.2



2 Polynomial approximations of �(z)2.1 A sequence of convolution kernelsWe choose a smooth even function �(t) with support in [�1; 1] such that�(0) = 12� (2.1)and �(k)(0) = 0 k = 1; 2; 3; : : : : (2.2)Let �n denote the following trigonometric polynomial of degree < n�n(x) = nXk=�n �(kn)eikx: (2.3)For a 2�-periodic function f , the convolution of �n with f is(�n � f)(x) = Z +��� f(t)�n(x� t)dt = nXk=�n �(kn)eikx Z +��� f(t)e�iktdt:Observe that if f(x) = g(eix), where g(z) is analytic inside the open unit disk and continuousin its closure, then (�n � f)(x) = gn(eix), where gn(z) is a polynomial of degree < n andgn(0) = g(0).In order to estimate �n � f for large values of n we use the Poisson summation formula�n(x) = n 1Xm=�1 �̂(n(x+ 2�m)) (2.4)wherê�(x) = Z +1�1 �(t)e�ixtdt; (2.5)�(t) = 12� Z +1�1 �̂(x)eixtdx: (2.6)�̂(x), as well as its derivatives, decreases faster at in�nity than any negative power of x(integrate by parts (2.5)) and it has vanishing momentsZ +1�1 �̂(x)dx = 1; (2.7)Z +1�1 �̂(x)xkdx = 0 k = 1; 2; 3; : : : : (2.8)The convolution of �n with f can now be expressed as(�n � f)(x) = Z +��� �n(t)f(x+ t)dt= +1Xm=�1 n Z +��� �̂(n(t+ 2�m))f(x+ t)dt= Z +1�1 n�̂(nt)f(x+ t)dt= Z +1�1 �̂(s)f(x+ sn)ds: (2.9)3



2.2 The polynomials qnLet a be a �xed positive number that will be speci�ed later.De�nition 2.1 qn is de�ned as the polynomial of degree < n such that qn(eix) is the convo-lution of �n with the function�(e�an eix) = �(ei(x+i an )): (2.10)Note that qn(0) = 1.Fix a singular point zk. Let �k be a closed interval containing 0 as an interior point andsuch thatz = zkeix (x 2 �k) (2.11)is the parametrization of an arc containing no singular point except zk. Let��(z) = (�iz)� (=(z) � 0; z 6= 0) (2.12)and write�(zkeiz) = ��k(z)�k(z): (2.13)Here �k(z) = �k(x+ iy) is analytic in the upper half-plane y > 0 and all its derivatives havea limit as y ! 0+ when x is in �k or close to �k.Theorem 2.2 For x 2 �k, we haveqn(zkeix) = p�1Xl=0 Q�k;l(nx)n�k+l �(l)k (x)l! +Rk;p;n(x); (2.14)whereQ�;l(x) = Z +1�1 �̂(s)��(x+ s+ ia)(s+ ia)lds (2.15)and for all m 2 N, there exists an Mk;p;m > 0 such that8x 2 �k : jR(m)k;p;n(x)j � Mk;p;mnp �1n + jxj��k�m : (2.16)In the sequel we will often write shortly Q� instead of Q�;0.Let F�(z) denote the entire functionF�(z) = 2��(��) Z 10 eiztt���1�(t)dt (� < 0) (2.17)= � 2��(1� �) Z 10 t��eizt(iz�(t) + �0(t))dt (� < 1): (2.18)The second expression is obtained by integrating by parts the �rst expression and representsits analytic continuation w.r.t. �. 4



Lemma 2.3 We haveQ�(x) = F�(x+ ia): (2.19)For all q > 0, we haveF�(z) = (�iz)� +O(jzj�q) as jzj ! 1 (2.20)uniformly for =(z) � 0, andF�(z) = O(jzj�e�=(z)) as jzj ! 1 (2.21)uniformly for =(z) � 0.Corollary 2.4 If a is chosen su�ciently large, then, for all su�ciently large n, all zeros ofqn(z) lie in the exterior of the unit circle.3 Integral equations3.1 The Bernstein-Szeg�o integral equationWe give here the well-known Bernstein-Szeg�o integral equation with its derivation that iswritten so as to stress the link with the integral equation on the real line of the next section.We assume that a is chosen su�ciently large and that n is su�ciently large so that, bycorollary 2.4, qn(z) has no zeros in the closed unit disk. We consider the measure �n on theunit circle, withd�n(z) = d�(z)jqn(z)j2 : (3.1)Then, for all polynomials f(z), we haveZ qn(z)f(z)d�n(z) = 12�i Ijzj=1 f(z)qn(z) dzz = f(0)qn(0) = f(0): (3.2)Hence, it is easily veri�ed thatq�n(z) = znqn �1�z� (3.3)is an orthonormal polynomial of degree n for the measure �n. Letkn(z; �) = �z�� qn(z)qn(�)� q�n(z)q�n(�)z�� � 1 : (3.4)For �xed �, kn(z; �) is a polynomial of degree � n in z andkn(z; �) = kn(�; z): (3.5)For every polynomial f of degree � n, we haveZ kn(z; �)f(�)d�n(�) = �zqn(z)2�i Ij�j=1 f(�)qn(�)(z � �)� d� (3.6)+zq�n(z)2�i Ij�j=1 f(�)q�n(�)(z � �)� d�: (3.7)5



If z happens to lie on the unit circle, the contour integrals on the right-hand side are in thesense of the Cauchy principal value. Applying the residue theorem for the �rst integral onthe right-hand side with respect to the interior of the unit circle and for the second integralon the right-hand side with respect to the exterior of the unit circle, we haveZ kn(z; �)f(�)d�n(�) = �f(0)qn(z) + f(z): (3.8)In particular, we havepn(z) = pn(0)qn(z) + Z kn(z; �)pn(�)d�n(�): (3.9)Using (1.3), we haveZ kn(z; �)pn(�)d�(�) = Z pn(�)kn(�; z)d�(�) =  kn(0; z)pn(0) ! = 0: (3.10)Subtracting (3.10) from (3.9) and dividing the resulting equation by pn(0) gives the Berstein-Szeg�o integral equationpn(z)pn(0) = qn(z) + Z kn(z; �)pn(�)pn(0)d(�n � �)(�): (3.11)It is not hard to prove that pn(z)pn(0) is actually the unique solution to this integral equation. Itwill be convenient to consider the ratioun(z) = pn(z)pn(0)qn(z): (3.12)The integral equation (3.11) transforms into the integral equation for unun(z) = 1 + Z �n(z; �)un(�)d�(�); (3.13)where�n(z; �) = qn(�)qn(z)kn(z; �) 1jqn(�)j2 � 1j�(�)j2! (3.14)3.2 An integral equation on the real lineIn the same way as the Bernstein-Szeg�o integral equation was constructed with the polyno-mial qn, we here construct an integral equation on the real line with the function Q� (� < 12),where we assume a su�ciently large so that by lemma 2.3 all zeros of Q� lie in the lowerhalf-plane. We show that this integral equation has a unique solution, which is characterizedby an orthogonality property, and give an explicit expression for this solution.De�nition 3.1 Let V��1 denote the space of the entire functions v(z) such thatsupz2C jv(z)j(1 + jeizj)(1 + jzj)��1 <1: (3.15)The analogue of (3.2) is the following proposition.6



Proposition 3.2 Suppose v 2 V��1 and8� 2 (0; �) : limR!+1 v(Rei�)(�iRei�)��1 = c: (3.16)Then limR!+1 1� Z +R�R Q�(t)v(t) dtjQ�(t)j2 = c: (3.17)Let Q��(z) = eizQ�(�z); (3.18)and k�(z; t) = � 12�iQ�(z)Q�(t)�Q��(z)Q��(t)z � �t : (3.19)For �xed t, k�(z; t) 2 V��1 andk�(z; t) = k�(t; z): (3.20)Lemma 3.3 There exists a constant M� > 0 such that for all z 2 C and all t 2 R, we havejk�(z; t)j �M� (1 + jeizj)(1 + jzj)�(1 + jtj)�1 + jz � tj :The next theorem states that k�(z; t) is actually a reproducing kernel for V��1.Theorem 3.4 If v 2 V��1, thenv(z) = Z +1�1 k�(z; t)v(t) dtjQ�(t)j2 (3.21)Lemma 3.5 1jQ�(t)j2 � 1jtj2� = O  1jtj2�+2! as t!�1:De�nition 3.6 Let Y� denote the Banach space of the functions y on R such that~y(t) = y(t)(1 + jtj)� 2 L1(R); (3.22)with the normkyk = k~yk1 = ess supt2Rj~y(t)j: (3.23)For y 2 Y�, let(K�y)(z) = Z +1�1 k�(z; t)y(t) 1jQ�(t)j2 � 1jtj2�! dt: (3.24)Theorem 3.7 K� is a compact linear operator on Y�.Theorem 3.8 If y 2 Y�, then K�y 2 V��1. 7



Lemma 3.9 Suppose v 2 V��1 and8 x 2 R : Z +1�1 k�(x; t)v(t) dtjtj2� = 0: (3.25)Then v = 0.Theorem 3.10 Suppose y 2 Y� and y = K�y. Then y = 0.Theorem 3.11 The integral equationy = Q� +K�y (3.26)has a unique solution.Theorem 3.12 Suppose y(z) is an entire function whose restriction to R is in Y�. Theny is the solution of the integral equation (3.26) if and only if the following conditions aresatis�ed1. y �Q� 2 V��1;2. If v 2 V��1 and8� 2 (0; �) : limR!+1 v(Rei�)(�iRei�)��1 = c; (3.27)then limR!+1 1� Z +R�R y(t)v(t) dtjtj2� = c: (3.28)The following property of the Bessel function J��� 12 will permit to express the solution ofthe integral equation (3.26) in terms of Bessel functions.Lemma 3.13 Suppose f is an even entire function such thatsup jf(z)jcosh(=z)(1 + jzj)��1 <1: (3.29)ThenI(�; f;R) := Z R0 J��� 12 (x)f(x)x��+ 12dx = 1p2� ZCR eiz f(z)(�iz)��1 dziz +O( 1R); (3.30)where CR = fz = Reit : t 2 [0; �]g.Theorem 3.14 The solution of the integral equation (3.26) is P�(z), whereP�(2z) = 2�� 12p�eiz �j��� 12 (z)� izj��+ 12 (z)� : (3.31)Another expression for P�(z) isP�(z) = 1�(��) Z 10 eiztt���1(1� t)��dt (� < 0): (3.32)8



3.3 Asymptotics of the solution of the Bernstein-Szeg�o integralequationWe use discrete convergence theory as in [10]. We �rst give a short outline of this theory.3.3.1 Discrete convergence theoryConsider Banach spaces E and En (n 2 N) as well as bounded linear maps �n : E ! Ensuch that8u 2 E : limk�nuk = kuk: (3.33)It can be shown that this implies thatlimsup k�nk <1: (3.34)De�nition 3.15 A sequence (un)n2N, where un 2 En, is called bounded if (kunk)n2N isbounded. We say that (un)n2N is convergent with limit limun = u 2 E if limkun��nuk =0. We say that (un)n2N is compact if for every in�nite subset N of N there exists anin�nite subset N 0 of N such that the subsequence (un)n2N 0 is convergent.De�nition 3.16 Consider a sequence (Tn)n2N, where Tn is a bounded linear operator onEn. Then we say that (Tn)n2N converges compactly to the bounded linear operator T onE and writeTn ! T compactly;if the following three conditions are satis�ed:1. limsup kTnk <1:2. 8u 2 E : limkTn�nu� �nTuk = 0:3. If (un)n2N is a bounded sequence, then (Tnun)n2N is a compact sequence.Theorem 3.17 Assume T : E ! E and Tn : En ! En are compact linear operators andTn ! T compactly:Suppose f 2 E and the equationu = Tu+ fhas a unique solution u 2 E. Then there exists an n0 2 N such that for all n � n0, theequationun = Tnun + �nfhas a unique solution un 2 En andlimun = u:Moreover, there exist two positive constants c1 and c2, independent of f and n, such thatc1kTn�nu� �nTuk � kun � �nuk � c2kTn�nu� �nTuk:This theorem is e.g. proved in [10]. 9



3.3.2 Application of discrete convergence theoryWe consider a partition of the unit circle T in arcs �k, each containing exactly one singularpoint zk (not as an endpoint). Then there exist intervals �k, containing 0 as an interiorpoint, such that the map�k ! �k : x 7! zkeix (3.35)is bijective.We consider the Banach space E = Qk L1(R), with the normk(uk)k := maxk kukk1and the Banach space En = L1(T).De�nition 3.18 Let �n;k : L1(R)! L1(�k) be de�ned by(�n;ku)(zkeix) = u(nx) (x 2 �k); (3.36)and �n : E ! En : u = (uk) 7! �nu by(�nu)(z) = (�n;kuk)(z) (z 2 �k): (3.37)Veri�cation of (3.33) is straightforward.De�nition 3.19 Let Tn : En ! En be de�ned as(Tnu)(z) = Z �n(z; �)u(�)d�(�); (3.38)where �n is as in (3.14), and let T : E ! E : u = (uk) 7! Tu = (Skuk), where(Sky)(x) = Z +1�1 ��k(x; t)y(t)dt; (3.39)��(x; t) = Q�(t)Q�(x)k�(x; t) 1jQ�(t)j2 � 1jtj2�k! ; (3.40)and k�(x; t) is as in (3.19).Proposition 3.20 The operators Tn and T are compact.Theorem 1.1 is essentially a corollary of theorem 3.17 and theorem 3.21 below.Theorem 3.21 Tn ! T compactly, and kTn�n � �nTk = O  log nn ! :The proof of this theorem is based on the lemmas 3.23 and 3.24 below. We de�ne an auxiliaryoperator ~Tn on En as follows.De�nition 3.22 Let in : L1(T)! Qk L1(R) be de�ned as follows(inu)k(x) = ( u(zkeixn ) if x 2 n�k0 otherwise ; (3.41)and let ~Tn = �nT in. 10



We have the following integral representation for ~Tn( ~Tnu)(zkeix) = Z�k n��k(nx; nt)u(zkeit)dt (x 2 �k): (3.42)On one hand we haveLemma 3.23 ~Tn ! T compactly, and k ~Tn�n � �nTk = O �1n� :On the other hand we haveLemma 3.24kTn � ~Tnk= maxk supx2�k 0@Z�k j 12��n(zkeix; zkeit)� n��k(nx; nt)jdt+Xl6=k Z�l j�n(zkeix; �)jd�(�)1A= O log nn ! :The �rst equality in this lemma follows immediately from the integral representations of Tnand ~Tn. The asymptotic bound is based on asymptotic estimates of the factors of the kernel�n, which are elaborated below. All these estimates are based on theorem 2.2.Proposition 3.25 Suppose p 2 N, x; t 2 �k and z = zkeix; � = zkeit. Thenkn(z; �) = p�1Xl=0 1nlkn;k;l(z; �) +O0@� 1n + jz � zkj��k � 1n + j� � zkj��knp � 1n + jz � �j� 1A ; (3.43)uniformly for z; � 2 �k, wherekn;k;l(z; �) = � zz � �  Gk;l(nx; x; nt; t)� ein(x�t)Gk;l(nt; t; nx; x)n2�k ! ; (3.44)and Gk;l(u; x; v; t) = lXj=0Q�k;j(u)�(j)k (x)j! Q�k ;l�j(v)�(l�j)k (t)(l � j)! : (3.45)Lemma 3.26 Suppose t 2 �k and letfn;k(t) = 1jqn(zkeit)j2 � 1j�(zkeit)j2 (3.46)and fn;k;0(t) =  1jQ�k(nt)j2 � 1jntj2�k! n2�kj�k(t)j2 : (3.47)Thenfn;k(t) = fn;k;0(t) +O 1n �1n + jtj��2�k! (3.48)uniformly for t 2 �k. 11



Lemma 3.27 Suppose k 6= l. Thensupz2�k Z�l j�n(z; �)jd�(�) = O log nn ! : (3.49)Lemma 3.28supx2�k Z�k j�n(zkeix; zkeit)� Q�k(nt)�k(t)Q�k(nx)�k(x)kn;k;0(zkeix; zkeit)fn;k;0(t)jdt = O log nn ! :(3.50)Lemma 3.29supx2�k Z�k j Q�k(nt)�k(t)Q�k(nx)�k(x)kn;k;0(zkeix; zkeit)fn;k;0(t)� 2�n��k(nx; nt)jdt = O�1n� : (3.51)4 Proofs4.1 Proofs of section 2Proof of theorem 2.2. Letfn(x) = �(ei(x+ ian )):Then, with � = mink �k, we have for all m 2 N thatsupx2R jf (m)n (x)j = O  �1n���m + 1! : (4.1)Now, �x k and choose � > 0 su�ciently small so that for all x 6= 0 at a distance at most �from �k, we have that zkeix is not a singular point. Then, for x 2 �k,qn(zkeix) = Z +1�1 �̂(s)fn(x+ sn )ds = gn;1(x) + gn;2(x); (4.2)wheregn;1(x) = Z +n��n� �̂(s)��k(x+ s + ian )�k(x+ s+ ian )dsgn;2(x) = Zjsj�n� �̂(s)fn(x+ sn)ds:By the fast decay of �̂(s) and by (4.1), we have that for all m 2 N and all q > 0g(m)n;2 (x) = O� 1nq� : (4.3)uniformly for all x 2 �k. For x 2 �k we expand �k about x�k(x+ h) = p�1Xl=0 �(l)k (x)l! hl + rp(�k; x; h): 12



Thengn;1(x) = p�1Xl=0  Z +n��n� �̂(s)��k(x+ s + ian )�s+ ian �l ds! �(l)k (x)l!+ Z +n��n� �̂(s)��k(x+ s+ ian )rp(�k; x; s+ ian )ds= p�1Xl=0 Q�k;l(nx)n�k+l �(l)k (x)l! � p�1Xl=0 �l;n(x)�(l)k (x)l! + rp;n(x); (4.4)where�l;n(x) = Zjsj�n� �̂(s)�s+ ian �l ��k(x+ s+ ian )ds (4.5)and rp;n(x) = Z n��n� �̂(s)��k(x+ s+ ian )rp(�k; x; s+ ian )ds: (4.6)We havej�(m)l;n (x)j = �����Zjsj�n� �̂(s)�s + ian �l �(m)�k (x+ s+ ian )ds������ 1nl+�k�m Zjsj�n� j�̂(s)(s+ ia)ljj�(m)�k (nx+ s+ ia)jds: (4.7)For x 2 �k and jsj � n�, we havejaj � jnx+ s+ iaj �  diam(�k)� + 1! jsj+ jaj:Hence,j�(m)�k (nx+ s+ ia)j = O(max(1; jsj�k�m))uniformly for x 2 �k and jsj � n�. Substituting this result in (4.7), we have by the fastdecay of �̂ that for all q > 0,�(m)l;n (x) = O� 1nq� (4.8)uniformly for x 2 �k. As Rk;p;n is composed of gn;2, the �l;n and rp;n, it remains to showthat the derivatives of rp;n are suitably bounded. We have@m@xmrp(�k; x; s+ ian ) = rp(�(m)k ; x; s+ ian ) = �(m+p)k (z)p! (s+ ia)pnp ;for some z between x and x+ s+ian . Hence,@m@xmrp(�k; x; s+ ian ) = O (1 + jsj)pnp ! (4.9)13



uniformly for x 2 �k and jsj � n�. The derivatives of rp;n(x) are obtained by applyingthe Leibniz rule of di�erentiation to the integrand in (4.6). By (4.9), these derivatives aresuitably bounded if for all m we haveZ +n��n� j�̂(s)jj�(m)�k (nx+ s+ ia)j(1 + jsj)pds = O((1 + jnxj)�k�m);uniformly for x 2 �k. By the fast decay of �̂, this holds if for su�ciently large qZ +1�1 (1 + jsj)�q(1 + ju� sj)�k�mds = O((1 + juj)�k�m):This is proved in the next lemma. 2Lemma 4.1 Suppose � 2 R and 
 > max(�; 0). ThenZ +1�1 (1 + jtj)�
�1(1 + jt� xj)�dt = O((1 + jxj)�):Proof. Putg(x; t) = (1 + jtj)�
�1(1 + jt� xj)�:We distinguish between 2 cases.1. � � 0.We split the integration region in 2 subregions and prove the bound for the integral oneach of the subregions. For jt� xj � 2jxj, we have(1 + jt� xj)� � (2 + 2jxj)� = 2�(1 + jxj)�;whence,Zjt�xj�2jxj g(x; t)dt � 2�(1 + jxj)� Z +1�1 (1 + jtj)�
�1dt = O((1 + jxj)�):For jt� xj � 2jxj we have jtj � jt�xj2 , whence(1 + jtj)�
�1 � (12 + jt� xj2 )�
�1 = 2
+1(1 + jt� xj)�
�1:It follows thatZjt�xj�2jxj g(x; t)dt � 2
+1 Z +1�1 (1 + jt� xj)��
�1dt <1:14



2. � < 0:For jt� xj � jxj2 , we have jtj � jxj2 and thus(1 + jtj)�
�1 � 2
+1(1 + jxj)�
�1:Hence, for � 6= �1,Zjt�xj� jxj2 g(x; t)dt � 2
+1(1 + jxj)�
�1 Zjt�xj� jxj2 (1 + jt� xj)�dt� 2
+1(1 + jxj)�
�1 2� + 1(1 + jxj2 )�+1= O((1 + jxj)��
)= O((1 + jxj)�);and it is easily veri�ed that this last bound also holds when � = �1.For jt� xj � jxj2 , we have(1 + jt� xj)� � (1 + jxj2 )� � 2��(1 + jxj)�:Hence,Zjt�xj� jxj2 g(x; t)dt � 2��(1 + jxj)� Z +1�1 (1 + jtj)�
�1dt = O((1 + jxj)�):2Proof of lemma 2.3. If � < 0, we have by the de�nition of the Gamma function that(�ix+ a)� = 1�(��) Z 10 eixte�att���1dt: (4.10)As Q�(x) is the convolution of this function with the Fourier transform of �(t), (2.19) resultsfrom the fact that multiplication in the t-space corresponds to convolution in the x-space.For 0 � � < 12 , (2.19) is obtained by analytic continuation w.r.t. �.We now show (2.20) by an argument that reduces essentially to Watson's lemma. Suppose�rst that =(z) > 0 and � < 0. Then the decomposition of ��(t) = 12� + ��(t)� 12��implies the following decomposition of F�F�(z) = (�iz)� +H�(z); (4.11)whereH�(z) = 2��(��) Z 10 eiztt���1 ��(t)� 12�� dt = Z 10 eizt ~��(t)dt: (4.12)15



Here ~��(t) is smooth on [0;+1), at t = 0 all its derivatives vanish and for t � 1 it equals� t���1�(��). The expression (4.12) is an entire function of �, whence, by analytic continuation,(4.11) also holds for � < 1. After m successive integrations by parts, (4.12) givesH�(z) = (�iz)�m Z 10 eizt ~�(m)� (t)dt: (4.13)For m > 1, we havejH�(z)j � jzj�m Z 10 j~�(m)� (t)jdt (=(z) � 0): (4.14)As m can be chosen arbitrarily large, (2.20) is established. It is easily veri�ed, using theLeibniz rule of di�erentiation and the Taylor expansion, that actuallyZ 10 j~�(m)� (t)jdt = Z 10 j~�(m)� (t)jdt+ Z 11 t���m�1j�(���m)jdt� c�;m max0�t�1 j�(m+1)(t)j+ 1j�(1 � ��m)j ; (4.15)where c�;m is some constant. This result will be used later on.Suppose y � 0. Thene�yF�(x� iy) = 2��(��) Z +1�1 eixtt���1�y(t)dt; (� < 0) (4.16)where�y(t) = e�(1�t)y�(t): (4.17)Let H�;y be de�ned by formula (4.12) but with � replaced by �y. Thene�yF�(x� iy) = e�y(�ix)� +H�;y(x) (4.18)is valid for x 2 R and x 6= 0. By (4.14) and (4.15) the boundH�;y(x) = O(jxj�q) (4.19)holds uniformly for y � 0 provided the derivatives of �y(t) admit a bound that is independentof y. This is indeed true, sincesupy�0; 0�t<1 j�(m)y (t)j � mXk=0 mk ! supy�0; 0�t<1 jyke�(1�t)y�(m�k)(t)j� mXk=0 mk ! supy�0; 0�t<1 j((1� t)y)ke�(1�t)yj j(1� t)�k�(m�k)(t)j� mXk=0 mk ! supu�0 uke�u! sup0�t<1(1� t)�k�(m�k)(t)!< 1;where in the last step, we used the fact that at t = 1 all derivatives of �(t) vanish. In theregion jxj � y, we have(�ix)� = O(jx� iyj�) and jxj�+c0 = O(jx� iyj�+c0):16



Hence, in this region (2.21) follows from (4.18) and (4.19).Now suppose jxj � y. Using a partition of unity on the interval [0; 1], we can writeF�(z) = F�;1(z)+F�;2(z) = 1�(��) Z �0 eiztt���1 1(t)dt+Z 10 eizt 2(t)dt; (� < 0)(4.20)where 0 < � < 1,  1(t) is a smooth function that vanishes for t � � and coincides with 2��(t)in a neighborhood of 0 and  2(t) is a smooth function with support in [0; 1]. In order toobtain a formula for F�;1(z) that is also valid when 0 < � < 12 , we integrate by partsF�;1(z) = 1�(1 � �) Z �0 eiztt��(iz 1(t) +  01(t))dt: (4.21)This directly yields the asymptotic boundF�;1(x� iy) = O(jx� iyjey�) = O(jx� iyj�mey) (4.22)where m is arbitrary. By m successive integrations by parts, we also obtainF�;2(x� iy) = O(jx� iyj�mey): (4.23)Hence, (2.21) is now also established in the region jxj � y and the proof is completed. 2Proof of corollary 2.4. The function �(e�an z) has no zeros in the closed unit disk. If itsapproximation qn(z) has a relative error smaller than 1 on the unit circle, in other words, ifsupx2R ����� qn(eix)�(e� an eix) � 1����� < 1; (4.24)then it follows from Rouch�e's theorem that neither qn(z) has any zero in the closed unitdisk. We cover the unit circle by a �nite number of arcs, each containing exactly onesingular point zk. It is then su�cient to check the condition on the relative error on each ofthe arcs separately. For the arc containing the singularity zk we have by theorem 2.2 (withp = 1) that the conditionsupx2�k ����� qn(zkeix)�(e�an zkeix) � 1����� < 1; (4.25)is satis�ed for su�ciently large n ifsupx2R ����� Q�k(x)(�ix+ a)�k � 1����� < 1: (4.26)By (2.19) and (2.20), (4.26) is satis�ed for su�ciently large a. 2
17



4.2 Proofs of subsection 3.2Proof of Proposition 3.2. The integral in (3.17) is1� Z +R�R v(t)Q�(t)dt:As the integrand is analytic in the upper half-plane, we can replace the integral by theintegral on the semicircle joining �R to +R� 1� Z �0 v(Rei�)Q�(Rei�)Riei�d�:From the asymptotic behavior of Q�(z) in the upper half-plane (cf. proposition 2.3) and thefact that v 2 V��1, the integrand admits a bound independent of R and �. Application ofthe dominated convergence theorem now proves the theorem. 2Proof of Lemma 3.3. We distinguish 2 cases1. jz � tj � 12 : By lemma 2.3, there exists M1 > 0 such thatjQ�(z)j �M1(1 + jeizj)(1 + jzj)�and consequently alsojQ��(z)j = jeizjjQ�(�z)j �M1(jeizj+ 1)(1 + jzj)�:The bound for jk�(z; t)j follows readily.2. jz � tj < 12: Then, applying the mean value theorem, we havek�(z; t) = � 12�i �Q0�(�)Q�(t)�Q�0� (�)Q��(t)� ;where � lies somewhere on the line segment that joins t with z. Now, asQ0�(z) = F 0�(z + ia) = (�i�)F��1(z + ia) = (�i�)Q��1(z);there exists a constant M2 > 0 such thatjQ0�(z)j �M2(1 + jeizj)(1 + jzj)��1 �M2(1 + jeizj)(1 + jzj)�and consequentlyjQ�0� (z)j � jeizjjQ0�(�z)j+ jeizjjQ�(�z)j � (M2 +M1)(1 + jeizj)(1 + jzj)�:These bounds now easily imply the bound for jk�(z; t)j in case jz � tj < 12.18



2Proof of Theorem 3.4. We haveZ +1�1 k�(z; t)v(t) dtjQ�(t)j2 = limR!+1�Q�(z)2�i Z +R�R v(t)Q�(t)(z � t)dt (4.27)+ limR!+1 Q��(z)2�i Z +R�R v(t)Q��(t)(z � t)dt: (4.28)If z 2 R, the integrals on the right-hand side represent Cauchy principal values. Theintegrand of the �rst (resp. second) integral on the right-hand side is analytic on the upper(resp. lower) half-plane, except for a simple pole at t = z if =(z) � 0 (resp. if =(z) � 0).We move the contour to a large semicircle in the upper (resp. lower) half-plane and applythe residue theorem. This givesZ +1�1 k�(z; t)v(t) dtjQ�(t)j2 = v(z) + limR!+1 Q�(z)2� Z �0 v(Rei�)Rei�Q�(Rei�)(z �Rei�)d�+ limR!+1 Q��(z)2� Z 0�� v(Rei�)Rei�Q��(Rei�)(z �Rei�)d�= v(z):In the last step, the integrals tend to zero, because in view of the asymptotic behavior ofQ�(z), Q��(z) and v(z) 2 V��1 the integrands tend uniformly to zero. 2Proof of Lemma 3.5. By lemma 2.3, we haveQ�(t) = (�it+ a)� �1 +O� 1t2�� as t!�1:Hence,jQ�(t)j2 = jtj2��(1 + iat )(1� iat )�� �1 +O� 1t2��= jtj2��1 +O� 1t2�� :The result of the lemma directly follows from the last formula. 2Proof of Theorem 3.7. Let��(x; t) = k�(x; t) 1jQ�(t)j2 � 1jtj2�! (4.29)denote the kernel of the integral operator K�. It is convenient to subdivide the integrationregion into 2 parts, so that(K�y)(x) = (K�;1y)(x) + (K�;2y)(x) = Z 0�1 ��(x; t)y(t)dt+ Z +10 ��(x; t)y(t)dt: (4.30)We prove that K�;2 is compact. The proof that K�;1 is compact is analoguous.Because of the bounds in lemmas 3.3 and 3.5, we havekK�;2k = supx2R 1(1 + jxj)� Z 10 j��(x; t)j(1 + jtj)�dt � Z 10 g(t)dt <1; (4.31)19



whereg(t) = 2M�(1 + jtj)2� ����� 1jQ�(t)j2 � 1jtj2� ����� : (4.32)In order to show thatK�;2 is compact, we show thatK�;2 can be arbitrarily well approximatedby a compact operator. We proceed in 2 steps.First, let 0 < r < R and let K 0�;2 denote the integral operator w.r.t. the kernel �0�(x; t), thatcoincides with ��(x; t) on the rectangleDr;R = f(x; t) 2 R2 : jxj � R and r � t � Rg (4.33)and vanishes elsewhere. From the bounds in the lemmas 3.3 and 3.5, it follows thatkK�;2 �K 0�;2k = supx2R 1(1 + jxj)� Z 10 j��(x; t)� �0�(x; t)j(1 + jtj)�dt� supjxj�R Z 10 g(t)1 + jx� tjdt+ Z r0 g(t)dt+ Z 1R g(t)dttends to zero as r ! 0+ and R ! +1. Hence, it is su�cient to show that K 0�;2 is compact.On the rectangle Dr;R, �0�(x; t) is continuous. By the Stone-Weierstrass approximation the-orem, it can therefore be arbitrarily well uniformly approximated on Dr;R by a degeneratekernel of the formmXj=1 aj(x)bj(t); (4.34)where aj and bj are continuous on jxj � R and r � t � R respectively. We extend thesefunctions by 0 to functions on the real line. The integral operator corresponding to thedegenerate kernel approximates K 0�;2 arbitrarily well and is compact because it has �nitedimensional range. This establishes the compactness of K 0�;2. 2Proof of Theorem 3.8. Let v(z) = (K�y)(z). Then, by lemma 3.3 and 3.5,jv(z)j �M�kyk(1 + jeizj)(1 + jzj)� Z +1�1 g(t)dt1 + jz � tj ; (4.35)whereg(t) = (1 + jtj)2� ����� 1jQ�(t)j2 � 1jtj2� ����� � N�(1 + 2jtj)2 (jtj � 12); (4.36)for some N� > 0. Hence, v is suitably bounded if the functionh(z) = (1 + jzj) Z +1�1 g(t)dt1 + jz � tj (4.37)is bounded. Write z = x+ iy and distinguish between 2 cases:1. jyj � jxj. Then h(z) is bounded by(1 + jxj+ jyj) Z +1�1 g(t)dt1 + jyj � 2 Z +1�1 g(t)dt:20



2. jxj � jyj. Then h(z) is bounded by(2 + 2jxj) Z +1�1 g(t)1 + jx� tjdt:This is clearly bounded when jxj � 1. Suppose x � 1. Thenh(x) � 2 ZRn[ 12x; 32x] 1 + jxj1 + jx� tjg(t)dt+ 2 Z 32x12x 1 + jxj1 + jx� tjg(t)dt� 4 ZRn[ 12x; 32x] g(t)dt+ 2N�1 + jxj Z 32x12x dt1 + jx� tj� 4 Z +1�1 g(t)dt+ 4N� log(1 + x2)1 + xis bounded for x � 1. The case x � �1 is proven analoguously.v is analytic in every z0 2 C because v(z) is de�ned as an integral whose integrand dependsanalytically on z and is bounded by an integrable function independent of z for z in someneighborhood of z0. 2Proof of Lemma 3.9. By Theorem 3.4 and (3.20), we havev(t) = Z +1�1 k�(x; t)v(x) dxjQ�(x)j2 :Hence, we haveZ +1�1 jv(t)j2jtj2� dt = Z +1�1  Z +1�1 k�(x; t)v(x) dxjQ�(x)j2! v(t) dtjtj2�:Estimating the di�erent factors of the integrand, we see that the absolute convergence ofZ +1�1 Z +1�1 jk�(x; t)v(x)v(t)jjQ�(x)j2jtj2� dx dt <1follows essentially from the absolute convergence ofZ +1�1 Z +1�1 dx dt(1 + jxj)(1 + jtj)(1 + jx� tj) <1;which can be veri�ed by straightforward computations. Hence, we can apply Fubini's theo-rem, which givesZ +1�1 jv(t)j2jtj2� dt = Z +1�1 v(x) Z +1�1 k�(x; t)v(t) dtjtj2�! dxjQ�(x)j2 = 0:This is only possible if v = 0. 2Proof of Theorem 3.10. By Theorem 3.8, y 2 V��1. Hence, by Theorem 3.4, we havey(z)� (K�y)(z) = Z +1�1 k�(z; t)y(t) dtjtj2�:21



Now Lemma 3.9 implies that y = 0. 2Proof of Theorem 3.11. By Theorem 3.10, 1 is not an eigenvalue of K�. Since K� iscompact, this implies that 1 does not belong to the spectrum of K�, i.e., the operator I�K�,where I represents the identity, is invertible. The solution of the integral equation is thusunique and is equal toy = (I �K�)�1Q�:2Proof of Theorem 3.12. For all y 2 Y� and v 2 V��1, we have by Fubini's theorem ( itsapplicability can be checked in the same way as was done in the proof of theorem 3.9) andby theorem 3.4 thatZ +1�1 (K�y)(x)v(x) dxjQ�(x)j2= Z +1�1  Z +1�1 k�(t; x)y(t) 1jQ�(t)j2 � 1jtj2�! dt! v(x) dxjQ�(x)j2= Z +1�1 y(t) 1jQ�(t)j2 � 1jtj2�! Z +1�1 k�(t; x)v(x) dxjQ�(x)j2! dt= Z +1�1 y(t)v(t) 1jQ�(t)j2 � 1jtj2�! dt:Hence,limR!1 Z +R�R (y(t)� (K�y)(t))v(t)jQ�(t)j2 dt = limR!1 Z +R�R y(t)v(t)jtj2� dt; (4.38)if one of these limits exists.Suppose y is the solution of the integral equation y = Q�+K�y. Then y�Q� = K�y 2 V��1.Assuming v satis�es (3.27), the left-hand side of (4.38) equals �c by proposition 3.2, andthus (3.28) is satis�ed.Conversely, suppose y satis�es the 2 conditions of the theorem. Then w := y �K�y �Q� 2V��1. Assuming v satis�es (3.27), we have by (4.38) and proposition 3.2 thatZ +1�1 w(t)v(t)jQ�(t)j2 dt = limR!1 Z +R�R y(t)v(t)jtj2� dt� limR!1 Z +R�R Q�(t)v(t)jQ�(t)j2 dt = 0:In particular, for v(t) = k�(t; z) = k�(z; t), we have0 = Z +1�1 w(t)k�(t; z)jQ�(t)j2 dt = Z +1�1 k�(z; t)w(t) dtjQ�(t)j2 = w(z):Hence, w = 0 and y satis�es the integral equation y = Q� +K�y. 2Proof of Lemma 3.13. Put p = ��� 12 . Using the decomposition of the Bessel function inHankel functions and then expressing the Hankel functions in terms of the Bessel functions22



of the third kind (cf. [4]), we haveI(�; f;R) = 12 Z R0 H(1)p (x)f(x)xp+1dx+ 12 Z R0 H(2)p (x)f(x)xp+1dx= 1� Z R0 (�ix)p+1Kp(�ix)f(x)dx+ 1� Z R0 (ix)p+1Kp(ix)f(x)dx= 1� Z +R�R (�ix)p+1Kp(�ix)f(x)dx= � 1� ZCR(�ix)p+1Kp(�ix)f(x)dx; (4.39)where in the last step we have applied Cauchy's theorem. We have the asymptotic estimate(cf. [4])Kp(z) = r �2z e�z(1 +O( 1jzj)) jzj ! 1; �3�2 < arg(z) < 3�2 : (4.40)The result (3.30) follows from substituting (4.40) in (4.39), using (3.29). 2Proof of Theorem 3.14. We �rst show that the function P� given by (3.31) satis�es theconditions of theorem 3.12.That P��Q� 2 V��1, follows from the asymptotic expansion of the Bessel function (cf. [4]).Suppose v 2 V��1 satis�es condition (3.27). Put~v(z) = e�izv(2z); f(z) = ~v(z) + ~v(�z)2 ; g(z) = ~v(z)� ~v(�z)2iz :Thensupz2C j~v(z)jcosh(=z)(1 + jzj)��1 < 1supz2C jf(z)jcosh(=z)(1 + jzj)��1 < 1supz2C jg(z)jcosh(=z)(1 + jzj)��2 < 1and f and g are even entire functions. Then1� Z +R�R P�(t)v(t) dtjtj2� = 21�2�� Z +R2�R2 e�ixP�(2x)e�ixv(2x) dxjxj2�= 2��+ 12p� Z +R2�R2 (j��� 12 (x) + ixj��+ 12 (x))(f(x) + ixg(x)) dxjxj2�= 2��+ 12p� Z +R2�R2 (j��� 12 (x)f(x)� x2j��+ 12 (x)g(x)) dxjxj2�= 2��+ 32p� Z R20 (J��� 12 (x)f(x)x��+ 12 � J��+ 12 (x)g(x)x��+ 32 )dx= 2��+ 32p� (I(�; f; R2 )� I(�� 1; g; R2 ))23



= 2��+1� 0@ZCR2 eiz f(z)(�iz)��1 dziz � ZCR2 eiz g(z)(�iz)��2 dziz 1A +O( 1R)= 2��+1� ZCR2 v(2z)(�iz)��1 dziz +O( 1R )= 1� ZCR v(z)(�iz)��1 dziz +O( 1R )= 1� Z �0 v(Rei�)(�iRei�)��1d� +O( 1R)! c as R ! +1:The second formula (3.32) follows from the Poisson formula for the Bessel function (cf. [4])�(p + 12)Jp(z) = 1p� �z2�p Z 1�1 eizt(1 � t2)p� 12dt (p > �12):This givesj��� 12 (z) = 2�+ 12p��(��) Z 1�1 eizt(1 � t2)���1dt; (� < 0)and, by integration by parts,j��+ 12 (z) = 2�� 12p��(1 � �) Z 1�1 eizt(1 � t2)��dt; (� < 0)= � 2�+ 12p��(��)iz Z 1�1 eizt(1� t2)���1tdt (� < 0):It follows that for � < 0P�(2z) = 2�� 12p�eiz �j��� 12 (z)� izj��+ 12 (z)�= 22��(��) Z 1�1 eiz(t+1)(1� t)��(1 + t)���1dt= 1�(��) Z 10 ei2zuu���1(1� u)��du:In the last step, the change of variable t = 2u�1 was performed. The proof of formula (3.32)is now complete. 24.3 Proofs of subsection 3.3Proof of Proposition 3.20. Tn is compact since it has �nite-dimensional range.In order to prove that T is compact, it is su�cient to prove that each Sk is compact. As9a�; b� > 0;8x 2 R : a� � jQ�(x)j(1 + jxj)� � b�; (4.41)the vector space isomorphismY� ! L1(R) : y 7! yQ� ; 24



where Y� is as in de�nition 3.6, is also a homeomorphism. As Sk corresponds to the compactoperator K�k (cf. de�nition 3.6) under this isomorphism (with � = �k), Sk is compact. 2Proof of Theorem 3.21. This follows from lemmas 3.23 and 3.24. Indeed, we check the 3conditions for compact convergence:1. limsup kTnk � limsup k ~Tnk+ limsup kTn � ~Tnk = limsup k ~Tnk <1:2. kTn�n � �nTk � kTn � ~Tnk sup k�nk+ k ~Tn�n � �nTk= O log nn !+O �1n�= O log nn ! :3. Suppose (un) is a bounded sequence in En. Then,lim(Tn � ~Tn)un = 0and ( ~Tnun) is a compact sequence so that for every in�nite subset N of N there existsan in�nite subset N 0 of N such thatlimn2N 0 ~Tnun = ufor some u 2 E. Hence,limn2N 0 Tnun = limn2N 0 ~Tnun + limn2N 0(Tn � ~Tn)un = u+ 0 = u;and (Tnun) is thus a compact sequence.2Proof of lemma 3.23. The proof consists of checking the 3 conditions for compact con-vergence:1. limsup k ~Tnk � limsup k�nkkTkkink � kTk <1:2. Suppose u = (uk) 2 Qk L1(R). Thenk ~Tn�nu� �nTuk � k�nkkT (in�nu� u)k � maxk kSkyk;nk;whereyk;n(x) = ( 0 if x 2 n�kuk(x) otherwise. 25



HencekSkyk;nk � kukk supx ZRnn�k j��k(x; t)jdt:Because of the bounds in the lemmas 3.3 and 3.5 and (4.41), the integral on the right-hand side is of ordersupx ZRnn�k 11 + jx� tj dtt2 � ZRnn�k dtt2 = O�1n� :Hence,k ~Tn�n � �nTk = O�1n� :3. Suppose (un) is a bounded sequence. Then (inun) is a bounded sequence in E. As T iscompact, there exists for every in�nite subset N of N an in�nite subset N 0 of N suchthat (T inun)n2N 0 converges to say y. Ask ~Tun � �nyk � kT inun � yk;the sequence ( ~Tun)n2N 0 converges to y.2Proof of lemma 3.24. Lemmas 3.28 and 3.29 together show thatsupx2�k Z�k j 12��n(zkeix; zkeit)� n��k(nx; nt)jdt = O  log nn ! :This result and the result of lemma 3.27 complete the proof. 2Proof of proposition 3.25. Using the expansion in theorem 2.2 for qn(zkeix), we haveqn(zkeix)qn(zkeit) = p�1Xl=0 Gk;l(nx; x; nt; t)n2�k+l + Uk;p;n(x; t);whereUk;p;n(x; t) = pXj=1Rk;j;n(x)Q�k;p�j(nt)�(p�j)k (t)n�k+p�j(p � j)! +Rk;0;n(x)Rk;p;n(t)= pXj=0Rk;j;n(x)Rk;p�j;n(t)� pXj=1Rk;j;n(x)Rk;p+1�j;n(t):Hence, in view of (3.4) , the remainder in (3.43) can be put in the form� zz � � (Uk;p;n(x; t)� ein(x�t)Uk;p;n(t; x)):It admits the desired bound if for j = 0; 1; : : : ; p,Rk;j;n(x)Rk;p�j;n(t)� ein(x�t)Rk;j;n(t)Rk;p�j;n(x)eix � eit = O0@� 1n + jxj��k � 1n + jtj��knp � 1n + jz � �j� 1A ; (4.42)uniformly for x; t 2 �k and if (4.42) also holds if p is replaced by p+ 1 and j = 1; : : : ; p.We prove (4.42) by distinguishing between 2 cases:26



1. jz � �j > 12n . Then we bound the modulus of the left-hand side of (4.42) by replacingthe denominator by a lower boundjz � �j > 13( 1n + jz � �j)and we bound the numerator by using the bound for Rk;j;n. (4.42) follows directly.2. jz � �j � 12n . Then we apply the mean value theorem, which permits us to write theleft-hand side of (4.42), up to a factor of modulus 1, asR0k;j;n(�)Rk;p�j;n(t)� inein(��t)Rk;j;n(t)Rk;p�j;n(�)� ein(��t)Rk;j;n(t)R0k;p�j;n(�);where � lies between x and t. Using the bound for Rk;j;n and its derivative, we canbound the above expression byO�n�p( 1n + j�j)�k�1( 1n + jtj)�k�+O�nn�p( 1n + j�j)�k ( 1n + jtj)�k�+O�n�p( 1n + j�j)�k( 1n + jtj)�k�1� :As j� � xj � �2 jei� � eixj � �4n , we can replace here � by x and since11n + jxj; 11n + jtj � n � 321n + jz � �j ;we obtain the bound (4.42).The proof of the bound (4.42) when p is replaced by p+ 1 is similar and in fact easier. 2Proof of lemma 3.26. By theorem 2.2 and (4.41), we haveqn(zkeit) = Q�k(nt)�k(t)n�k +O�1n �1n + jtj��k�= Q�k(nt)�k(t)n�k �1 +O�1n�� :Hence,jqn(zkeit)j�2 = �����Q�k(nt)�k(t)n�k ������2 �1 +O �1n��= �����Q�k(nt)�k(t)n�k ������2 +O  1n �1n + jtj��2�k! ;which shows (3.48). 2Proof of lemma 3.27. We subdivide �l in two parts �l;1 and �l;2, where �l;1 is an arc at apositive distance from �k and �l;2 is at a positive distance from zl. The proof then consistsof 2 parts: 27



1. supz2�k Z�l;1 j�n(z; �)jd�(�) = O�1n� : (4.43)In order to prove this bound, we observe that since �l;1 is at a positive distance from�k, the denominator in (3.4) remains at a positive distance from 0 so that we have theboundj�n(z; �)j = O(jqn(�)j2) ����� 1jqn(�)j2 � 1j�(�)j2 ����� = O(1) �����1� jqn(�)j2j�(�)j2 ����� ;uniformly for z 2 �k; � 2 �l;1. Proceeding as in the proof of lemma 3.26 we furtherhavej�n(z; �)j = O(1) �����1� jQ�l(nt)j2jntj2�l �����+O  ( 1n + jtj)2�lnjtj2�l ! ;uniformly for z 2 �k; � = zkeit 2 �l;1. Hence,supz2�k Z�l;1 j�n(z; �)jd�(�)= O(1) Zzleit2�l;1 �����1� jQ�l(nt)j2jntj2�l ����� dt +O0@ 1n Z�l  1n + jtjjtj !2�l dt1A= O( 1n ) Z +1�1 �����1 � jQ�l(s)j2jsj2�l ����� ds +O0@ 1n2 Zn�l  1 + jujjuj !2�l du1A= O �1n� :This completes the proof of (4.43).2. supz2�k Z�l;2 j�n(z; �)jd�(�) = O log nn ! : (4.44)As �l;2 is at a positive distance from the singularities, we have, uniformly for � 2 �l;2,that qn(�) = �(�) +O( 1n);whence, again uniformly for � 2 �l;2,1jqn(�)j2 � 1j�(�)j2 = O �1n� :As �l;2 is at a positive distance from the singularities we can join it to �k in the proofof proposition 3.25 and state thatkn(z; �) = O0@� 1n + jz � zkj��k1n + jz � �j 1A 28



uniformly for z 2 �k and � 2 �l;2. It follows that over this region we have uniformly�n(z; �) = O  11 + njz � �j! ;whenceZ�l;2 j�n(z; �)jd�(�) = O  ZT d�(�)1 + njz � �j!= O  Z +��� dt1 + njtj!= O  log nn ! ;uniformly for z 2 �k. This shows (4.44).2Proof of lemma 3.28. The proof consists of 3 consecutive steps.1. supz2�k Z�k jqn(zkeit)qn(z) kn(z; zkeit)jjfn;k(t)� fn;k;0(t)jdt = O  log nn ! : (4.45)Using the estimates for qn given in theorem 2.2, the bound for kn given in proposi-tion 3.25 and �nally lemma 3.26, we show (4.45) by establishingsupx2�k Z�k 11 + njx� tjdt = O log nn ! ;which is easily veri�ed.2. supx2�k Z�k j qn(zkeit)qn(zkeix) jjkn(zkeix; zkeit)�kn;k;0(zkeix; zkeit)jjfn;k;0(t)jdt = O log nn ! :(4.46)This holds ifsupx2�k Z�k � 1n + jtj�2�k1 + njx� tjjfn;k;0(t)jdt = O log nn ! :The integral on the left-hand side can be split into 2 parts: the part jtj � 12n and thepart jtj > 12n . The integral over the �rst part isO(1) Zjtj� 1n jfn;k;0(t)jn2�k dt = O �1n�Zj�j�1 ����� 1jQ�k(�)j2 � 1j�j2�k ����� d� = O�1n� ;which is suitably bounded. The integral over the second part is bounded byO(1) supx2�k Z�k dt1 + njx� tj = O  log nn ! :Hence, (4.46) is established. 29



3. supx2�k Z�k j qn(zkeit)qn(zkeix)� Q�k(nt)�k(t)Q�k(nx)�k(x) jjkn;k;0(zkeix; zkeit)fn;k;0(t)jdt = O  log nn ! :(4.47)By theorem 2.2 the �rst factor of the integrand isO0@ � 1n + jtj��kn � 1n + jxj��k1A ;so that (4.47) admits the same bound as (4.46).2Proof of lemma 3.29. We have for x; t 2 �k thatn2�k�k(x)�k(t)kn;k;0(zkeix; zkeit)= �� ix� it1 � ei(x�t)� ni 0B@Q�k(nx)Q�k(nt)�Q��k(nx)Q��k(nt)�k(x)�k(t)�k(x)�k(t)nx� nt 1CA= (1 +O(jx� tj))0@2�nk�k (nx; nt)� i0@Q��k(nx)Q��k(nt)�k(x)�k(t) 1A �k(x)�k(t)� �k(x)�k(t)x� t !1A= (1 +O(jx� tj)) (2�nk�k(nx; nt) +O ((1 + jnxj)�k(1 + jntj)�k)) :By lemma 3.3, we thus haven2�k�k(x)�k(t)kn;k;0(zkeix; zkeit)� 2�nk�k (nx; nt) = O ((1 + jnxj)�k(1 + jntj)�k) ;uniformly for x; t 2 �k. Hence, the left-hand side of (3.51) is bounded by some multiple ofZ�k(1 + jntj)2�k ����� 1jQ�k(nt)j2 � 1jntj2�k ����� dt � 1n Z +1�1 (1 + j�j)2�k ����� 1jQ�k(�)j2 � 1j�j2�k ����� d� = O�1n� :24.4 Proofs of section 1Lemma 4.2 Under the same hyptheses as in theorem 1.1 we havepn(zkeix)pn(0) = n��kP�k(nx)�k(x) +O log nn �1n + jxj��k! : (4.48)uniformly for x 2 �k.Proof. By theorem 3.17 and theorem 3.21, we havepn(zkeix)pn(0)qn(zkeix) = P�k(nx)Q�k(nx) +O  log nn ! ;uniformly for x 2 �k. (4.48) follows by multiplying this result with qn(zkeix) using theo-rem 2.2. 2 30



Proposition 4.3pn(0) = 1 +O log nn ! : (4.49)Proof. We have by (1.3) thatpn(0)�2 = Z �����pn(z)pn(0) �����2 d�(z) = 12�Xk Z�k �����pn(zkeix)pn(0) �����2 dxj�(zkeix)j2 : (4.50)Using (4.48), we estimate these integralsZ�k �����pn(zkeix)pn(0) �����2 dxj�(zkeix)j2= Z�k jP�k(nx)j2jnxj2�k dx+O0B@ log nn Z�k � 1n + jxj�2�kjxj2�k dx1CA= 1n Zn�k jP�k(u)j2juj2�k du +O log nn2 Zn�k (1 + juj)2�kjuj2�k du!= length(�k) +O  log nn ! ; (4.51)sincejP�k(u)j2juj2�k = 1 +O 1juj! as u! �1:Substituting (4.51) in (4.50) givespn(0)�2 = 1 +O log nn ! ;which implies (4.49). 2Proof of theorem 1.1. Multiply (4.48) with (4.49). 2AcknowledgementI would like to thank Walter Van Assche for interesting discussions.References[1] V. M. Badkov, Convergence in the mean and almost everywhere of Fourier series inpolynomials orthogonal on an interval, Math. USSR Sbornik 24, No 2 (1974), 223-256.[2] V. M. Badkov, Approximation of functions in uniform metric by Fourier series in or-thogonal polynomials, Trudy MIAN SSSR 145 (1980), 20-62. (Russian)[3] V. M. Badkov, The asymptotic behavior of orthogonal polynomials, Math. USSRSbornik 37, No 1 (1980), 39-51. 31
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