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CONVOLUTION-BASED CHEBYSHEV ACCELERATIONOF WAVEFORM RELAXATION METHODSJAN JANSSENyz AND STEFAN VANDEWALLEy xAbstract. Waveform relaxation is a numericalmethod for solving large-scale systems of ordinarydi�erential equations. In this paper, it is investigatedwhether the convergenceof waveform relaxationcan be accelerated by Chebyshev acceleration techniques. The Chebyshev method was originallydeveloped for solving linear systems of equations, and can be generalised in a straightforwardmannerto the waveform case. It is shown that superior convergence results can be obtained from a related,convolution-based acceleration approach. A general convergence study of the convolution-basedChebyshev waveform relaxation method is presented, together with a discussion of several speci�cvariants, some model problem analyses and numerical experiments.Key words. Chebyshev acceleration, convolution, waveform relaxationAMS subject classi�cations. 65F10, 65L051. Introduction. Waveform relaxation (WR) or dynamic iteration is an itera-tive solution technique for systems of ordinary di�erential equations (ODEs) whichwas originally developed for the time-domain analysis of large-scale integrated circuits[10, 15]. Its key idea is to solve the given ODE system by integrating a sequence ofsubsystems in fewer variables. As such, the method can be regarded as the naturalextension to systems of di�erential equations of the classical relaxation methods forsolving systems of algebraic equations, with iteration vectors consisting of functionsin time (waveforms) instead of scalar values.WR methods have been used and discussed for a wide variety of problems, see e.g.[1, Chap. 7{9] and the references cited therein. Most convergence studies, however,concentrate on linear initial-value problems of the formB _u(t) +Au(t) = f(t) ; u(0) = u0 ;(1.1)with B;A 2 C d�d and B nonsingular. In those studies, an important goal has been toestablish a quantitative comparison between the convergence behaviour of the wave-formmethod for (1.1) and that of the associated relaxation method for the correspond-ing steady-state problem Au = f . We will refer to this classical relaxation methodas static iteration; the WR method is often referred to as dynamic iteration. Forthe Jacobi and Gauss{Seidel methods, such a comparison was made for several modelproblems in [6, 13], showing the convergence rates of the waveform variants to be equalto those of the corresponding static iteration methods. A similar correspondence wasexpected for the WR method de�ned as the straightforward extension of the staticsuccessive overrelaxation (SOR) iteration. Yet, the resulting SOR WR method, basedon multiplying a Gauss{Seidel like correction with a �xed overrelaxation parameter,only yields a marginal acceleration compared to the speed up obtained in the staticSOR iteration case [8, 13]. These disappointing results led to the de�nition of theconvolution SOR (CSOR) waveform method, in which the multiplication with a �xedSOR parameter is replaced by a convolution with a time-dependent kernel [4, 8, 16].yKatholieke Universiteit Leuven, Departmentof Computer Science, Celestijnenlaan200A, B-3001Heverlee, Belgium (jan.janssen,stefan.vandewalle@cs.kuleuven.ac.be).zThis research has been funded by the Research Fund K.U.Leuven (OT/94/16) and the Fund forScienti�c Research - Flanders, Belgium (F.W.O., project G.0235.96).xPostdoctoral Research Fellow of the Fund for Scienti�c Research - Flanders, Belgium (F.W.O.).1



2 J. JANSSEN and S. VANDEWALLEThis �x appeared to be a very e�ective one. Analysis showed that, for certain classesof problems, the optimal CSOR WR method attains an identical acceleration as theoptimal SOR iteration for the corresponding steady-state problem [8].In [11, 17], Lubich and Skeel successfully applied a similar convolution idea to theChebyshev acceleration of the Picard iteration. In this paper, we analyse their resultin the classical WR analysis framework (i.e. using Laplace-transform arguments) andwe extend their result towards more general WR methods. Our paper is organisedas follows. We summarise some important WR results and notations in x2. In x3,we brie
y recall the results of [14], where it was shown that in the waveform caseno essential speed up can be obtained by applying a standard polynomial acceler-ation technique, i.e., by taking linear combinations of the basic WR iterates. Ourstudy of the convolution-based polynomial (Chebyshev) acceleration of WR methodsis started in x4, where a general convergence analysis is derived. Some speci�c resultsfor convolution-based Chebyshev acceleration of the Picard, Jacobi and Gauss{SeidelWR methods are presented in x5. In particular, we show that for certain problemclasses, the convergence behaviour of the convolution Chebyshev WR method is sim-ilar to that of the corresponding static Chebyshev iteration method. Finally, wepresent some numerical results for a model heat 
ow problem in x6.2. Basic WR results. In this section, we recall the asymptotic convergencebehaviour of the basic WR methods for ODE system (1.1) in the normed linear spacesLp(0;1) with 1 � p � 1 [6]. It is shown that there is a correspondence between theconvergence rates of the WR methods and those of the associated relaxation methodsfor the algebraic systems (zB +A) eu(z) = ef (z) + Bu0 ;(2.1)obtained by Laplace transforming (1.1). The `e'-notation is used here to denote aLaplace-transformed variable, as for instance in eu(z) = R10 u(t)e�ztdt. We assume thesystems (2.1) to be solvable for Re(z) � 0. This assumption, which is satis�ed if alleigenvalues of B�1A have positive real parts, turns out to be a very natural one as itimplies the boundedness and stability of the solution u(t) to (1.1) if f(t) 2 Lp(0;1).The basic WR iteration scheme for (1.1) is usually de�ned in terms of the splittingsB = MB �NB (with MB nonsingular) and A = MA �NA, and is given byMB _x(n)(t) +MAx(n)(t) = NB _x(n�1)(t) + NAx(n�1)(t) + f(t) ; n � 1 ;(2.2)with x(n)(0) = u0. Here x(n)(t) denotes the n-th approximation to u(t). The initialapproximation is usually selected as x(0)(t) = u0. The iteration can be rewritten asan explicit successive approximation schemex(n)(t) = Kx(n�1)(t) + '(t) ;(2.3)where K, the basic WR operator, consists of a matrix multiplication by M�1B NB anda Volterra convolution with a continuous kernel and'(t) = e�M�1B MAt(I �M�1B NB)u0 + Z t0 eM�1B MA(s�t)M�1B f(s) ds ;[6, x3.1]. The corresponding iteration for (2.1) is obtained by Laplace transforming(2.2), giving ex(n)(z) = K(z) ex(n�1)(z) + e'(z)(2.4) = (zMB +MA)�1(zNB + NA) ex(n�1)(z) + e'(z) :



CHEBYSHEV WAVEFORM RELAXATION METHODS 3This iteration corresponds to a splitting of the matrix zB+A as (zMB+MA)�(zNB+NA). The spectral radius of the waveform operator K can be expressed in terms of thespectral radius of the symbol K(z), provided that the operator's convolution kernelbelongs to L1(0;1) [6, Lemma 2.3]. This condition is satis�ed if all eigenvalues ofM�1B MA have positive real parts. In that case, one obtains� (K) = supRe(z)�0� (K(z)) = supz2iR� (K(z)) ;(2.5)the rightmost equality of which follows from the maximum principle. While this for-mula is strictly valid only if iterations on in�nite-length time windows are considered,it is well-known that observed experimental convergence factors on (long enough)�nite time intervals correspond very well to the values in the right-hand side of (2.5).Alternatively, one might be interested in the length of a time window [0; Tr]wherein convergence is approximately geometric, with a given rate of decay r. Thisis especially interesting when K is divergent or unbounded in Lp(0;1). In that case,one investigates the operator K in the exponentially weighted spaces L�p (0;1) with� > 0 [6, Rem. 3.2]. If all eigenvalues of M�1B MA have real parts greater than ��,then K is a bounded operator in this weighted space (its convolution kernel belongsto L�1 (0;1)) and its spectral radius ��(K) satis�es a formula similar to (2.5), withthe suprema now taken over Re(z) � � or z 2 �+ iR. Following Leimkuhler [9, x2.1],we may then set Tr = 1=�r, provided that�r = inf �� �� K is bounded in L�p (0;1) and ��(K) < r	exists, and obtain 


Kn �x(0)(t) � u(t)�


 . e rn 


x(0)(t)� u(t)


 :Here, the symbol `.' means `approximately bounded by' and k � k denotes the maxi-mum norm on [0; Tr]. For obvious reasons, the window [0; T1] for r = 1 will be referredto as the window of (stable) convergence.3. Polynomial acceleration of WR. As a �rst way to expedite the conver-gence of a sequence of iterates fx(i)(t)g, generated by a classical WR method of theform (2.3), we consider a straightforward extension of the linear acceleration tech-niques for static iterations, see e.g. [3, Chap. 3] or [19, Chap. 11]. That is, weconstruct a new waveform sequence fu(i)(t)g by settingu(n)(t) = nXi=0 �n;i x(i)(t) ; n � 0 :(3.1)The numbers �n;i are chosen such thatPni=0 �n;i = 1, which ensures consistency, i.e.,u(n)(t) = u(t) for all n � 0 whenever the waveforms x(i)(t) equal the exact solutionu(t). By inserting (2.3), we can rewrite (3.1) asu(n)(t) = qn(K)u(0)(t) + 'qn (t) ;with 'qn (t) = Pni=1 �n;i(Pi�1j=0Kj'(t)) and qn(s) = Pni=0 �n;isi. In terms of thispolynomial, the normalisation condition on the �n;i-values becomes qn(1) = 1.



4 J. JANSSEN and S. VANDEWALLEThe symbol of the iteration operator qn(K) can be identi�ed by Laplace trans-forming (3.1), eu(n)(z) = nXi=0 �n;i ex(i)(z)(3.2) = qn(K(z)) eu(0)(z) + e'qn (z) :This expression corresponds to the polynomial acceleration of iteration (2.4) towardsthe solution of (2.1). If all eigenvalues ofM�1B MA have positive real parts, the operatorqn(K), a linear combination of powers of K, consists of a matrix multiplication and aconvolution with an L1-kernel. Hence, we have from [6, Lemma 2.3] that� (qn(K)) = supRe(z)�0� (qn(K(z))) = supz2iR� (qn(K(z)) :(3.3)The values �(qn(K)) and �(qn(K(z))) yield convergence factors over n iterations. Thecorresponding asymptotic averaged spectral radii are de�ned by% (qn(K)) = limn!1 (� (qn(K)))1=n and % (qn(K(z))) = limn!1 (� (qn(K(z))))1=n ;see also e.g. [19, p. 299]. We have sticked to the notation of this latter reference,i.e., the left-hand sides contain a subscript n to emphasise the use of a sequence ofpolynomials fqn(s)g. The % -value depends on this sequence of polynomials, and noton a particular polynomial qn(s), of course. Combined with (3.3) these de�nitionsimmediately lead to% (qn(K)) = supRe(z)�0% (qn(K(z))) = supz2iR% (qn(K(z))) :(3.4)The sequence of polynomials fqn(s) j qn(1) = 1g that minimise (3.4) was studiedin [14]. It was shown that only a marginal acceleration of the basic WR iteration ispossible. Intuitively, this can be expected by the following argument. We know that%(qn(K(z))) is usually minimised in terms of a sequence of Chebyshev polynomials,chosen in terms of the eigenvalue distribution ofK(z). As the eigenvalues are stronglydependent on z, one should not hope that any single polynomial will do well for allvalues of z in the closed right half complex plane. Better convergence results maybe expected with a sequence of frequency-dependent polynomials, an idea which isaddressed in the next section.4. Convolution-based polynomial acceleration of WR.4.1. Chebyshev acceleration in the frequency domain. The convergenceof the basic waveform iterates in Laplace-transform space fex(i)(z)g can be improvedby taking linear combinations of the latter iterates, that is, by settingeu(n)(z) = nXi=0 e�n;i(z) ex(i)(z) :(4.1)Whereas the notation in equation (3.2) indicates that the same polynomial sequencefqn(s)g is used for all linear systems of the form (2.1), the notation in (4.1) suggestsa di�erent choice of coe�cients for every value of z. By repeated insertion of (2.4),equation (4.1) can be rewritten aseu(n)(z) = Qn(z;K(z)) eu(0)(z) + e'Qn (z) ;(4.2)



CHEBYSHEV WAVEFORM RELAXATION METHODS 5with ~'Qn(z) = nXi=1 ~�n;i(z)0@i�1Xj=0K(z)j ~'(z)1A ;Qn(z; s) = Pni=0 e�n;i(z)si and Qn(z; 1) = 1, which ensures that eu(n)(z) = eu(z) ifex(i)(z) = eu(z).The spectral radius of the iteration matrix in (4.2) is given by� (Qn(z;K(z))) = max�2�(K(z)) jQn(z; �)j ;(4.3)with �(K(z)) the spectrum of K(z). Since this spectrum is seldom known exactly,one will try to �nd polynomials fQn(z; s)g that are small on a region containing�(K(z)). In particular, we assume the eigenvalues of K(z) to lie in a closed regionR(d(z); p(z); q(z); �(z)), whose boundary equals the ellipse E(d(z); p(z); q(z); �(z))centred around the complex point d(z). This ellipse, illustrated in Figure 4.1, is givenby n� : � = d(z) + ei�(z)(p(z) cos(�) + i q(z) sin(�)) ; 0 � � < 2�o ;with semi-axes p(z) and q(z) that satisfy p(z) � q(z) � 0 and ��=2 � �(z) <�=2. When there is no confusion possible, we will denote this ellipse as E(z), andR(d(z); p(z); q(z); �(z)) will be abbreviated as R(z). The spectral radius (4.3) is thenobviously bounded by the following number,��R (Qn(z;K(z))) = max�2R(z) jQn(z; �)j ;that is, for any Qn(z; s) we have that� (Qn(z;K(z))) � ��R (Qn(z;K(z))) :In order to determine the averaged convergence rate per iteration, we de�ne the virtualasymptotic averaged spectral radius as�%R (Qn(z;K(z))) = limn!1 (��R (Qn(z;K(z))))1=n :................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................................
........................................................................................................................................................................................................................................................................................................................................................................................... ........................................ ......................................p(z)q(z) �(z)�d(z)Fig. 4.1. An ellipse E(d(z); p(z); q(z); �(z)).



6 J. JANSSEN and S. VANDEWALLEThis number can be minimised by choosing fQn(z; s)g as a sequence of scaled andtranslated Chebyshev polynomials of the �rst kind (in the variable s). The follow-ing theorem follows in a straightforward way from the paper by Manteu�el on theChebyshev iteration for nonsymmetric linear systems [12].Theorem 4.1. Assume �(K(z)) lies in the region R(z), which does not containthe point 1 and for which p(z) > q(z) > 0. In terms ofPRn (z; s) = Tn � s�d(z)c(z) �Tn �1�d(z)c(z) � ;(4.4)with Tn(�) the n-th degree Chebyshev polynomial of the �rst kind andc(z) =pp2(z)� q2(z)ei�(z), we have�%R �PRn (z;K(z))� � �%R (Qn(z;K(z)))(4.5)for all polynomial sequences fQn(z; s)jQn(z; 1) = 1g. In particular,�%R �PRn (z;K(z))� = p(z) + q(z)���1� d(z) +p(1� d(z))2 � c2(z)��� ;(4.6)where the branch for p� is chosen such that p(1� d(z))2 = 1� d(z).Proof. In [12], Manteu�el discusses the convergence of the Chebyshev-acceleratedRichardson iteration for the nonsymmetric linear system Ax = b. His results applyimmediately to our case with the provision that A and s in his paper are replacedby I �K(z) and 1� s. More precisely, equation (4.5) follows immediately from [12,Thms. 2.4 and 2.8]. Since PRn (z; �) is an analytic function of �, its maximummodulusin region R(z) is attained on the boundary. Consequently, �%R(PRn (z;K(z))) is givenby limn!1� max�2E(z) ��PRn (z; �)���1=n :For arbitrary � 62 [d(z) � c(z); d(z) + c(z)], that is, when � is not on the intervalconnecting the focal points of the ellipse, one haslimn!1 ��PRn (z; �)��1=n = ������� d(z) +p(� � d(z))2 � c2(z)1� d(z) +p(1� d(z))2 � c2(z) ����� ;(4.7)which is shown to be constant for all � 2 E(z) [12, Eqs. (3.1) and (2.13)]. Theproof is then completed by inserting � = d(z) + p(z)ei�(z) (the point on E(z) whichcorresponds to � = 0) in the right-hand side of (4.7).Similar results can be proven for degenerate cases of the region R(z). When thisregion is chosen to be a disc with midpoint d(z) and radius p(z)(= q(z)), the resultsof Theorem 4.1 remain valid in terms of the polynomialsPRn (z; s) = �s � d(z)1� d(z)�n ;(4.8)[12, Thm. 2.5]. The resulting iteration is then equivalent to the extrapolated methodbased on (2.4), see e.g. [3, Chap. 12, p. 335]; hence only moderate convergence acceler-ation can be achieved in such cases. For the other degenerate case, which occurs when



CHEBYSHEV WAVEFORM RELAXATION METHODS 7�(K(z)) lies on a closed line segment R(d(z); p(z); 0; �(z)) = E(d(z); p(z); 0; �(z)), wehave the following theorem.Theorem 4.2. If �(K(z)) lies on the line segment R(d(z); p(z); 0; �(z)), whichdoes not contain the point 1, then the results of Theorem 4.1 remain valid with q(z) = 0and c(z) = p(z)ei�(z).Proof. The optimality of the Chebyshev polynomials in the sense of (4.5) fora line segment follows from the equality of the polynomials (4.4) with q(z) = 0and c(z) = p(z)ei�(z) and the normalised Faber polynomials for this line segment,see e.g. [2, Example 1]. Moreover, PRn (z; �) attains its maximum modulus onR(d(z); p(z); 0; �(z)) in the endpoints � = d(z) � p(z)ei�(z). For these � and thespeci�ed q(z) and c(z), the numerator of (4.4) evaluates to Tn(�1). Hence,�%R �PRn (z;K(z))� = 1limn!1 ����Tn� 1� d(z)p(z)ei�(z)�����1=n :Elaborating the latter equation (by using the techniques of [12]) leads immediately to(4.6) with q(z) = 0.The problem of determining an optimal ellipse, that is, an ellipse surrounding�(K(z)) for which (4.6) is as small as possible, is addressed next.Lemma 4.3. Any optimal ellipse Eopt(z) contains an eigenvalue of K(z). If�(K(z)) is collinear, the optimal ellipse Eopt(z) equals the line segment linking theextremal eigenvalues of K(z).Proof. Suppose �(K(z)) is not collinear and let E1(z) be a surrounding ellipse thatdoes not contain an eigenvalue of K(z). Then, there exists an elliptic region R2(z)  R1(z) (with the same midpoint and inclination angle as the �rst one) containing�(K(z)). More precisely, we have�%R2 �PR2n (z;K(z))� � �%R2 �PR1n (z;K(z))� < �%R1 �PR1n (z;K(z))� :(4.9)The �rst equality follows from (4.5) with PR1n (z; �) the polynomial (4.4) correspondingto the region R1(z), while the second (strict) inequality is an immediate consequenceof the maximum principle. As a result, E1(z) cannot be optimal.In the collinear case, we have, by a convexity argument, that any elliptic regionR(z) enclosing �(K(z)) must necessarily contain the line segment Ropt(z). Hence, wehave as in (4.9) that�%Ropt �PRoptn (z;K(z))� � �%Ropt �PRn (z;K(z))� < �%R �PRn (z;K(z))� ;and the proof is completed.Corollary 4.4. For an optimal ellipse, the virtual asymptotic averaged spectralradius is actually attained, i.e., we have% �PRoptn (z;K(z))� = �%Ropt �PRoptn (z;K(z))� :(4.10)Proof. If �(K(z)) is not collinear, equation (4.10) is proved by noting that theoptimal variant of (4.7) is constant for all � 2 Eopt(z), at least one point of whichbelongs to �(K(z)) by Lemma 4.3. In the collinear case, (4.10) follows from the factthat jPRoptn (z; �)j attains its maximum on Ropt(z) in the endpoints of this interval,which are eigenvalues of K(z).



8 J. JANSSEN and S. VANDEWALLEIn general, Lemma 4.3 does not provide enough information to de�ne the optimalellipse in the case where the eigenvalues of K(z) are not collinear. Guided by one'sintuition that such an ellipse should be as small as possible, and the knowledge thatit should pass through at least one eigenvalue, one can then try to �nd a `good'surrounding ellipse, for which (4.6) is close to its minimal value. This task turns outto be rather di�cult as well.Finally, iteration (4.1), where e�n;i(z) are the coe�cients of the polynomials (4.4),can be transformed into a form that is more convenient for computation. Assumeq(z) < p(z), so that c(z) 6= 0. The transformation can be done by using the recurrencerelation of the Chebyshev polynomials. It is easy to derive thatP0(z; s) = 1 ; P1(z; s) = e�(z)s � e�(z) + 1 ;Pn(z; s) = e�n(z)�e�(z)s + 1� e�(z)�Pn�1(z; s) + (1� e�n(z))Pn�2(z; s) ; n � 2 ;where e�(z) = 1=(1� d(z)) ande�n(z) = 2�1� d(z)c(z) � Tn�1 �1�d(z)c(z) �Tn �1�d(z)c(z) � ; n � 2:By applying the Chebyshev recurrence relation once more, one derivese�n(z) =8<: �1� 12�2(z)��1 n = 2�1� 14�2(z)e�n�1(z)��1 n � 3 ;with �2(z) = c2(z)=(1�d(z))2, see also [3, Chap. 12]. It then follows from [3, Thm. 3-2.1] that (4.1) can be rewritten aseu(1)(z) = eu(0)(z) + e�(z)�beu(1)(z)� eu(0)(z)�eu(n)(z) = eu(n�2)(z) + e�n(z) �e�(z)�beu(n)(z)� eu(n�1)(z)�+�eu(n�1)(z) � eu(n�2)(z)� � ; n � 2 ;(4.11)with beu(n)(z) = K(z)eu(n�1)(z) + e'(z) ; n � 1 :(4.12)If c(z) = 0, it follows from (4.8) that e�(z) = 1=(1�d(z)) and e�n(z) = 1 for n � 2.As a result, (4.11) then becomeseu(n)(z) = eu(n�1)(z) + e�(z)�beu(n)(z) � eu(n�1)(z)� ; n � 1 :4.2. Convolution-based Chebyshev acceleration in the time domain.By inverse Laplace transforming the z-dependent iteration scheme (4.1) for solving(2.1), we get u(n)(t) = nXi=0 Z t0 �n;i(t� s)x(i)(s)ds = nXi=0 �n;i ? x(i)(t) ;(4.13)



CHEBYSHEV WAVEFORM RELAXATION METHODS 9where the symbol `?' denotes convolution, and for which the normalisation condition(which ensures that u(n)(t) = u(t) if x(i)(t) = u(t)) becomes Pni=0�n;i(t) = �(t),with �(t) the delta function. The �n;i(t) are the inverse Laplace transforms of thez-dependent coe�cients of the polynomial Qn(z; s). Method (4.13) is a convolution-based polynomial WR method. If the polynomials Qn(z; s) are of Chebyshev-type(4.4), inverse Laplace transforming (4.11){(4.12) yields the mathematically equivalentiterative schemeu(1)(t) = u(0)(t) + � ? �bu(1) � u(0)� (t)u(n)(t) = u(n�2)(t) + �n ? �� ? �bu(n) � u(n�1)�+�u(n�1) � u(n�2)�� (t) ; n � 2 :(4.14)Here, bu(n)(t) is obtained by application of the unaccelerated WRmethod to u(n�1)(t),i.e., bu(n)(t) = Ku(n�1)(t) + '(t) ; n � 1 ;(4.15)and the convolution kernels �(t) and �n(t) are the inverse Laplace transforms ofthe functions e�(z) and e�n(z). The iteration operator mapping u(0)(t) into u(n)(t) isidenti�ed in the next lemma.Lemma 4.5. Assume that all eigenvalues of M�1B MA have positive real parts,�(t) = 
 �(t) + 
c(t) and �i(t) = �i �(t) + (�i)c(t) with 
c(t) and (�i)c(t) (2 � i � n)in L1(0;1). Then iteration (4.14){(4.15) can be rewritten asu(n)(t) = KCHn u(0)(t) + 'CHn (t) ;(4.16)where KCHn consists of a matrix multiplication and a linear Volterra convolution withan L1(0;1)-kernel, and 'CHn (t) = Pni=1(�n;i ? (Pj�1i=0 Kj'))(t) with �n;i(t) the in-verse Laplace transforms of the coe�cients of (4.4).Proof. The condition on the eigenvalues of M�1B MA ensures that the operatorK of the unaccelerated method is of the form K + Kc, where K is a matrix and Kcis a Volterra convolution operator whose kernel belongs to L1(0;1) [6, x3.1]. Thenature of KCHn follows as the space of such operators is closed under addition andconvolution.Remark 4.1. The assumptions on �(t) and �i(t) are satis�ed when theirLaplace transforms e�(z) and e�i(z) are bounded and analytic in an open domaincontaining the closed right half of the complex plane, see [8, Rem. 3.1].Under the assumptions of Lemma 4.5, the spectral radius of the operator KCHn isgiven by �(KCHn ) = supRe(z)�0�(PRn (z;K(z))) = supz2iR�(PRn (z;K(z))) ;[6, Lemma 2.3]. The corresponding asymptotic averaged spectral radius is given by%(KCHn ) = supz2iR%(PRn (z;K(z))) ;(4.17)and can be bounded by the virtual asymptotic averaged spectral radiussupz2iR�%R(PRn (z;K(z))) = supz2iR p(z) + q(z)j1� d(z) +p(1� d(z))2 � c2(z)j ;(4.18)



10 J. JANSSEN and S. VANDEWALLEwhere the equality follows from Theorem 4.1 if the ellipses R(z) do not contain thepoint 1. Also, Corollary 4.4 implies that (4.17) equals (4.18) if the latter ellipses areoptimal. In the remainder of the text, we shall often omit the subscript n in thenotation of the operator KCHn , which shall be referred to as the (convolution-based)Chebyshev WR operator.5. Model problem analysis of Chebyshev{Picard, Chebyshev{JacobiWR and Chebyshev{Gauss{Seidel WR. In this section, we shall discuss somespeci�c results for the Chebyshev acceleration of several waveform relaxation variantsand apply these results to the heat equation@u@t ��mu = 0 ; x 2 [0; 1]m ; t > 0 ;(5.1)with Dirichlet boundary conditions and a given initial condition. If we discretise thisequation in space using �nite di�erences on a regular grid with mesh-size h, we obtainan ODE system (1.1) with B = I and matrix A, which is given by the well-known3-point, 5-point or 7-point central �nite-di�erence stencil, respectively in the m = 1,m = 2 and m = 3 case. We also consider the �nite-element discretisation of (5.1) form = 1 with linear �nite elements, yielding (1.1) with (in stencil notation)B = h6 [1 4 1] and A = 1h [�1 2 � 1] :(5.2)5.1. The Chebyshev{Picard method.5.1.1. Discussion of the Picard method. The Picard method, which is onlyde�ned for ODE systems (1.1) with B = I, can be written as an iteration of the form(2.2) with MB = I, NB = MA = 0 and NA = �A. Consequently, M�1B MA equalsthe zero matrix and the corresponding operator KPIC can only be investigated in theweighted spaces L�p (0;1). For the �nite-di�erence discretisation of equation (5.1), itis well-known that the eigenvalues of A are given by2(1 + cos(i�h))=h2; i = 1; : : : ; 1=h� 1 m = 12(2 + cos(i�h) + cos(j�h))=h2 ; i; j = 1; : : : ; 1=h� 1 m = 22(3 + cos(i�h) + cos(j�h) + cos(k�h))=h2 ; i; j; k = 1; : : : ; 1=h� 1 m = 3 :Hence, we derive� �KPIC(z)� = ���Az � � ��2mzh2 (1� cos(�h)); �2mzh2 (1 + cos(�h))�(5.3)and �� �KPIC� = supz2�+iR� �KPIC(z)� = 2m�h2 (1 + cos(�h)) ;i.e., the spectral radius of KPIC equals that of KPIC(�). The latter corresponds tothe iteration matrix of the Richardson iteration �u(n) = �Au(n�1) + f for the linearsystem (�I + A)u = f . The Picard method is obviously divergent in L�p (0;1) with� < 2m(1+ cos(�h))=h2, and the window of stable convergence can be approximatedby [0; h2=2m(1+ cos(�h))]. Since this window is very small, the Picard iteration doesnot have any practical use for the model heat problems. These results are illustratedfor (5.1) with m = 1 and h = 1=32 in the left picture of Figure 5.1, where we plottedcontourlines of (KPIC(z)) in the complex plane. For this problem, the window ofconvergence equals [0; 0:000245].



CHEBYSHEV WAVEFORM RELAXATION METHODS 115.1.2. Chebyshev acceleration of the Picard method. The Picard methodcan be accelerated quite well by the convolution-based Chebyshev approach, whichis perhaps somewhat surprising. One of the virtues of the Picard method is that forits acceleration, we only need a good/optimal ellipse surrounding �(A); the multipli-cation of this ellipse by �1=z is expected to lead to a good/optimal ellipse for thesymbol KPIC(z) = �A=z at other values of z 6= 0 too. More precisely, for the heatequation Lemma 4.3 implies that the line segment given in (5.3) is the optimal ellipsesurrounding �(KPIC(z)) for z 6= 0. We prove the following statement for the asymp-totic averaged spectral radius of the resulting optimal Chebyshev{Picard operatorKCH�PIC;opt in Lp(0;1).Lemma 5.1. Consider the model problem (5.1), discretised using �nite di�er-ences. Then, if we consider KCH�PIC;opt as an operator in Lp(0;1) with 1 � p � 1,we have % �KCH�PIC;opt� = cos(�h)1 +p1� cos2(�h) � 1� �h :(5.4)Proof. First note that A = KPIC(�1). By using (5.3), the parameters of theoptimal line segment Eopt(z) surrounding �(KPIC(z)) equal dopt(z) = �dopt(�1)=z =�2m=zh2 and copt(z) = copt(�1)=z = 2m cos(�h)=zh2. Hence, Theorem 4.1 impliesfor z 6= 0 PRoptn (z;KPIC(z)) = Tn �KPIC(z)�dopt(z)copt(z) �Tn �1�dopt(z)copt(z) � = Tn �dopt(�1)�Acopt(�1) �Tn � z+dopt(�1)copt(�1) � :(5.5)Since the (zero) eigenvalues ofM�1B MA do not have positive real parts, we cannotapply Lemma 4.5 in order to prove that the optimal Chebyshev{Picard operatorKCH�PIC;opt consists of a matrix multiplication and an L1-convolution part. Yet,the conditions of Lemma 4.5 are not necessary to this end, and we shall adopt adi�erent approach here. That is, we observe that z = 0 is a removable singularityof PRoptn (z;KPIC(z)), or, more precisely, that the rightmost expression of (5.5) isbounded and analytic for Re(z) � 0. As in Remark 4.1, its inverse Laplace transformKCH�PIC;opt then consists of a matrix multiplication and an L1-convolution part.Using Corollary 4.4, we have as in (4.17){(4.18) that%(KCH�PIC;opt) = supz2iR%(PRoptn (z;KPIC(z)) :(5.6)Since the optimal line segment does not contain the point 1 for z 6= 0, Theorem4.1 implies that% �PRoptn �z;KPIC(z)�� = 2m cos(�h)���zh2 + 2m+p(zh2 + 2m)2 � (2m cos(�h))2���(5.7)for z = i�, � 6= 0. For z = 0, the polynomial (5.5) can be rewritten as the opti-mal Chebyshev polynomial for accelerating the convergence of the static Richardsoniteration u(n) = (I � A)u(n�1) + f , which equalsTn � (I�A)�(1�dopt(�1))copt(�1) �Tn �1�(1�dopt(�1)copt(�1) � :(5.8)
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Fig. 5.1. Contourlines of �(KPIC(z)) - left picture - and %(PRoptn (z;KPIC(z)) - right picture- for (5.1) with m = 1, discretised using �nite di�erences with h = 1=32.Application of Theorem 4.1 to the latter polynomial leads exactly to the right-handside of (5.7), evaluated at z = 0.Finally, we remark that the supremum in (5.6) for the function in (5.7) is attainedat the origin. Hence, the proof is completed by inserting z = 0 in (5.7) and calculatinga series expression for small h.This lemma is illustrated in the right picture of Figure 5.1, where we plottedcontourlines of %(PRoptn (z;KPIC(z))) for the one-dimensional heat equation with h =1=32.5.1.3. Relation to previously published work by Lubich and Skeel. In[11, 17], Lubich and Skeel already discussed a related Chebyshev{Picard method.They de�ne a shifted Picard iteration in terms of_u(n)(t) + �nu(n)(t) = f(t) � Au(n�1)(t) + �nu(n�1)(t) ; u(n)(0) = u0 ;(5.9)with �n = d � c�n and n = 1; 2; : : : ; N . Here, �n = cos((2n � 1)�=2N ) denote thezeros of TN (�), while d and c are the usual parameters of an ellipse that was chosento enclose the spectrum of A.By Laplace transformation of (5.9) we can check that the resulting waveformu(N)(t) corresponds to the N -th waveform of our scheme (4.14){(4.15), with d(z) =�d=z and c(z) = c=z and �(z) = Arg(c(z)) for z 6= 0. Hence, for this particularselection of the ellipses E(z), both methods give similar results (after N steps).Assume that the ellipse E surrounding �(A) has a major semi axis that is parallelto one of the coordinate axes. For these choices of this ellipse, Lubich proved thatin Lp(0; T ), the Chebyshev{Picard method for _u(t) + Au(t) = f(t) gives at leastthe same error reduction as the Chebyshev acceleration of the Richardson method1T u(n) = �Au(n�1) + f for the static linear system� 1T I +A�u = f ;(5.10)[11, p. 537]. For the reader's convenience, we rewrite the result (for the case that themajor axis of E lies on the real axis) in our notations. The other case is completelysimilar.Lemma 5.2. Consider an ODE system _u+Au = f . Suppose that the major axisof the ellipse chosen to enclose �(A) lies on the real axis of the complex plane. Then,



CHEBYSHEV WAVEFORM RELAXATION METHODS 13the resulting Chebyshev{Picard iteration satis�es


u(n)(t) � u(t)


Lp(0;T ) � e 



PRn � 1T ;KPIC� 1T ��



 � 


u(0)(t) � u(t)


Lp(0;T )(5.11)for 1 � p � 1 and 0 < T � 1.Observe that for T = 1, PRn (0;KPIC(0)) has to be interpreted as in (5.8) asthe scaled and translated Chebyshev polynomial corresponding to the matrix I �A.As such, the latter lemma, applied to the �nite-di�erence discretisation of (5.1) withT = 1 and with the ellipse E surrounding �(A) equal to the optimal line segment[2(1 � cos(�h))=h2; 2(1 + cos(�h))=h2], can be regarded as the norm equivalent ofLemma 5.1.5.2. The Chebyshev{Jacobi WR method.5.2.1. The B = I-case. In terms of the classical splitting A = DA � LA � UAwith DA, LA and UA the diagonal, lower triangular and upper triangular part ofA, respectively, the Jacobi WR method is de�ned as iteration (2.2) with MB = I,NB = 0, MA = DA and NA = LA + UA. If we suppose in addition that DA has aconstant positive diagonal DA = daI (da > 0), we haveKJAC(z) = daz + daD�1A (LA + UA) = daz + daKJAC(0) ;(5.12)with KJAC(0) the static Jacobi iteration matrix. We then only need a good/optimalellipse surrounding �(KJAC(0)) to de�ne the resulting Chebyshev{Jacobi WRmethodfor this problem.In terms of the asymptotic averaged spectral radius, we can prove the followingrelation between the optimal Chebyshev{Jacobi WR method and the correspondingstatic iteration for Au = f .Lemma 5.3. Consider an ODE system _u(t)+Au(t) = f(t). Assume A is consis-tently ordered with constant positive diagonal DA = daI (da > 0) and the eigenvaluesof KJAC(0) are real with �1 = �(KJAC(0)) < 1. Then, if we consider KCH�JAC;optas an operator in Lp(0;1), we have% �KCH�JAC;opt� = % �PRoptn �0;KJAC(0)�� = �11 +p1� �21 :(5.13)Proof. Since A is consistently ordered, the eigenvalues ofKJAC(0) occur in oppo-site pairs and Lemma 4.3 implies that Eopt(z) = daz+daEopt(0) = daz+da [��1; �1]. Sincethis line segment does not contain the point 1 for Re(z) � 0, Theorem 4.1 and (4.10)imply that for these z% �PRoptn �z;KJAC(z)�� = j�1(z)j���1 +p1� �21(z)��� ;(5.14)with �1(z) = daz+da �1. In addition,e�opt(z) = 1 and (e�opt)n(z) = 2�1(z) Tn�1 � 1�1(z)�Tn � 1�1(z)�



14 J. JANSSEN and S. VANDEWALLEare bounded and analytic functions for Re(z) � 0, so that we may apply Lemma 4.5and (4.17){(4.18). The proof is completed by noting that the supremum of (5.14)taken over z 2 iR is attained at z = 0.Finally, we can apply Lemma 5.3 to the �nite-di�erence discretisation of the heatequation (5.1), since their matrices A satisfy the conditions of the latter lemma with�1 = cos(�h).Corollary 5.4. Consider the heat equation (5.1), discretised using �nite di�er-ences. Then, if we consider KCH�JAC;opt as an operator in Lp(0;1), we have% �KCH�JAC;opt� = cos(�h)1 +p1� cos2(�h) � 1� �h :(5.15)This result is illustrated in the left picture of Figure 5.2, where we plotted con-tourlines of %(PRoptn (z;KJAC(z))) for the two-dimensional heat equation with �nitedi�erences and h = 1=32.It may be veri�ed by elementary Laplace-transform techniques that the N -thWR iterate from the general Chebyshev{Jacobi variant of (4.14){(4.15) can also beobtained from a `shifted' Jacobi iteration, i.e.,1da _u(n)(t) + (1� �n)u(n)(t) = �KJAC(0)� �n�u(n�1)(t) + 1da f(t) ; u(n)(0) = 0 ;with �n = d(0)+ c(0)�n and n = 1; 2; : : :; N . As before, �n denote the zeros of TN (�),while d(0) and c(0) are the parameters of the ellipse E(0) that was chosen to enclosethe spectrum of KJAC(0). As in the Picard case, we can relate the error reduction ofthe Chebyshev{Jacobi WR method for _u(t) + Au(t) = f(t) in Lp(0; T ) to that of theChebyshev{Jacobi method for (5.10) for a particular choice of the ellipse E(0).Lemma 5.5. Consider an ODE system _u(t)+Au(t) = f(t) with DA = daI (da >0), and assume that the major axis of the ellipse E(0) chosen to enclose �(KJAC(0))lies on the real axis of the complex plane. Then, the resulting Chebyshev{Jacobi WRiteration satis�es


u(n)(t)� u(t)


Lp(0;T ) � e 



PRn � 1T ;KJAC � 1T ��



 � 


u(0)(t)� u(t)


Lp(0;T )(5.16)for 1 � p � 1 and 0 < T � 1.Proof. The parameters of the ellipse E(z) surrounding �(KJAC(z)) can be writtenin terms of those of the ellipse E(0), that is, d(z) = daz+da d(0) and c(z) = daz+da c(0).Hence, PRn (z;KJAC(z)) = Tn �KJAC(z)�d(z)c(z) �Tn �1�d(z)c(z) � = Tn �KJAC(0)�d(0)c(0) �Tn� z+dada �d(0)c(0) � ;while the polynomial of the corresponding static Chebyshev{Jacobi method for (5.10).is given by PRn (1=T;KJAC(1=T )). The rest of the proof is an immediate extension ofthe proof of Lemma 5.2, given in [11, p. 537].5.2.2. The B 6= I-case. The Jacobi WR method for (1.1) is given by iteration(2.2) withMB = DB ; MA = DA ; NB = LB + UB and NA = LA + UA :
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Fig. 5.2. Contourlines of %(PRoptn (z;KJAC(z))) for (5.1) with m = 2, discretised using �nitedi�erences - left picture - and m = 1, discretised using linear �nite elements - right picture - withh = 1=32.The symbolKJAC(z) equals (zDB+DA)�1(z(LB+UB)+(LA+UA)), and in general wecannot explicitly relate its eigenvalue distribution to that of KJAC(0) as in equation(5.12). For the one-dimensional heat equation (5.1), discretised using linear �niteelements, we can prove the following lemma.Lemma 5.6. Consider the one-dimensional heat equation (5.1), discretised usinglinear �nite elements. Then, if we consider KCH�JAC;opt as an operator in Lp(0;1),we have % �KCH�JAC;opt� = cos(�h)1 +p1� cos2(�h) � 1� �h :(5.17)Proof. From (5.2), we derive that� �KJAC(z)� = ��2zh2 + 124zh2 + 12 cos(j�h) j j = 1; : : : ; 1=h� 1� :Hence, Lemma 4.3 implies that Eopt(z) = [��1(z); �1(z)] with �1(z) = 2zh2�124zh2+12cos(�h). The rest of the proof is similar to the proof of Lemma 5.3, and a seriesexpression is calculated for small values of h.We provide contourlines of %(PRoptn (z;KJAC(z)) for h = 1=32 in the right pictureof Figure 5.2. Since its supremum over Re(z) � 0 or z 2 iR is attained at z = 0,the optimal Chebyshev{Jacobi WR method behaves as its static counterpart for thelinear system Au = f .5.2.3. Comparison to the CSOR WR method. We can now compare theconvergence behaviour of the optimal Chebyshev{Jacobi WR method to that of otherwaveform variants for ODE systems that satisfy the conditions of Lemma 5.3. Moreprecisely, we have� �KJAC� = �1 and � �KCSOR;opt� = �21(1 +p1� �21)2 ;see [6] and [8, Thm. 3.9]. These results, which may be applied e.g. to the �nite-di�erence discretisation of the heat equation (5.1) by setting �1 = cos(�h), imply



16 J. JANSSEN and S. VANDEWALLEthat the Chebyshev{Jacobi WR method is substantially faster than the unacceleratedJacobi variant, but only half as fast as the optimal CSOR WR method.Similar results may be obtained for the one-dimensional heat equation discretisedusing linear �nite elements, treated in Lemma 5.6. Again, the optimal Chebyshev{Jacobi WR is much faster than its unaccelerated Jacobi variant (with spectral radiuscos(�h) [6]) but only half as fast as the optimal CSOR WR method (with spectralradius cos2(�h)=(1 +p1� cos2(�h))2 [8, Thm. 5.2]).This observation for model problems with collinear spectra of their Jacobi sym-bols also holds in a more general way. We recall that the CSOR WR method for(1.1) is a straightforward extension of the static SOR iteration, except that the mul-tiplication with an overrelaxation parameter ! is replaced by a convolution with atime-dependent overrelaxation function 
(t). The symbol of the method is given byKCSOR(z) =  z 1e
(z)DB � LB!+  1e
(z)DA � LA!!�1 � z 1� e
(z)e
(z) DB + UB! + 1� e
(z)e
(z) DA + UA!! :(5.18)i.e., it equals the SOR iteration matrix for (2.1) with complex overrelaxation param-eter e
(z), [8]. If the matrices B and A are such that zB +A is consistently ordered,Hu et al. showed that there exists an optimal ellipse E(0; p(z); q(z); �(z)) (centredaround the origin, i.e., with d(z) = 0 and surrounding �(KJAC(z))) such that e
opt(z),the value of the overrelaxation parameter minimising the spectral radius of (5.18), isgiven by 2=(1 +p1� c2(z)), while� �KCSOR;opt(z)� =  p(z) + q(z)1 +p1� c2(z)!2 ;(5.19)see [4, 5]. In addition, if the spectrum of the latter matrix is not collinear, this ellipsecontains an eigenvalue of KJAC(z), while in the collinear case, this ellipse equals theline segment between the extremal eigenvalues of KJAC(z). Hence, if the ellipse ofthe CSOR method is used also for the Chebyshev acceleration of the Jacobi relaxationmethod for (2.1), Theorem 4.1 and Corollary 4.4 yield% �PRn (z;KJAC(z))� = �% �PRn (z;KJAC(z))� = p(z) + q(z)���1 +p1� c2(z)��� :(5.20)As such, the optimal SOR method for (2.1) turns out to be twice as fast as theresulting Chebyshev{Jacobi iteration for this problem. Finally, we remark that -under the right assumptions - the above conclusions remain valid after taking thesuprema of (5.19) and (5.20) over the right half complex plane/imaginary axis.5.3. The Chebyshev{Gauss{Seidel WR method.5.3.1. The B = I-case. The Gauss{Seidel WR method for ODE systems _u(t)+Au(t) = f(t) is given by (2.2) with MB = I, NB = 0, MA = DA �LA and NA = UA.The following lemma is the Gauss{Seidel equivalent of Lemma 5.3.Lemma 5.7. Consider an ODE system _u(t)+Au(t) = f(t). Assume A is consis-tently ordered with constant positive diagonal DA = daI (da > 0) and the eigenvalues



CHEBYSHEV WAVEFORM RELAXATION METHODS 17of KJAC(0) are real with �1 = �(KJAC(0)) < 1. Then, if we consider KCH�GS;optas an operator in Lp(0;1), we have% �KCH�GS;opt� = % �PRoptn �0;KGS(0)�� = �21(1 +p1� �21)2 :(5.21)Proof. Since zI + A is consistently ordered for Re(z) � 0, we have that � 2�(KGS(z)) if and only if � = 0 or p� 2 �(KJAC(z)), [6, Lemma 3.8]. Hence, theoptimal ellipse Eopt(z) surrounding �(KGS(z)) is given by [0; �21(z)] with �1(z) =da�1z+da as in the proof of Lemma 5.3. From this follows that dopt(z) = copt(z) = �21(z)2and popt(z) = j�21(z)j=2. As this line segment does not contain the point 1 and theresulting e�opt(z) and (e�opt)n(z) are bounded and analytic for Re(z) � 0, we mayapply Lemma 4.5 and (4.17){(4.18), i.e.,% �KGS�CH;opt� = supz2iR% �PRoptn (z;KGS(z))�= supz2iR j�21(z)j=2����1� �21(z)=2 +q(1� �21(z)=2)2 � (�21(z)=2)2���� :It can be checked that this function attains its supremum for z = 0, from which (5.21)follows.If we apply this lemma to the heat equation, discretised using �nite di�erences,we immediately see that the resulting WR method is as fast as the optimal CSORvariant.Corollary 5.8. Consider the heat equation (5.1), discretised using �nite di�er-ences. Then, if we consider KCH�GS;opt as an operator in Lp(0;1), we have% �KCH�GS;opt� = cos2(�h)(1 +p1� cos2(�h))2 � 1� 2�h :(5.22)An illustration can be found in the left picture of Figure 5.3, where we plottedcontourlines of %(PRoptn (z;KGS(z))) for the two-dimensional heat equation, discretisedusing �nite di�erences and h = 1=32.5.3.2. The B 6= I-case. We can prove a similar result as in Corollary 5.8 forthe one-dimensional heat equation, discretised using linear �nite elements.Lemma 5.9. Consider the one-dimensional heat equation (5.1), discretised usinglinear �nite elements. Then, if we consider KCH�GS;opt as an operator in Lp(0;1),we have % �KCH�GS;opt� = cos2(�h)(1 +p1� cos2(�h))2 � 1� 2�h :(5.23)Proof. The proof is completely similar to the proof of Lemma 5.7 with KGS(z) =(z(DB � LB) + (DA � LA))�1(zUB + UA) and �1(z) = 2zh2�124zh2+12 cos(�h).We provide contourlines of %(PRoptn (z;KGS(z))) for h = 1=32 in the right pictureof Figure 5.3. Note that the optimal Chebyshev{Gauss{Seidel WR method is as fastas its static counterpart and the optimal CSOR WR method.
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 0.2Fig. 5.3. Contourlines of %(PRoptn (z;KGS(z))) for (5.1) with m = 2, discretised using �nitedi�erences - left picture - and m = 1, discretised using linear �nite elements - right picture - withh = 1=32.Finally, we notice that the results of Lemmas 5.7 and 5.9 and Corollary 5.8 remainvalid if we use a red/black ordering of the unknowns, as the spectra of the resultingGauss{Seidel symbols equal those of the symbolsKGS(z), obtained with lexicographicordering. Moreover, in analogy with the static iteration case, see e.g. [18] or [19, p. 374and p. 386], we recommend the use of the coloured ordering in order to obtain thebest convergence behaviour in practice.6. Numerical results. In this section we will present the results of some numer-ical experiments, and we will show that the observed convergence behaviour agreesvery well with the continuous-time theory for small enough time steps. We do notcomment here on the particular in
uence of the time discretisation method, but referto [7] and [8, x4] for a discrete-time analysis of WR methods.In Table 6.1 we report the observed averaged spectral radii of the Chebyshev{Picard method for the one-dimensional heat equation, discretised in space using �nitedi�erences. The n-th iteration convergence factor is determined by calculating thel2-norm of the discrete error of the n-th approximation, and by dividing the resultfor successive iterates. As this factor takes a nearly constant value after a su�cientlylarge number of iterations, the averaged convergence factor is de�ned as the geomet-ric average of these iteration convergence factors in the stable regime. We used theCrank{Nicolson (CN) method with time step � = 1=100 for time discretisation. Thediscrete approximations of the kernels �opt(t) and (�opt)n(t) are calculated from theirtransformed expressions e�opt(z) and (e�opt)n(z) by the Fourier-transform method de-veloped in [8, x5.4]. (In the Picard case, the latter expressions have a pole at z = 0.Yet, these singularities are removable and they do not cause any problems.) Observethat the experimental results correspond very well with the theoretical spectral radii.Similar results can be found for the convolution-based Chebyshev acceleration ofJacobi and red/black Gauss{Seidel WR. In particular, we report the observed aver-aged convergence factors of the latter methods for the two-dimensional heat equationwith �nite di�erences and the one-dimensional heat equation with linear �nite ele-ments in Tables 6.2 and 6.3, respectively. Again, the observed convergence factors arevery close to their predicted theoretical values derived in x5.
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