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Abstract

Periodic solutions of certain large scale systems of ODEs can
be computed efficiently using a hybrid Newton-Picard scheme, es-
pecially in a continuation context. In this paper we describe and
analyse a numerical method to accurately compute period doubling
bifurcation points using the Newton-Picard approach. The method
avoids the computation of the full monodromy matrix, which is
present in the determining system for period doubling bifurcation
points. Test results are presented that demonstrate the numerical
properties.
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1 Introduction

1.1 Periodic solutions and bifurcation points

This paper is concerned with the efficient computation of period doubling points
on branches of periodic solutions of large- (or infinite-) dimensional dynamical
systems with low-dimensional long-term dynamics, such as certain systems of
parabolic partial differential equations (PDEs). More specifically, we consider
the autonomous dynamical system

dz

= = f@ ), zecRY, XeR. (1)

with N ‘large’ and with f derived from a finite element or finite difference spatial
discretisation of a PDE system. We will assume that f is C3-continuous in =
and A in the region of interest. A point on a branch of periodic solutions is then
determined by one point z(0) on the limit cycle, its period T and the parameter
value A. These unknowns can be computed from the boundary value problem
with boundary conditions

2(T) — =(0) = 0
s(z(0), T, A) = (2)
n(z(0), T A; T)

where s(z(0), T, A) = 0 is a phase condition needed to eliminate the time trans-
lational invariance of periodic solutions of autonomous dynamical systems, and
where n(2(0),T, A; 7) = 0 is the parameterizing equation and 7 is an artificial
parameter. Using a suitable parameterizing equation, this system will be regu-
lar in every point on the branch except in transcritical or pitchfork bifurcation
points and other higher-order singularities.
The asymptotic stability of the periodic orbit is determined by the mon-
odromy matrix
_ 9a(T) .
~ 8z(0) (

The eigenvalues of this matrix are called the Floquet multipliers. One Floquet
multiplier is always one and the corresponding eigenvector is the tangent vector
to the limit cycle in #(0). The limit cycle is asymptotically stable if all other
Floquet multipliers lie within the unit circle. Bifurcation points occur if one or
more non-trivial Floquet multipliers cross the unit circle.

This paper is concerned with the case of the non-degenerate (codimension
1) period doubling point. In such a point a real Floquet multiplier crosses
the unit circle transversally at -1 and, except this one and the trivial Floquet
multiplier, no other Floquet multiplier has modulus equal to 1. Such points can
be computed by replacing the parameterising equation in (2) by one or more
equations expressing the conditions for the Floquet multiplier in terms of z(0),
T and A and probably some additional variables. Our method is designed to
work well when only a small number of the Floquet multipliers are close to or
outside of the unit circle, while all others are clustered around 0.




1.2 Numerical method

The method presented in this paper is based on the shooting method to solve
the boundary value problem (2). We restrict the discussion to single shooting,
although this approach has its limitations as discussed in [16]. For a given initial
condition #(0), we denote the solution of (1) at t = T by ¢(2(0),T, A). Single
shooting solves (2) by computing #(0), T and A from the N + 2-dimensional
nonlinear system

r(z(0), T, A) := p(z(0),T,A) —z(0)) =0
s(z(0),T,2) =0 (4)
n(z(0),T,2) =0

We denote a solution of (4) with (2(0)*,T*, A*). Remark that the monodromy
matrix M* and the eigenvector b* corresponding to the trivial Floquet multiplier
are given by

3 3
P T

M* = , —
02(0) | (z(0)e,7+,27) OT |(z(0)e,7=,2)

= f(=(0)",T", X")

respectively. The Floquet multipliers are denoted by u},7=1,..., N.
Codimension 1 period doubling points can now be computed by replacing the

last equation in (4) with a suitable condition, see e.g. [4, 5, 10]. Our approach

is based on a system similar to the system proposed in [4] and used in AUT094

[2]

r(z(0), T, A) = o(z(0), T, A) — z(0) = 0
S(:I:(O), T; )‘) =0

(M(z(0), T,A\)+I)v=0 (5)
dT’U — ]_ =

This is a (2N + 2)-dimensional nonlinear systems with unknowns z(0), T,
the parameter A and an additional unknown v. v is an N-dimensional vector
and at the solution point the eigenvector for the Floquet multiplier —1. Since
dTv = 1 is a normalization condition, ideally, d should lie as much as possible
in the direction of the eigenvector corresponding to the eigenvalue —1. System
(5) has a structure which we will be able to exploit in our method. In §2.3 we
will argue the particular choice of this extended system over systems requiring
fewer or no additional unknowns.

(5) can be solved using Newton’s method and a direct linear system solver
to solve the resulting linear systems. This approach involves the computation of
M = %’&) and perhaps even its derivatives. The monodromy matrix M can be
calculated by numerical differentiation or by solving the variational equations.
In the former case, the nonlinear problem (1) would have to be integrated N
times with perturbed initial data, and in the latter case an N2-dimensional
linear initial-value problem has to be integrated together with (1). Both ap-
proaches are prohibitively expensive when N is large. Note also that M is a full
matrix and has no specific structure even if % has, so Newton-like approaches



with direct solvers will also require the expensive storage and factorization of
full N x N or larger matrices. Our method avoids the computation and fac-
torization of the monodromy matrix by combining a simple Picard iteration
scheme and a direct (Newton) method. The scheme is based on the Newton-
Picard method presented in [12, 15] for solving (4). The resulting method is able
to accurately compute period doubling points on branches of stable and unsta-
ble periodic solutions and also delivers good estimates for the other dominant
Floquet multipliers as a natural by-product.

The remainder of this paper is organised as follows. In §2.1 we will derive
the Newton-Picard method for period doubling points. This will require the
solution of several smaller linear systems. In §2.2 we will prove that all these
subsystems are regular for generic period doubling points. In §2.3 we discuss
the particular choice for the extended system. The computational aspects of the
method are discussed in §3. This includes a detailed discussion of the cost of our
method. In §4, we present some numerical results to illustrate the effectiveness
of our approach. Finally §5 contains our conclusions.

2 Newton-Picard methods for period doubling
bifurcation points

2.1 Derivation

In deriving our method, we start from the nonlinear system (5) which we solve
using Newton’s method. This requires the solution of the linear system

M-I or 0 ©x Az(0) r(z(0), T, A)
Sz st 0 sy AT _ s(z(0),T, )
M,v Mpv M+I Muv Av o (M(z(0),T,\)+I)v |’
0 0 dr 0 A dTv -1
where
M-I o 0 P
Sy sp 0 N _9(r,s, (M + I)v,dTv)
M,zv Mpv M4+I1 Mv | 8(z(0),T,v, )
0 0 dr 0

A partial derivative with respect to z(0) is represented with the subscript .
Remark that @7 can be computed easily from o7 = f(¢(2(0),T, A), T, A). For
large N the computation of the full matrices M and M_v is very costly, both
with respect to time and memory. The aim of the Newton-Picard method is to
avoid this computation.

We will make the same assumptions as in [12], which we repeat here:



Assumption 2.1 Lety* = (z(0)*, T*,v*, X*) denote an isolated solution to (5)
and let B be a small neighbourhood of y*. Let M(y) = %&)(y) fory € B and

denote its eigenvalues by p;, 1 =1, ..., N. Assume that for all y € B precisely
p eigenvalues lie outside the disk
Co={lz|<p}, 0<p<1 (7)

and that no eigenvalue has modulus p, i.e. for ally € B

lpa| > |p2l > - > |upl > p > |ppyal, -« -y [un]-

Let V, € RNXP be a basis for the subspace U of RY spanned by the
(generalised) eigenvectors of M (z(0), T, A) corresponding to the eigenvalues p;,
i=1,...,pand V, € RV*(N-p) — RNX4 3 basis for U+, the orthogonal com-
plement of &/ in RY. We note that, in general, /* is not an invariant subspace
of M(z(0),T,)). Our method is designed to be efficient for systems with low-
dimensional dynamics where p << gq.

We construct orthogonal projectors P and Q of R¥ onto &/ and U+ respec-
tively as r

pP=V,V',
Q::V'[]V':T:IN_V;V;T‘ (8)

Both Az(0) € RY and Av € RY have a unique decomposition

A:I:(O) = V;,A:Z‘.p =+ V:]A:Z'.q = A:L‘.p =+ A:L‘.q = PA:I:(O) =+ QA:L‘.(O), (9)
Av = VA% + VAT, = Avy + Avy = PAv 4 QAw,

with Azp, Azg, Avy, Ay, € RN, Az,, A, € R? and AZ,, Av, € RY
After substitution of (9) into (5) and multiplying the first and the third set
of equations at the left hand side with [ Ve V% ]T, we get

(10)

vI(M-T)V, VIMV, VZer 0 0 V7o,
vIMYV, VI(M-D)V, VZer 0 0 Vo
sa:Vvq 3;1:1/;; ST 0 0 E3%

VIMowV,  VIMY, VIMpv VI(M+I)V, VIMV, VIMw
I/;ZTvaVq I/;ZTMEUV;, VIMro  VIMV,  VI(M+I)V, VIMv

0 0 0 dTv, drv, 0
Az, VqTr
AZ, V;Tr
AT | s
Aty |~ | VI(M +1)v
ATy V;,ZT(M + I
AX dfv—1

where we used VqTV}, =0, V;TVq = 0. Because U is an invariant subspace of M
we have,
T
V, MV, = 0. (11)



And because in the solution point ¢% is the eigenvector of M* corresponding
to the eigenvalue +1, we can make the following approximation:

VZpr = VT flp(a(0),T, %), 3) (12)
~ Ve fp(@(0), T, X), A7) = VT £((0)", A7) = 0

The matrix of system (10) reduces to

(13)

vI(M-1)V, 0 0 0 0 Vg

VIMYV, VI(M-I)V, VZ%er 0 0 VT os
squ smV}, ST 0 0 S

VIMY,  VIMwYV, VIMpv VI(M+I)Y, 0 VT Myv

V] MooV, VTM vV VTMTU VIMV,  VI(M+I)V, VZTM)\U
0 0 0 dTV dTv, 0
Matrix (13) is a rank one update of a block-triangular matrix. The similarity
with the continuation variant of [12] suggests the use of the Sherman-Morisson
formula to solve (10). Here we will follow a different approach similar to one

followed in [13], which has somewhat nicer theoretical properties (see §2.2).
To solve the first ¢ equations of (10) we split AZ, according to

AZ, = ATy 1+ AXAZ, 2, (14)
and solve AZ, 1 and Az, 3 from

qu(M - D)V, Azy1 = _qur’ (15)
VE(M — 1)V, Azys = —VTps.

From assumption (2.1) and the construction of the basis follows that the
spectral radius ra(VqTMV;) < p < 1, so we can solve (15) approximately using
a Picard iteration scheme:

Azl =0, i=1,2
Az%“ VqTMA:E[E';]l—i—VqTr, j=0,....v—1
AzU N = VIMAZ 4 Vps, j=0,...,0—1

Amq,z = Amgl, i=1,2.

After left-multiplying all steps of (16) with V;, we obtain a Picard iteration
to compute the N-dimensional vectors Az, 1 = V,AZ, 1 and Az, = V,AZ, .
The scheme now reads

Azl =0, i=1,2
Az%“ QMAmﬁl—i—Qr j=0...v—1
Azl = QMAZY, + Qps, j=0..v-1

Aqu_Am[qg, 1,_1,2.



Since @ = VzIVqT =1- V;,V;T, the basis V, is no longer needed.
Substituting Az, 1 and Az, in the next p + 1 equations of (10) gives

V;,T(M -V, V;,TcpT Az, _ V;,Tr + V;,TMAmq,l
sz Vp ST AT s+ s Azg g
| etV MAz,, |
sy + 85z Azg o

(18)
As in (14) we split AZ, and AT as

AZy, = AZy 1 + AAAZ, 5,
AT = ATy + ANAT,

and solve AZ, 1, Az, 5, ATy and AT, from
%T(M_I)% V;zT‘PT AZp1 AZp
SEI/;, ST ATl ATz
_ V;Tr—i—V;TMAmq,l V;T<p>\—|—V;TMA1:q,2
B s+szAzg sx+szAzg o ’

which is a small (p+ 1) x (p + 1) system that is easily solved using Gauss
elimination with partial or full pivoting.
Similarly we can split

AT, = Aty 1 + ANAT, 5
and solve A%, ; and A7, 3 from
(19)
VI(M + I)V,A%py = =V, (M 4 v + Mpv(V, AZp 1 + Azy 1) + MpoATh),
VI(M + 1)V, A%y 5 = V] (Myv + Mov(Vu AZy 5 + Awg ) + MpoATy).

The matrix VqT(M—I—I)Vq is very similar to the matrix VqT(M — 1)V, of (186).
We again solve the system using a Picard scheme, which we immediately write
for the N-dimensional vectors Avg 1 = V,A%, 1 and Avyy = VA7, 5.

r1=—((M + v+ Myv(Vu AZp 1 + Azg 1) + MpvAT)

re = —(Mov + Mov(Vp AZy 2 + Ay z) + MrvATy)

AT =0, i=1,2 (20)
Augfj” = QMAY 1 Qr, j=0,..,v-1, i=1,2

Avg; =Av”) i=1,2.

9,47
It remains to determine A%, and AX from the last p + 1 equations. After
substituting Az,, AZ,, AT and Av, in these equations and moving all terms
not depending on the unknown AMX to the right hand side, we obtain the (p +
1) x (p+ 1) system

VE(M + 1)V, g Ay | h (21)
dTV;, dTAvq,z A dT(v—i—Avq,l) -1



with

g = V;T(M)\U —+ MAUq,z + MpvATy + MEU(V;,A:Z'.},,z + Amq,z)), (22)
b=V ((M+I)v+ MAv, 1 + MrvAT, + Mov(V, Ay 1 + Ay, 1)).

After solving (21) with Gaussian elimination and partial pivoting all un-
knowns can be fully calculated:

Az(0) = VpAZy 1 + Azg1 + AXNVp AZp 3 + Azy,2),
AT = ATy + ANAT,
Av = VAt + Avg 1 + AXAvyg .

2.2 Mathematical motivation of the method

To motivate our method, we will now proof that the extended system (5) has a
regular Jacobian matrix at the period doubling point and that the subsystems
(15), (18), (19) and (21) are regular.

We first give a lemma stating the mathematical condition for transversal
crossing of the unit circle by the Floquet multiplier -1.

Lemma 2.1 Suppose (z(0),T, ) is a period doubling point. Suppose +1 and
—1 are algebraically simple eigenvalues of ¢, = M(z(0),T,A). Suppose w_, and
v_, are left and right eigenvalues of g, for the eigenvalue —1. The transversality
condition is then satisfied iff

-1
v —1I o P
b=, ooy — gy | 7T T ] [s;H#o (23)

where s(z(0), T, \) = 0 is any phase condition satisfying sI op # 0.

The proof of this lemmais long and of no particular interest for the remaining of
the paper. The condition is very similar to the condition in terms of the Poincaré
return map given in [14]. Remark that the coefficient k is independent of the
choice of the phase condition s as long as sI g7 # 0 is satisfied (sZ o # 0 is
the condition for transversal crossing of the limit cycle and the manifold s = 0).

To prove the regularity of the extended system in a non-degenerate simple
period doubling point we need an additional lemma.

Lemma 2.2 Let A € RY*Y phave an algebraically simple eigenvalue 0 with
corresponding eigenvector v. Let b,c € RN, d € R. Suppose b ¢ Range(A). Let

(4 b
i=[4 4]

then A is regular iﬁchv #0.



Proof 2.2 A is regular iff the only solution to the system

[c{}' ZH;]:[H zeRY, yeR (24)

is the null vector. The first N equations reed Az +by = 0. Since b ¢ Range(4),
y = 0. From Az = 0 follows © = kv, k € R, and after substitution in the last
equation we get kcTv = 0. So (24) has only solutions different from the null
vector when cTv = 0.

We first proof the regularity of the extended system.

Lemma 2.3 Suppose the conditions from lemma 2.1 hold and (23) is satisfied.
Suppose also d¥v_; # 0. Then:

o — I or 0 o

- Sz sT 0 S
PazV_1 PeTV_1 Pz +1 @zav_,

0 0 dr 0

is reqular.

Proof 2.3 Since 1 is an algebraically simple eigenvalue of o, o7 ¢ Range(p,—
I). Furthermore we have st pr # 0. Thus, following lemma 2.3,

[%—I soT]

Sz sT

is regular. According to lemma 2.8 from [8], E is regular iff

_ Yo+l pzav_y
Ec — [ dT 0 :|
-1
| PeaV_i PaTV_ pe—1I or Onxp ©a
0 0 Sz ST lep S
vo—1 or ] ' [0
z — T A
— (pm+I ‘pm)\v_l_‘pm(m,T)U_l[ Sz st :| |: PN :|
dr 0
_ o +I ¢
- al o0

is regular. The transversality condition k = w” |t # 0 implies thatt ¢ Range(p,+
I). Furthermore d¥v # 0. Therefore E. and (thus) E are regular.

The above lemmas permit us to show the regularity of all subsystems solved
in our method under the condition that they are solved exactly. We will again
use M as a shorthand for ¢,.



Lemma 2.4 Suppose the conditions from lemma 2.3 hold. Furthermore sup-
pose the subsystems (15), (18) and (19) are solved ezactly. Then at the period
doubling point, the matrices

vE(M - D)V, (25)
VT(M - )V, VT o
P » Vp
[ 53V st |’ (26)
VI(M + 1)V, (27)
and T( )
V, (M 4+ 1)V, g
P P
[ &7 &7 Av, 5 ] (28)

are regular.

Proof 2.4 The regularity of

o500 )

Sz sT

follows from the proof of lemma 2.3. Furthermore,

V= Vq V;, 0N><1
leq 01><p 1

is an orthonormal matriz, so

VI(M - 1)V, 0 0
vIiM v = VIMV, VIM-1)V, Vler
s Vg sz Vp ST

is regular and thus also (25) and (26).

Since ra(VqTMV;) < p <1, all eigenvalues of (27) lie in a circle with radius
p <1 eround 1, thus (27) is also regular.

The regularity of (28) can be shown as follows. From the transversality
condition it follows that

-1
M-I
t = M)\U_l _M(a:,T)U_l |: pr :| |: #x :|

Sz ST S

¢ Range(M + I).

Since also d¥v # 0,

and thus also

VI(M + 1)V, 0 VIt
VIM,V = vImMv, VI(M+I)V, Vi
dTv, dTv, 0

10



are regular matrices. This implies (lemma 2.8 from [8], (19) and the regularity
of (27)) that

r _ [WM+Dv, vt
Y I drv, 0
[ VIMYV, _1
- %TVq ! ] (VqT(M+I)Vq) [ 0gxp Vth ]
_ [ WM +DV, VIt + MAv,s)
dTV;, dTA’Uq,z

is reqular. Since
VI (t+MAvy2) = VT (Mav+ Mov(V AZp 24+ Azg2) + MrvATy+ M Av, 5) = g,
E, is just the matriz of the linear system (21).

The regularity is only proved at the solution point and when (15), (18) and
(19) are solved exactly. However, regular matrices remain regular under small
perturbations, so we have good confidence that the actual subsystems will also
be regular. This is confirmed by the test results.

2.3 Discussion of alternatives

Instead of using a determining system of dimension (2N + 1), some authors
prefer to work with an (N + 2)-dimensional system

o(z(0),T,A) —2(0) =0

s(2(0), T, A)

T (29)
n(z(0), T, A)

=0
=0
where n(2(0), T, A) = 0 is a scalar equation expressing the condition for a period
doubling point (e.g. det(M(z(0),7,A) + I) = 0). Examples can be found in
[10]. However for the evaluation of n one typically needs the full matrix M,
which is exactly what we wish to avoid.

Another alternative is obtained from the observation that, in a solution
point, all information about v and the Floquet multiplier crossing the unit
circle is present in the projected matrix V;TMV},. This is so because v* € U*.
Therefore our technique (as well as (29)) can be reformulated in terms of the
projected matrix. In our case, this would lead to a reduced, (N + p + 1)-
dimensional system

o(z(0),T,A) —2(0) =0
s(z(0),T,A) =0 (30)
VI (M (20, T, X) + I)V,5 = 0.

There are two problems with (30) and other methods based on the projected
matrix. The first problem is that v = V,7 is restricted to the subspace .

11



Consequently, for a high accuracy of v, V;, needs to be accurate. We will see
in §4 that in our method we don’t need a very accurate basis to obtain a high
accuracy for v. The second problem with the projected matrix is that {f depends
on #(0), T and A. One implicitly or explicitly needs to compute derivatives of
Vp with respect to the variables, which requires that the basis changes smoothly

(see e.g. [1, 6]).

3 Computational aspects

Our algorithm avoids the use of AZ; and Av,;. As a consequence we do not need
the basis V;. A Q-projection is calculated using @ = Iy — V;,V;T. Therefore
every step of our algorithm requires the calculation (or updating) of the basis V,
and the calculation of a number of matrix vector products with M and partial
derivatives of M.

Since the computed v is allowed to have components in the computed I/ as
well as in U1, a very high accuracy for the basis is not needed. We use the same
code as in [12] to compute and adapt the basis. This amounts to approximately
one subspace iteration step per Newton-Picard iteration.

The work in each Newton-Picard step can be summed up as follows: We need
the evaluation of ¢(z(0), T, A); we need a number of matrix-vector products with
M: pin each subspace iteration step, one for the righthand side of (6), (1/ -1)
in the Picard scheme (17), two for the righthand side of (18), 2(v — 1) in the
Picard scheme (20) and another two in (22); and we need to evaluate the partial
derivatives Mov(VaAZp 1 + Ay 1), Mov(VpAZp 2 + Ay ), Myv and My,

A matrix-vector product with M is a directional derivative and can be cal-
culated with a finite difference formula. The first-order formula

o(z2(0) + €10, T, A) — (z(0), T, A)

€1

Mv

(31)

requires one extra time integration. Second order derivatives can be calculated
similarly,

M vAz R~ p(z(0)+e1vtexAz,T,N)+o(2(0),T )\) p(z(0)+e282,T,M)—p(z(0)+€1v,T )\)
M)\’U ~ p(z(0)+€e19,T, 2 +€3)+(2(0),T,2)— (,0(1:(0) T Ates)—p(2(0)+e1v,T )\)
Mypv n £@EOTA) reabv )~ Ho(z@)F2),0)

€4

(32)

We remark that a number of terms in these expressions can be reused from (31).

Using the formulas (31) and (32) the total work in each step amounts to p+

4y + 8 time integrations. This contrasts with the number of N time integrations
to compute the full monodromy matrix.

12



| 7(2(0), T, ) [|2

10~2 10-°
10—4_ (O,_X,+,0, *) 10—2 |
=p=(2,3,4,5,6)
10~% 10~%
10~8 1079
10710 1078 1
10—12 | 10—10 |
10—14 | 10—12 |
10~16 - T T T - 10~ 14 — T T T T
0 6 12 18 24 0 6 12 18 24
n n

Figure 1: Convergence evolution for different values of the parameter p, using
v = 1. The starting value for v is normalized to one.

4 Numerical results

4.1 Model

The model we used is a reaction-diffusion system studied by Elezgaray and
Arneodo in [3].

du _ 83w | 1., (.2 3
gj_D§§5+f(v (u? + u®)) (33)
ot =Dy ta—u
with Dirichlet boundary conditions:
©(0,t) = u(l,t) = -2
v(0,t) = v(1,t) = —4

D is used as the bifurcation parameter and ¢ and « are kept constant at
0.01. A bifurcation diagram can be found in [7].

For the space discretization we use the classical second order central differ-
ence scheme, which leads to a large system of ordinary differential equations.
When using only a small number of discretisation points, the bifurcation dia-
gram is not completely reproduced. This is caused by steep space gradients in
the solution.

4.2 Tests

To test the algorithm, we computed a number of period doubling points of (33)
on both stable and unstable branches, using 15 respectively 31 discretisation
points.

13



| 7(2(0), T, ) [|2

1072
107%
107°
1078
10—10 —|
10—12 —|
10—14 —|
10-16

(o, X, 4,9, *)

Figure 2: Convergence evolution for different values of the parameter v, using
p=2.

As a starting point, we used points on a branch of periodic solutions quite far
from the period doubling point. For instance, at the starting point the Floquet
multiplier closest to -1 was around 0.9. As a starting value for v, we used the
Schur vector corresponding to the Floquet multiplier closest to -1 (although
the eigenvector would be a better approximation). Better starting values could
have been easily obtained, but this was not necessary for convergence. We also
succesfully used starting points with perturbed initial points that are no longer
on any branch of periodic orbits. This was done to simulate the effect of a
predictor when one is following a branch of period doubling bifurcation points
in function of a second parameter.

We will illustrate our results and the influence of the parameters p and v
using a bifurcation point with as largest Floquet multipliers,

p1 = +1.000,
B2 = —1.000,

pze = +0.173 + 0.3544,
s = +0.158,

e = +0.0136,

7 = +0.00958,

ps = +0.000370.

Figure 1 shows the influence of p (the dimension of &) on the convergence.
Figure 2 shows the influence of the parameter v on the convergence. The overall
convergence speed is limited by the convergence of the Picard part, the accuracy
of the basis, the accuracy of the calculated second order partial derivatives and
second order effects.

The convergence speed was found to be highly dependent on the calculations
(32). In our tests we used forward differences but some tuning of the parameters
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€1 and €; was necessary. The use of central differences leaves a greater margin
in the choice of €; and €3, indicating the presence of large second order terms.
As a final remark we note that at convergence

||v]|2 & ||vp |2 & 1.0133,
||vgll2 ~ 1.2 1076,

|[(M + I)v||2 ~ 5.0 10-1%,
(M + I)vyl||2 ~ 7.8 107°.

Thus we can conclude that in our method the accuracy of the basis of the
invariant subspace will have an influence on convergence speed (due to the
neglected term VqTMV;,) but not on the accuracy of the computed solution
point.

5 Conclusions

In this paper we developed a Newton-Picard method for computing period
doubling bifurcation points of large-scale systems of ODEs based on a simi-
lar method for the computation of periodic solutions [12, 15]. The method is
based on an extended system and involves only matrix-vector products with the
monodromy matrix and does not require the computation of the monodromy
matrix itself. This approach is particularly efficient for systems that exhibit
low-dimensional behaviour as is the case in many physically important systems.

The method is based on single shooting. This has the advantage that mem-
ory requirements remain low, but the disadvantage that it is hard or even im-
possible to compute period doubling points on limit cycles with large Floquet
multipliers or limit cycles with long period. However, in the forthcoming paper
[11] we show how the basic Newton-Picard method can be extended to multiple
shooting [9, 16]. We strongly believe that the ideas presented in this paper can
also be extended to other types of bifurcation points such as fold points and
torus bifurcation points.
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