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1 Introduction1.1 Periodic solutions and bifurcation pointsThis paper is concerned with the e�cient computation of period doubling pointson branches of periodic solutions of large- (or in�nite-) dimensional dynamicalsystems with low-dimensional long-term dynamics, such as certain systems ofparabolic partial di�erential equations (PDEs). More speci�cally, we considerthe autonomous dynamical systemdxdt = f(x; �); x 2 RN; � 2 R: (1)withN `large' and with f derived from a �nite element or �nite di�erence spatialdiscretisation of a PDE system. We will assume that f is C3-continuous in xand � in the region of interest. A point on a branch of periodic solutions is thendetermined by one point x(0) on the limit cycle, its period T and the parametervalue �. These unknowns can be computed from the boundary value problemwith boundary conditions 8<: x(T )� x(0) = 0s(x(0); T; �) = 0n(x(0); T; �; � ) = 0 (2)where s(x(0); T; �) = 0 is a phase condition needed to eliminate the time trans-lational invariance of periodic solutions of autonomous dynamical systems, andwhere n(x(0); T; �; � ) = 0 is the parameterizing equation and � is an arti�cialparameter. Using a suitable parameterizing equation, this system will be regu-lar in every point on the branch except in transcritical or pitchfork bifurcationpoints and other higher-order singularities.The asymptotic stability of the periodic orbit is determined by the mon-odromy matrix M = @x(T )@x(0) : (3)The eigenvalues of this matrix are called the Floquet multipliers. One Floquetmultiplier is always one and the corresponding eigenvector is the tangent vectorto the limit cycle in x(0). The limit cycle is asymptotically stable if all otherFloquet multipliers lie within the unit circle. Bifurcation points occur if one ormore non-trivial Floquet multipliers cross the unit circle.This paper is concerned with the case of the non-degenerate (codimension1) period doubling point. In such a point a real Floquet multiplier crossesthe unit circle transversally at -1 and, except this one and the trivial Floquetmultiplier, no other Floquet multiplier has modulus equal to 1. Such points canbe computed by replacing the parameterising equation in (2) by one or moreequations expressing the conditions for the Floquet multiplier in terms of x(0),T and � and probably some additional variables. Our method is designed towork well when only a small number of the Floquet multipliers are close to oroutside of the unit circle, while all others are clustered around 0.
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1.2 Numerical methodThe method presented in this paper is based on the shooting method to solvethe boundary value problem (2). We restrict the discussion to single shooting,although this approach has its limitations as discussed in [16]. For a given initialcondition x(0), we denote the solution of (1) at t = T by '(x(0); T; �). Singleshooting solves (2) by computing x(0), T and � from the N + 2-dimensionalnonlinear system8<: r(x(0); T; �) := '(x(0); T; �)� x(0)) = 0s(x(0); T; �) = 0n(x(0); T; �) = 0: (4)We denote a solution of (4) with (x(0)�; T �; ��). Remark that the monodromymatrixM� and the eigenvector b� corresponding to the trivial Floquet multiplierare given byM� = @'@x(0) ����(x(0)�;T�;��) ; b� = @'@T ����(x(0)�;T�;��) = f(x(0)�; T �; ��)respectively. The Floquet multipliers are denoted by ��i , i = 1; : : : ; N .Codimension 1 period doubling points can now be computed by replacing thelast equation in (4) with a suitable condition, see e.g. [4, 5, 10]. Our approachis based on a system similar to the system proposed in [4] and used in AUTO94[2] 8>><>>: r(x(0); T; �) = '(x(0); T; �)� x(0) = 0s(x(0); T; �) = 0(M (x(0); T; �) + I)v = 0dTv � 1 = 0: (5)This is a (2N + 2)-dimensional nonlinear systems with unknowns x(0), T ,the parameter � and an additional unknown v. v is an N -dimensional vectorand at the solution point the eigenvector for the Floquet multiplier �1. SincedTv = 1 is a normalization condition, ideally, d should lie as much as possiblein the direction of the eigenvector corresponding to the eigenvalue �1. System(5) has a structure which we will be able to exploit in our method. In x2.3 wewill argue the particular choice of this extended system over systems requiringfewer or no additional unknowns.(5) can be solved using Newton's method and a direct linear system solverto solve the resulting linear systems. This approach involves the computation ofM = @'@x(0) and perhaps even its derivatives. The monodromy matrixM can becalculated by numerical di�erentiation or by solving the variational equations.In the former case, the nonlinear problem (1) would have to be integrated Ntimes with perturbed initial data, and in the latter case an N2-dimensionallinear initial-value problem has to be integrated together with (1). Both ap-proaches are prohibitively expensive when N is large. Note also that M is a fullmatrix and has no speci�c structure even if @f@x has, so Newton-like approaches3



with direct solvers will also require the expensive storage and factorization offull N � N or larger matrices. Our method avoids the computation and fac-torization of the monodromy matrix by combining a simple Picard iterationscheme and a direct (Newton) method. The scheme is based on the Newton-Picard method presented in [12, 15] for solving (4). The resulting method is ableto accurately compute period doubling points on branches of stable and unsta-ble periodic solutions and also delivers good estimates for the other dominantFloquet multipliers as a natural by-product.The remainder of this paper is organised as follows. In x2.1 we will derivethe Newton-Picard method for period doubling points. This will require thesolution of several smaller linear systems. In x2.2 we will prove that all thesesubsystems are regular for generic period doubling points. In x2.3 we discussthe particular choice for the extended system. The computational aspects of themethod are discussed in x3. This includes a detailed discussion of the cost of ourmethod. In x4, we present some numerical results to illustrate the e�ectivenessof our approach. Finally x5 contains our conclusions.2 Newton-Picard methods for period doublingbifurcation points2.1 DerivationIn deriving our method, we start from the nonlinear system (5) which we solveusing Newton's method. This requires the solution of the linear system (6)2664 M � I 'T 0 '�sx sT 0 s�Mxv MT v M + I M�v0 0 dT 0 37752664 �x(0)�T�v�� 3775 = �2664 r(x(0); T; �)s(x(0); T; �)(M (x(0); T; �) + I)vdT v � 1 3775 ;where 2664 M � I 'T 0 '�sx sT 0 s�Mxv MT v M + I M�v0 0 dT 0 3775 = @(r; s; (M + I)v; dTv)@(x(0); T; v; �) :A partial derivative with respect to x(0) is represented with the subscript x.Remark that 'T can be computed easily from 'T = f('(x(0); T; �); T; �). Forlarge N the computation of the full matrices M and Mxv is very costly, bothwith respect to time and memory. The aim of the Newton-Picard method is toavoid this computation.We will make the same assumptions as in [12], which we repeat here:4



Assumption 2.1 Let y� = (x(0)�; T �; v�; ��) denote an isolated solution to (5)and let B be a small neighbourhood of y�. Let M (y) = @'@x(0)(y) for y 2 B anddenote its eigenvalues by �i; i = 1; : : : ; N . Assume that for all y 2 B preciselyp eigenvalues lie outside the diskC� = fjzj < �g; 0 < � < 1 (7)and that no eigenvalue has modulus �, i.e. for all y 2 Bj�1j � j�2j � � � � � j�pj > � > j�p+1j; : : : ; j�N j:Let Vp 2 RN�p be a basis for the subspace U of RN spanned by the(generalised) eigenvectors of M (x(0); T; �) corresponding to the eigenvalues �i,i = 1; : : : ; p and Vq 2 RN�(N�p) = RN�q a basis for U?, the orthogonal com-plement of U in RN. We note that, in general, U? is not an invariant subspaceof M (x(0); T; �). Our method is designed to be e�cient for systems with low-dimensional dynamics where pn q.We construct orthogonal projectors P and Q of RN onto U and U? respec-tively as P := VpV Tp ;Q := VqV Tq = IN � VpV Tp : (8)Both �x(0) 2 RN and �v 2 RN have a unique decomposition�x(0) = Vp��xp + Vq��xq = �xp +�xq = P�x(0) + Q�x(0);�v = Vp��vp + Vq��vq = �vp +�vq = P�v+ Q�v; (9)with �xp, �xq, �vp, �vq 2 RN, ��xp, ��vp 2 Rp and ��xq, ��vq 2 Rq.After substitution of (9) into (5) and multiplying the �rst and the third setof equations at the left hand side with � Vq Vp �T , we get (10)26666664 V Tq (M�I)Vq V Tq MVp V Tq 'T 0 0 V Tq '�V Tp MVq V Tp (M�I)Vp V Tp 'T 0 0 V Tp '�sxVq sxVp sT 0 0 s�V Tq MxvVq V Tq MxvVp V Tq MT v V Tq (M+I)Vq V Tq MVp V Tq M�vV Tp MxvVq V Tp MxvVp V Tp MT v V Tp MVq V Tp (M+I)Vp V Tp M�v0 0 0 dTVq dTVp 0 3777777526666664 ��xq��xp�T��vq��vp�� 37777775 = �26666664 V Tq rV Tp rsV Tq (M + I)vV Tp (M + I)vdTv � 1 37777775where we used V Tq Vp = 0, V Tp Vq = 0. Because U is an invariant subspace of Mwe have, V Tq MVp = 0: (11)5



And because in the solution point '�T is the eigenvector of M� correspondingto the eigenvalue +1, we can make the following approximation:V Tq 'T = V Tq f('(x(0); T; �); �)� V �Tq f('(x(0)�; T �; ��); ��) = V �Tq f(x(0)�; ��) = 0: (12)The matrix of system (10) reduces to (13)26666664 V Tq (M�I)Vq 0 0 0 0 V Tq '�V Tp MVq V Tp (M�I)Vp V Tp 'T 0 0 V Tp '�sxVq sxVp sT 0 0 s�V Tq MxvVq V Tq MxvVp V Tq MTv V Tq (M+I)Vq 0 V Tq M�vV Tp MxvVq V Tp MxvVp V Tp MTv V Tp MVq V Tp (M+I)Vp V Tp M�v0 0 0 dTVq dTVp 0 37777775Matrix (13) is a rank one update of a block-triangular matrix. The similaritywith the continuation variant of [12] suggests the use of the Sherman-Morissonformula to solve (10). Here we will follow a di�erent approach similar to onefollowed in [13], which has somewhat nicer theoretical properties (see x2.2).To solve the �rst q equations of (10) we split ��xq according to��xq = ��xq;1 +����xq;2; (14)and solve ��xq;1 and ��xq;2 fromV Tq (M � I)Vq��xq;1 = �V Tq r;V Tq (M � I)Vq��xq;2 = �V Tq '�: (15)From assumption (2.1) and the construction of the basis follows that thespectral radius r�(V Tq MVq) < � < 1, so we can solve (15) approximately usinga Picard iteration scheme:8>>><>>>: ��x[0]q;i = 0; i = 1; 2��x[j+1]q;1 = V Tq M��x[j]q;1 + V Tq r; j = 0; : : : ; � � 1��x[j+1]q;2 = V Tq M��x[j]q;1 + V Tq '�; j = 0; : : : ; � � 1��xq;i = ��x[�]q;i; i = 1; 2: (16)After left-multiplying all steps of (16) with Vq, we obtain a Picard iterationto compute the N-dimensional vectors �xq;1 = Vq��xq;1 and �xq;2 = Vq��xq;2.The scheme now reads8>>><>>>: �x[0]q;i = 0; i = 1; 2�x[j+1]q;1 = QM�x[j]q;1 +Qr; j = 0 : : : � � 1�x[j+1]q;2 = QM�x[j]q;2 +Q'�; j = 0 : : : � � 1�xq;i = �x[�]q;i; i = 1; 2: (17)6



Since Q = VqV Tq = I � VpV Tp , the basis Vq is no longer needed.Substituting �xq;1 and �xq;2 in the next p + 1 equations of (10) gives� V Tp (M � I)Vp V Tp 'TsxVp sT � � ��xp�T � = � � V Tp r + V Tp M�xq;1s + sx�xq;1 ���� � V Tp '� + V Tp M�xq;2s� + sx�xq;2 � :(18)As in (14) we split ��xp and �T as��xp = ��xp;1 +����xp;2;�T = �T1 +���T2;and solve ��xp;1, ��xp;2, �T1 and �T2 from� V Tp (M�I)Vp V Tp 'TsxVp sT � � ��xp;1 ��xp;2�T1 �T2 �= � � V Tp r+V Tp M�xq;1 V Tp '�+V Tp M�xq;2s+sx�xq;1 s�+sx�xq;2 � ;which is a small (p + 1) � (p + 1) system that is easily solved using Gausselimination with partial or full pivoting.Similarly we can split ��vq = ��vq;1 +����vq;2and solve ��vq;1 and ��vq;2 from (19)V Tq (M + I)Vq��vq;1 = �V Tq ((M + I)v +Mxv(Vp��xp;1 +�xq;1) +MT v�T1);V Tq (M + I)Vq��vq;2 = �V Tq (M�v +Mxv(Vp��xp;2 +�xq;2) +MT v�T2):The matrix V Tq (M+I)Vq is very similar to the matrix V Tq (M �I)Vq of (16).We again solve the system using a Picard scheme, which we immediately writefor the N -dimensional vectors �vq;1 = Vq��vq;1 and �vq;2 = Vq��vq;2.8>>>>><>>>>>: r1 = �((M + I)v +Mxv(Vp��xp;1 +�xq;1) +MTv�T1)r2 = �(M�v +Mxv(Vp��xp;2 +�xq;2) +MTv�T2)�v[0]q;i = 0; i = 1; 2�v[j+1]q;i = �QM�v[j]q;i + Qri; j = 0; : : : ; � � 1; i = 1; 2�vq;i = �v[�]q;i; i = 1; 2: (20)It remains to determine ��vp and �� from the last p + 1 equations. Aftersubstituting �xq, ��xp, �T and �vq in these equations and moving all termsnot depending on the unknown �� to the right hand side, we obtain the (p +1)� (p+ 1) system� V Tp (M + I)Vp gdTVp dT�vq;2 � � ��vp�� � = � � hdT (v+�vq;1) � 1 � (21)7



withg = V Tp (M�v +M�vq;2 +MTv�T2 +Mxv(Vp��xp;2 +�xq;2));h = V Tp ((M + I)v +M�vq;1 +MTv�T1 +Mxv(Vp��xp;1 +�xq;1)): (22)After solving (21) with Gaussian elimination and partial pivoting all un-knowns can be fully calculated:�x(0) = Vp��xp;1 +�xq;1 +��(Vp��xp;2 +�xq;2);�T = �T1 +���T2;�v = Vp��vp +�vq;1 +���vq;2:2.2 Mathematical motivation of the methodTo motivate our method, we will now proof that the extended system (5) has aregular Jacobian matrix at the period doubling point and that the subsystems(15), (18), (19) and (21) are regular.We �rst give a lemma stating the mathematical condition for transversalcrossing of the unit circle by the Floquet multiplier -1.Lemma 2.1 Suppose (x(0); T; �) is a period doubling point. Suppose +1 and�1 are algebraically simple eigenvalues of 'x = M (x(0); T; �). Suppose w�1 andv�1 are left and right eigenvalues of 'x for the eigenvalue �1. The transversalitycondition is then satis�ed i�k = wT�1 "'x �v�1 � 'x (x;T )v�1 � 'x � I 'Tsx sT ��1 � '�s� �# 6= 0 (23)where s(x(0); T; �) = 0 is any phase condition satisfying sTx'T 6= 0.The proof of this lemma is long and of no particular interest for the remaining ofthe paper. The condition is very similar to the condition in terms of the Poincar�ereturn map given in [14]. Remark that the coe�cient k is independent of thechoice of the phase condition s as long as sTx'T 6= 0 is satis�ed (sTx'T 6= 0 isthe condition for transversal crossing of the limit cycle and the manifold s = 0).To prove the regularity of the extended system in a non-degenerate simpleperiod doubling point we need an additional lemma.Lemma 2.2 Let A 2 RN�N have an algebraically simple eigenvalue 0 withcorresponding eigenvector v. Let b; c 2 RN, d 2 R. Suppose b 62 Range(A). Let�A = � A bcT d �then �A is regular i� cT v 6= 0. 8



Proof 2.2 �A is regular i� the only solution to the system� A bcT d � � xy � = � 00 � ; x 2 RN; y 2 R (24)is the null vector. The �rst N equations read Ax+ by = 0. Since b 62 Range(A),y = 0. From Ax = 0 follows x = kv, k 2 R, and after substitution in the lastequation we get k cT v = 0. So (24) has only solutions di�erent from the nullvector when cT v = 0.We �rst proof the regularity of the extended system.Lemma 2.3 Suppose the conditions from lemma 2.1 hold and (23) is satis�ed.Suppose also dTv�1 6= 0. Then:E = 2664 'x � I 'T 0 '�sx sT 0 s�'xxv�1 'xT v�1 'x + I 'x�v�10 0 dT 0 3775is regular.Proof 2.3 Since 1 is an algebraically simple eigenvalue of 'x, 'T 62 Range('x�I). Furthermore we have sTx'T 6= 0. Thus, following lemma 2.3,� 'x � I 'Tsx sT �is regular. According to lemma 2.8 from [8], E is regular i�Ec = � 'x+I 'x�v�1dT 0 �� � 'xxv�1 'xT v�10 0 � � 'x�I 'Tsx sT ��1 � 0N�p '�01�p s� �= 24 'x+I 'x�v�1�'x (x;T )v�1 � 'x � I 'Tsx sT ��1 � '�s� �dT 0 35= � 'x+I tdT 0 �is regular. The transversality condition k = wT�1t 6= 0 implies that t 62 Range('x+I). Furthermore dT v 6= 0. Therefore Ec and (thus) E are regular.The above lemmas permit us to show the regularity of all subsystems solvedin our method under the condition that they are solved exactly. We will againuse M as a shorthand for 'x. 9



Lemma 2.4 Suppose the conditions from lemma 2.3 hold. Furthermore sup-pose the subsystems (15), (18) and (19) are solved exactly. Then at the perioddoubling point, the matrices V Tq (M � I)Vq ; (25)� V Tp (M � I)Vp V Tp 'TsTxVp sT � ; (26)V Tq (M + I)Vq (27)and � V Tp (M + I)Vp gdT dT�vq;2 � (28)are regular.Proof 2.4 The regularity ofM1 = � M � I 'Tsx sT �follows from the proof of lemma 2.3. Furthermore,V = � Vq Vp 0N�101�q 01�p 1 �is an orthonormal matrix, soV TM1V = 24 V Tq (M � I)Vq 0 0V Tp MVq V Tp (M � I)Vp V Tp 'TsxVq sxVp sT 35is regular and thus also (25) and (26).Since r�(V Tq MVq) < � < 1, all eigenvalues of (27) lie in a circle with radius� < 1 around 1, thus (27) is also regular.The regularity of (28) can be shown as follows. From the transversalitycondition it follows thatt = "M�v�1 �M(x;T )v�1 � M � I 'Tsx sT ��1 � '�s� �# 62 Range(M + I):Since also dTv 6= 0, M2 = � M + I tdT 0 �and thus alsoV TM2V = 24 V Tq (M + I)Vq 0 V Tq tV Tp MVq V Tp (M + I)Vp V Tp tdTVq dTVp 0 3510



are regular matrices. This implies (lemma 2.8 from [8], (19) and the regularityof (27)) thatEv = � V Tp (M + I)Vp V Tp tdTVp 0 �� � V Tp MVqdTVq � �V Tq (M + I)Vq��1 � 0q�p V Tq t �= � V Tp (M + I)Vp V Tp (t+M�vq;2)dTVp dT�vq;2 �is regular. SinceV Tp (t+M�vq;2) = V Tp (M�v+Mxv(Vp��xp;2+�xq;2)+MT v�T2+M�vq;2) = g;Ev is just the matrix of the linear system (21).The regularity is only proved at the solution point and when (15), (18) and(19) are solved exactly. However, regular matrices remain regular under smallperturbations, so we have good con�dence that the actual subsystems will alsobe regular. This is con�rmed by the test results.2.3 Discussion of alternativesInstead of using a determining system of dimension (2N + 1), some authorsprefer to work with an (N + 2)-dimensional system8<: '(x(0); T; �) � x(0) = 0s(x(0); T; �) = 0n(x(0); T; �) = 0; (29)where n(x(0); T; �) = 0 is a scalar equation expressing the condition for a perioddoubling point (e.g. det(M (x(0); T; �) + I) = 0). Examples can be found in[10]. However for the evaluation of n one typically needs the full matrix M ,which is exactly what we wish to avoid.Another alternative is obtained from the observation that, in a solutionpoint, all information about v and the Floquet multiplier crossing the unitcircle is present in the projected matrix V Tp MVp. This is so because v� 2 U�.Therefore our technique (as well as (29)) can be reformulated in terms of theprojected matrix. In our case, this would lead to a reduced, (N + p + 1)-dimensional system 8<: '(x(0); T; �)� x(0) = 0s(x(0); T; �) = 0V Tp (M (x(0); T; �) + I)Vp�v = 0: (30)There are two problems with (30) and other methods based on the projectedmatrix. The �rst problem is that v = Vp�v is restricted to the subspace U .11



Consequently, for a high accuracy of v, Vp needs to be accurate. We will seein x4 that in our method we don't need a very accurate basis to obtain a highaccuracy for v. The second problem with the projected matrix is that U dependson x(0), T and �. One implicitly or explicitly needs to compute derivatives ofVp with respect to the variables, which requires that the basis changes smoothly(see e.g. [1, 6]).3 Computational aspectsOur algorithm avoids the use of ��xq and ��vq. As a consequence we do not needthe basis Vq . A Q-projection is calculated using Q = IN � VpV Tp . Thereforeevery step of our algorithm requires the calculation (or updating) of the basis Vpand the calculation of a number of matrix vector products with M and partialderivatives of M .Since the computed v is allowed to have components in the computed U aswell as in U?, a very high accuracy for the basis is not needed. We use the samecode as in [12] to compute and adapt the basis. This amounts to approximatelyone subspace iteration step per Newton-Picard iteration.The work in each Newton-Picard step can be summed up as follows: We needthe evaluation of '(x(0); T; �); we need a number of matrix-vector products withM : p in each subspace iteration step, one for the righthand side of (6), 2(�� 1)in the Picard scheme (17), two for the righthand side of (18), 2(� � 1) in thePicard scheme (20) and another two in (22); and we need to evaluate the partialderivatives Mxv(Vp��xp;1 +�xq;1), Mxv(Vp��xp;2 +�xq;2), M�v and MTv.A matrix-vector product with M is a directional derivative and can be cal-culated with a �nite di�erence formula. The �rst-order formulaMv � '(x(0) + �1v; T; �) � '(x(0); T; �)�1 (31)requires one extra time integration. Second order derivatives can be calculatedsimilarly,Mxv�x � '(x(0)+�1v+�2�x;T;�)+'(x(0);T;�)�'(x(0)+�2�x;T;�)�'(x(0)+�1v;T;�)�1�2 ;M�v � '(x(0)+�1v;T;�+�3)+'(x(0);T;�)�'(x(0);T;�+�3)�'(x(0)+�1v;T;�)�1�3 ;MTv � f('(x(0);T;�)+�4Mv;�)�f('(x(0);T;�);�)�4 : (32)We remark that a number of terms in these expressions can be reused from (31).Using the formulas (31) and (32) the total work in each step amounts to p+4�+8 time integrations. This contrasts with the number of N time integrationsto compute the full monodromy matrix.12
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uence of the parameters p and �using a bifurcation point with as largest Floquet multipliers,�1 = +1:000;�2 = �1:000;�3;4 = +0:173� 0:354i;�5 = +0:158;�6 = +0:0136;�7 = +0:00958;�8 = +0:000370:Figure 1 shows the in
uence of p (the dimension of U) on the convergence.Figure 2 shows the in
uence of the parameter � on the convergence. The overallconvergence speed is limited by the convergence of the Picard part, the accuracyof the basis, the accuracy of the calculated second order partial derivatives andsecond order e�ects.The convergence speed was found to be highly dependent on the calculations(32). In our tests we used forward di�erences but some tuning of the parameters14



�1 and �2 was necessary. The use of central di�erences leaves a greater marginin the choice of �1 and �2, indicating the presence of large second order terms.As a �nal remark we note that at convergencekvk2 � kvpk2 � 1:0133;kvqk2 � 1:2 10�6;k(M + I)vk2 � 5:0 10�14;k(M + I)vpk2 � 7:8 10�6:Thus we can conclude that in our method the accuracy of the basis of theinvariant subspace will have an in
uence on convergence speed (due to theneglected term V Tq MVp) but not on the accuracy of the computed solutionpoint.5 ConclusionsIn this paper we developed a Newton-Picard method for computing perioddoubling bifurcation points of large-scale systems of ODEs based on a simi-lar method for the computation of periodic solutions [12, 15]. The method isbased on an extended system and involves only matrix-vector products with themonodromy matrix and does not require the computation of the monodromymatrix itself. This approach is particularly e�cient for systems that exhibitlow-dimensional behaviour as is the case in many physically important systems.The method is based on single shooting. This has the advantage that mem-ory requirements remain low, but the disadvantage that it is hard or even im-possible to compute period doubling points on limit cycles with large Floquetmultipliers or limit cycles with long period. However, in the forthcoming paper[11] we show how the basic Newton-Picard method can be extended to multipleshooting [9, 16]. We strongly believe that the ideas presented in this paper canalso be extended to other types of bifurcation points such as fold points andtorus bifurcation points.6 AcknowledgementsThis research is partially funded by the projects NFWO-G.0235.96, OT/94/16(Research Fund K.U.Leuven), the Belgian programme on Interuniversity Polesof Attraction (IUAP 17), initiated by the Belgian State { Prime Minister'sService { DWTC. The scienti�c responsibility is assumed by its authors. K.Engelborghs and K. Lust are Research Assistants of the National Fund forScienti�c Research (Belgium). 15
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