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Abstract.

The aim of this paper is to show some facts about the block structure of jgq-inner functions. Hereby, a
unique parametrization for these functions is developed. A j4q-inner function can be parametrized via
a pair of left connected Hardy functions and a so-called singular Carathéodory function. This result
leads immediately to the question of construction of a jgg-inner function with certain terms which are
satisfied by the given parametrization. A complete answer of this problem is given. Moreover, there is a
characterization for the case, that a given pair of pseudocontinuable Carathéodory functions with finite
entropy is just the pair of the left and the right Carathéodory function generated by a certain jg,-inner

function.

0 Introduction

The investigations of D. Z. Arov [2], [3] on Darlington synthesis mark the starting point of
the systematical study of J-inner functions. After consideration of the solution set of the
Nehari problem [1] he was able to conclude, that the resolvent matrix of a non-degenerate
Schur-Nevanlinna-Pick problem is a J-inner function. This results led him to the inverse
question of determination of all these J-inner functions which are a resolvent matrix of
such a Schur-Nevanlinna-Pick problem. After this considerations, several subclasses of J-
inner functions became an interesting object in his further work. Especially the jyq-inner
functions proved to be important. The papers [5], [6] about several completion problems
of jpg-inner functions give certain information about the structure of such matrix func-
tions. The obtained results lead to a systematical and extensive investigation of the block
structure of jgqo-inner functions. Hereby, a unique parametrization of jgq-inner functions
into a pair of Hardy functions and a so-called singular Carathéodory function is developed.
Note that the idea of this representations goes back to Dewilde and Dym [7] and Arov

*This paper was supported by the ROLLS project CHRX-CT93-0416. The authors thank Adhemar
Bultheel for the excellent coordination of this project.



[4]. The so-called Arov-Dewilde-Dym parametrization (or short ADD parametrization)
induces immediately the associated inverse problem of construction of j,q-inner functions
with such terms which are satisfied by the given parametrization. A complete answer will
be given in Section 5. In the last section, a first study of interrelations between left and
right ADD parametrizations is started. There is a complete characterization for the case,
that a given pair of pseudocontinuable Carathéodory functions with finite entropy is just
the pair of the left and the right Carathéodory function generated by a certain jgq-inner
function.

1 Some Preliminaries And Notations

In the first section we will summarize some facts on several classes of meromorphic func-
tions. For a detailed treatment we refer the reader to the monograph of R. Nevanlinna
[15] and P. L. Duren [9]. We will start with some notations. Throughout this paper, let
p and ¢ be positive integers. We will use C, D, T, Cy and E to denote the set of complex
numbers, the open unit disc, the unit circle, the extended complex plane and the exterior
of the closed unit disc, respectively:

D:={z€C:|z|<1}, T:={z€C:|z| =1}, G :=CU{0}, E:=C \(DUT).

If X is a nonempty set, then XP*? stands for the set of p x ¢ matrices each entry of
which belongs to X. The null matrix which belongs to CP*? will be denoted by Opxg.
The identity matrix which belongs to C2*? will be designated by I;. If the size of a
null matrix or an identity matrix is clear then we will omit the indexes. The set of all
g X q nonnegative Hermitian matrices will be denoted by (Cq>xq. A matrix A € CP*? is
called contractive (respectively, strictly contractive) if I — A*A is nonnegative Hermitian
(respectively, positive Hermitian). We will use the notation tr A to denote the trace of
a square matrix A. If A belongs to C?*?, then let Re A and Im A be the real part of
A and imaginary part of A, respectively. The linear Lebesgue-Borel measure on T will
be designated by A whereas B stands for the o-algebra of all Borelian subsets of T. If
t € (0,00), then let £*(T) denote the set of all Borel measurable functions g : T — C
for which |g|? is integrable which respect to A on T, whereas £>°(T) stands for the set of
all functions g : T — C which are bounded A-almost everywhere on T.

Assume that G is a simply connected domain of Cy. Then let N M(G) be the Nevanlinna
class of all functions which are meromorphic in G and which can be represented as a
quotient of two bounded holomorphic functions in G. If g € [N M(D)JP*? (respectively,
g € [INM(E)P*?), then a well-known theorem due to Fatou implies that there exist a

Borelian subset By of the unit circle T with A\(Bp) = 0 and a Borel measurable function
g: T — CP*? such that

Tll)xlrlog(rz) =g(z)  (respectively. Tll)ﬂog(rz) =g(2))

for all z € T\ By. In the following, we will continue to use the symbol g to denote a

radial boundary function of a function g which belongs to [N M(D)JP*? or [N M(E)P*4.

Let g € [N M(D)JP*4. Then one says that g admits a pseudocontinuation (into E) if there
exists a function g# € [N M(E)]P*? such that the radial boundary values g and ﬂ of g



and ¢g#, respectively, coincide A-almost everywhere on T. It is obvious that a function
g € [NM(D)JP*? admits at most one pseudocontinuation. Note that if g € [N M(D)[P*¢
admits a pseudocontinuation g# and if, additionally, ¢ is analytically continuable through
some open arc of T, then the analytic continuation coincides with the pseudocontinuation.
In the sequel, we will continue to write g# for the pseudocontinuation of g.

Let X be a nonempty subset of the extended complex plane Cy, and let f : X — CP*¢
be a matrix-valued function. Then we will use the symbol f to denote the function
f:X — P which is given by X := {z € G : 1/z € X} and f(2) := [f(1/Z)]*. The
following result, which can be easily checked, will play an essential role in our further
considerations.

Remark 1 If f belongs to [N M(D)JP*? (respectively, [N M(E)|P*?), then f belongs to
N M(E)|2*P (respectively, [N M(D)]?*? ) and f* is a radial boundary function of f.

The set of all g € N M(D) which are holomorphic in D will be denoted by N'(D). The
class V(D) can be described as the set of all functions g which are holomorphic in D and
which fulfill

sup [ log" lg(r2)|A(d2) < +o0
refo,1) YT

where log™ z := max(log z,0) for each z € [0,00). If g : D — C admits a representation

B 1 zZ+w
g(w) =« exp{g/wz_wlogk(z)g(dz)} , weD,
with some a € T and some Borel measurable function k£ : T — [0, 00) which satisfies
(1/27) [, |log k|dA < oo, then g belongs to V(D). Such functions g are called outer. For
all g € N (D), the inequality

1 1
i + < : i +
> [og" la()IX@2) < tim o [ 10g* lg(r2)A(¢2) (1)

holds true. By the Smirnov class N (D) we will mean the set of all g € /(D) for which
equality holds true in (1). The class N (D) proves to be a subalgebra of V(D). If g is
outer in A/(D), then g necessarily belongs to V(D). Note that the Hardy classes HY(D),
t € (0, 0], are subsets of Ny (D).

A function ® € [N;(D)]?%? is called outer (in [N1(D)]2*?) if det ® is outer in N(D).
Basic facts on outer functions in [Ny (D)]?%? can be found in [A..]. In particular, if & is
an outer function in [V, (D)]9%9, then det ®(w) # 0 for all w € D and ™! is also an outer
function in [Ny (D)]9*?. Conversely, if & € [N(D)]?%? satisfies det ®(w) # 0 for all w € D
and if 71 € [M(D)]?¥?, then & and ®~! are necessarily outer functions in [N (D)]2*4.
If & € [N.(D)]?*? and ¥ € [N, (D)]2*? are outer functions then the product ®¥ is also
an outer function in [Ny (D)]?%9. An outer function ® € [N, (D)]?*? is called normalized
if (0) is nonnegative Hermitian.

A function f:ID — CP*? is said to be a p X g Schur function if f is both holomorphic
and contractive in . The set Spxq(D) of all p x g Schur functions is obviously a subset



of the Hardy class [H*(D)]P*2. A function f € Spxq(D) is called an inner function if f
has unitary radial boundary values A-almost everywhere on T. If f € Spyq(D) has even
strictly contractive values f(z) for all z € D, then f is said to be a strictly contractive
p X q Schur function.

Let f € [NM(D)]P*?. Then an inner function B that belongs to Spxp(D) (respectively,
Sgxq(D)) is called a left (respectively, right) denominator of f if Bf (respectively, fB)

belongs to [Ny (D)P*9. It is readily checked that every function g € [N M(D)JP*? has
left and right denominators. The concept of left and right denominators was created by
Arov [3] during his investigations on Darlington synthesis.

2 Left and Right Connected Pairs of [H?(D)]?*?-functions

In the following, we deal with pairs of matrix-valued Hardy functions. There is an in-
ner connection between the [H?2(D)]9*?-functions which implies immediately, that this
functions admit a pseudocontinuation.

Definition 1 An ordered pair [®,¥] of functions which belong to [H?(D)]9%? is called
left (respectively, right) connected pair of [H?(D)]9%9-functions if there is an inner q X q
Schur function V' such that

U=V &  (respectively, ¥ = 3"V ) (2)

holds true A-a. e. on T. FEvery such function V is said to be an inner function which
realizes this left (respectively, right) connection of [®, ¥].

Remark 2 [®, V] is a left connected pair of [H?(D)]9%9-functions if and only if [V, ®] is
a right connected pair of [H?(D)]2*?-functions.

Proposition 1 Let [®,¥] be a left (respectively, right) connected pair of [H?(D)]9%2-
functions, and let V € Sy q(D) be an inner function which realizes this left (respectively,
right) connection of [®,¥]. Then both functions ® and ¥ admit pseudocontinuations o#
and O# which satisfy

T=V3# and &=9#V
(respectively, U =37V and & =VI# ) . (3)

In particular, V is a left denominator of 3% and a right denominator of g# (respectively,

a right denominator of 3% and a left denominator of o# ).

is a pseudocontinuation of &, and that ¥# = V19 (respectively, ¥# = 3V~ ) is
pseudocontinuation of ¥. In view of H*(D) C N, (D) the proof is complete. O

Remark 3 Let [®,V] be a left or right connected pair of [H?(D)]|?¥?-functions. Then
det ¢ does not identically vanish if and only if det ¥ does not identically vanish.



Lemma 1 Let [®, V] be a left (respectively, right) connected pair of [ H?(D)]2*?-functions.
Suppose that the function det ® does not identically vanish. Then det ¥ does not iden-
tically vanish, and there is a unique inner function V € Syy (D) which realizes the left
(respectively, right) connection of [®,¥]. This function V admits the representations

V= \p(@)_l and V= (ﬁ)_lcb
(respectively, V= (@) _1‘Il and V = @(ﬁ) - ) . (4)

Proof. From Proposition 1 we obtain that (3) holds. Thus the assumption that det ®
does not identically vanish and Remark 3 yield the asserted statements. O

Proposition 2 Let & be a function which belongs to [H?(D)]|7%? and which admits a
pseudocontmuatzon 3%, Let V be a left (respectively, right) denominator of {># and let
U= VEE (respectively, ¥ := aé#V) Then ¥ belongs to [H?(D)]9%?, and [®, V] is a left
(respectively, right) connected pair of [H?(D)]2*?-functions where V is an inner function
which realizes this left (respectively, right) connection of [®, ¥].

Proof. Since V is a left (respectively, right) denominator of 3% it follows that ¥ and
V belong to [N, (D)]?*? and [£%°(T)]?*? respectively. On the other hand, we have & €
[£2(T)]2*9. In view of Remark 1, ¥ = V &* holds A-almost everywhere on T. Hence
¥ € [£*(T)]?*% Thus the maximum modulus principle for the Smirnov class (see, e.
g., [9]) provides that ¥ even belongs to [H?(DD)]?%9. The rest of the assertion follows
immediately. O

Proposition 8 Let & € [H*(D)]|?%? and ¥ € [H?*(D)]9? be such that det ® and det ¥
do not identically vanish inD. Then the following statements are equivalent:

(1) [®,7¥] is a left connected pair of [H?(D)|?%?-functions.

(ii) ® admits a pseudocontinuation % and V = \I’(@)_l is an inner ¢ X q Schur
function.

(i) ¥ admits a pseudocontinuation ¥# and W := (ﬁ)_lé s an inner ¢ X q Schur
function.

Proof. (i) = (i), (¢) = (%¢%): Use Proposition 1 and Lemma 1.

(i) = (4): Because of (ii) we see VeF =T € [H?(D)]?7%? C [N} (D)]9%9. Therefore V is
a left denominator of #. From m Proposition 2 it follows (i).

(441) = (#): From (iii) we get TEW = & ¢ [NV4(D)]9*¢. Hence W is a right denominator

of T#. Thus Proposition 2 shows that [¥, ®] is a right connected pair of [H?(DD)]?%4-
functions. Remark 2 then yields (i). O

Using Remark 2 the following analogous result can be immediately derived from Propo-
sition 3.

Proposition 4 Let & € [H*[D)]?%? and ¥ € [H?*([D)]9%? be such that det ® and det ¥
do not identically vanish inD. Then the following statements are equivalent:



(1) [®,7¥] is a right connected pair of [H?(D)|?*?-functions.

(ii) ® admits a pseudocontinuation % and V = (@)‘hll is an inner ¢ X q Schur
function.

(i) ¥ admits a pseudocontinuation ¥# and W := @(ﬁ)_l s an inner ¢ X q Schur
function.

3 Some Particular Consideration on Matrix-valued Cara-
théodory Functions

A function Q@ : D — C%%? is said to be a ¢ x ¢ Carathéodory function (on D) if 0
is holomorphic in D and if Re Q(z) is nonnegative Hermitian for all 2 € D. The set
Cq(D) of all ¢ X g Carathéodory functions is a subset of [NV (D)]?*¢ (see [11, Corollary
2]). In particular, every g x ¢ Carathéodory function Q has radial boundary values Q2
with nonnegative Hermitian real part Re @ A-almost everywhere on T. If Q € Cy(D),
then the matricial version of a famous theorem due to F. Riesz and Herglotz (see, e. g.,
[8, Theorem 2.2.2]) provides that there is a unique nonnegative Hermitian-valued Borel
measure F' on the unit circle T such that

Q(w) = /T 21 pdz) + i Tm [0(0)] (5)

Z—w

is satisfied for all w € D. This nonnegative Hermitian-valued measure F is called the F.
Riesz-Herglotz measure associated with . A g X g Carathéodory function @ (on D) is
said to be absolutely continuous (respectively, singular)if the F. Riesz-Herglotz measure
associated with  is absolutely continuous (respectively, singular) with respect to the

linear Lebesgue-Borel measure A on T. In the following, we will use C,ga)(]D) (respectively,

cé“)(D)) in order to denote the set of all absolutely continuous (respectively, singular) ¢Xxgq
Carathéodory functions. A function Q € Cy4(D) is called normalized if Im [Q(0)] = Ogxq-
We will write C'(D) for the set of all normalized ¢ x ¢ Carathéodory functions (on D).

Lemma 2 Fvery singular q X q Carathéodory function 1, admits a pseudocontinuation
OF, namely Q¥ = —Q,, and fulfills Re Q, = Ogxg A-almost everywhere on T.

87

Proof. By virtue of [11, Lemma 4], the function Re §, is a version of the Radon-Nikodym
derivative of F, with respect to (1/27)) where F, is the absolutely continuous part in
the Lebesgue decomposition of the F. Riesz-Herglotz measure associated with Q, with
respect to (1/27)A. Since Q, is singular thus it follows Re @, = 04y 4 A-almost everywhere
on T. Because of Cy(D) C [N M(D)]9%? we see that g := —{1, belongs to [N M(E)]2X4.
From Remark 1 we get finally

g= -0 = 2Re Q) +Q, = Q, (6)

A-almost everywhere on T. O
Lemma 38 Let ¥ € [LY(T)]9%? be such that %(z) is nonnegative Hermitian for A-almost
all z € T. Then Qx : D — C7%? given by

Qn(w) i= — /Z—I_wE(z)A(dz) (7)

2n Jrz —w

6



belongs to C( )( D) NCJ(D) and satisfies Re Oz = X A-almost everywhere on T. The F.
Riesz-Herglotz measure F associated with {1y, admits the representation

:gézg (8)

for every Borel subset B of T.

Proof. Let F' : By — C2%? be given by (8). Then it is readily checked that F is a
Hermitian-valued Borel measure on T which satisfies

Qﬂw%:%aéz+wFM@

—w

for all w € D. Thus one can easily see that {5, belongs to C,ga)(]D) NCg (D). Lemma 4 in
[11] yields finally that Re 0z = ¥ holds A-almost everywhere on T. O

If ¥ and E are functions which belong to [£(T)]?%?, which have nonnegative Hermitian
values A-almost everywhere on T and which satisfy ¥ = = A-almost everywhere on T,
then the functions Qs and Q= given by (7) coincide, i. e., the function Q5 depends only
on the equivalence class (¥) of all functions = : T — C?*? which fulfill 5 = ¥ A-almost
everywhere on T. In the following, we will continue to use this notation (X). Moreover,
we will write 5y for the function which is given by Q5 := Qx and (7).

Lemma 4 Let ¥ € [LY(T)]9%? be such that %(z) is nonnegative Hermitian for A-almost
all z € T. Then the set

Co,zy = {0 € Co(D) : (Re Q) = ()} (9)
admits the representation
Comy = {0y + Qs : Q, € CLID)} . (10)

Proof. For each @ € C4(D), let Fn be the F. Riesz-Herglotz measure associated with
Q, and let Fq, (respectively, Fq,) be the absolutely continuous part (respectively,
the singular part) of Fg in the Lebesgue decomposition of Fq with respect to (1/27)A\.
According to Lemma 2, we have Re ), = 04xq A-almost everywhere on T for every
singular ¢ X ¢ Carathéodory function Q,. Applying Lemma 3 we then see that, for each
Q, € C,g“)(D), the function Qlm := 5y + s belongs to C, (xy. Conversely, now assume
that @ is an arbitrary function which belongs to C, (5. Using the arguments mentioned
above then we see that {1g := 0 — 5, is a function which is holomorphic in D and which

fulfills

1 2+ 24w 1 2+
Qo(w) = ﬂfﬁ Y Re 0(2) dz+/ msmy7ﬁAz_Zm@MM)
:/H”%Md
TZ— W

for all w € D. Thus Qg is a singular ¢ X ¢ Carathéodory function satisfying 2 = iz + .
O

If & belongs to [H%(D)]9%9, then both functions ® * and $*® belong to [£}(T)]?*%. In
view of Lemma 4 we then introduce the following notion.



Definition 2 If & € [H?(D)]?¥9, then the set Cq (@ a*) (respectively, Cg g+g)) defined by
(9) is called the subclass of Cq(D) which s left (respectively, right) generated by ®.

Remark 4 (a) Let [®,V] be a left connected pair of [H%*(D)|%*?-functions. Then the
subclass of Cq(D) which s left generated by ® coincides with the subclass of Cq(D) which
is right generated by V.

(b) Let [®,7] be a right connected pair of [H%(D)]9*%-functions. Then the subclass of
Cq(D) which is right generated by ® coincides with the subclass of Cq(D) which is left
generated by V.

Lemma 5 Let ® be a function which belongs to [H*(D)]|?7%? and which admit a pseudocon-
tinuation ®% . Then every function Q) that belongs to Cq (2 2*) admils a pseudoconiinuation

OF | namely QF = 28#3 — ().

Proof. Let @ € Cg(p4*), . e., {1 belongs to Cy(D) and satisfies @ + Q* = 2@ &* X-
almost everywhere on T. Since [H%(D)]|7%? and Cy4(D) are subsets of [N M(D)]2%4, the
function g := 28#& — Q) belongs to [NM(E)]?*9. From Remark 1 we then see that
g=2% $* — O0* = O M-almost everywhere on T. Hence g is a pseudocontinuation of 2. O

Analogously, the following result can be proved.

Lemma 6 Let ® be a function which belongs to [H%(D)]%*? and which admit a pseudocon-
tinuation % . Then every function Q that belongs to Cq,(2*3) admits a pseudocontinuation

OF | namely QF = 288% — .

4 Some Remarks on J-inner Functions

Throughout this section, let m be a positive integer, and let J be an m X m signature ma-
trix, i. e., J belongs to C™*™ and satisfies as well J = J* as J2 = I. A matrix A € C™*X™
is called J-contractive if B := J — A*J A is nonnegative Hermitian. If A € C™*™ even
satisfies A*JA = J, then A is said to be J-unitary. The Potapov class ‘R 7(D) consists of
all m X m matrix-valued functions W which satisfy the following three conditions:

(i) W is meromorphic in D.

(ii) The function det W does not identically vanish in D.

(iii) For each z which belongs to the set Hy of all points of analyticity of W, the matrix
W(z) is J-contractive.

The Potapov class P (D) is a subclass of [N M(D)]™*™ (see, e. g., [10, Corollary 2]).
In particular, every function W which belongs to P ;(ID) has radial boundary values W
A-almost everywhere on T. If W € P ;(D) satisfies W*JW = J A-almost everywhere on
T, then W is said to be a J-inner function.

Remark 5 Every J-inner function W admits a pseudocontinuation W# (into E). For
each z € £ which fulfills 1/Z € Hy and det W(1/Z) # 0 this pseudocontinuation W#
admits the representation W#(z) = J[W(1/2)]7*J.



Now we will focus our attention to the special 2¢ X 2¢ signature matrix
Jqq = diag (I, —1Iy) . (11)

In the sequel, when we will consider a 2¢ X 2q complex matrix W or a 2¢ X 2¢ matrix-valued
function W, then we will often work with the g X ¢ block partition

”11 ”12
W = 12
[ ”21 ”22 ] ( )

of W. Furthermore, if a 2¢ X 2¢ matrix-valued function W is given, then we will use Hy
to denote the set of all points of analyticity of W.

A useful tool to treat problems which are formulated for functions which belong to B, (D)
is the transformation into the Schur class. The following result gives a summary of facts
which are useful to do this.

Proposition 5 Let W € B, (D). Then the following statements are fulfilled:

(a) For each z € Hyy, the inequalities det Waa(z) # 0, det[Waa(z) + Wai(2)] # 0 and
det[Waa(2) + Wia(2)] # 0 hold true. Moreover, the functions det(W7, + W) and
det(W# + W) do not identically vanish.

(b) The function
g . Wi — W12W2_21W21 W12W2_21 (13)
‘ — Wyt Wy Wiy

belongs to the Schur class Saqx24(D). In particular, S11 := Wiy — W12W2_21W21,
S10 = W12W2_21, So1 = —W2_21W21 and Sy = Wz_zl are matriz-valued Schur
functions, whereby 515 and S21 are even strictly contractive.

(c) The functions det S11 and det Saa do not identically vanish.
(d) Hy = {z € D : det Sp2(2) # 0}.

(e) If W is a jgq-inner function, then S is an inner function and the following identities
are valid:

J——

S1a = WE)'WE | Sy = —WHWE) ™ and Sy = (W)L (14)

A proof of the results stated in Proposition 5 is given in [3], [13], [7] and [10]. Observe that
the function S defined by (13) is called the Potapov-Ginzburg transform of W (with respect
to Jgq). In some sense, the following result, which can be verified by straightforward
calculation, is a converse statement to part (b) of Proposition 5.

Proposition 6 Let W be an inner 2q X 2q Schur function, and let (12) be the g x q block
partition of W. Suppose that det Waa does not identically vanish. Then S given by (13)
15 a jgq-inner function.



5 An Analysis of the Block Structure of j,-inner Func-
tions

In this section, we investigate the inner block structure of jgq-inner functions. We will
give a representation of such functions in terms of a pair of Hardy functions and a singular
Carathéodory function.

Proposition 7 Let W be a jqq-inner function. Then:

(a) The pair [2w,, ¥w,| given by

= Wa+Wn)™'  and Ty, = (I/T/'l??lE + Vﬁ)_l (15)
is a left connected pair of [H%(D)]|?%9-functions, where
Vg = (Wiy + Wig)(Waa + Way )™t (16)
1s the unique inner g X q¢ Schur function which realizes this left connection.

(b) Both functions ®w,; and ¥w,; admit pseudocontinuations @#Vl and ‘I’#Vl' respec-
tively, and satisfy the identities

— —

Vg @y, = Twy  and Ty Vg = 3wy (17)

(c) The function
Qi = (Waa + Wa1) H(Waa — Wa) (18)

belongs to the subclass Cq,(‘ﬁw,z@}"m) of Cq(D) which is left generated by ®w,; and

which admits the representation
Qwyi = (I + Wy, Wor) (I — Wy Wan) . (19)

Proof. From Proposition 5 we see that S11 := (Wﬁ)_l, Sog = W2_21, S1g = (I/I/'l;t’i)_lI/I/'j;'lE
and Sy = _Wz_zl Wa are (well-defined) g x ¢ Schur functions where both functions Sy,
and S3; are even strictly contractive. In view of a result due to Arov [3] we can conclude
that Tyy := I—S; and Ty := I+ S, are outer functions in [H*(D)]2*?. Thus (I—S;) "
and (I + S12)7! are outer functions in [NV} (D)]2¥9. Since N, (D) is an algebra over D, we
get from the identities

@W,l = (I — 521)_1522 and ‘I’W,l = (I—|— 512)_1511 (20)

that ®w; and ¥, belong to [Ny (D)]9*?. Thus, according to the maximum modulus
principle for the Smirnov class (see, e. g., [9]), it is sufficient to verify that the radial
boundary functions ®w; and ¥y of ®w; and Ty, respectively, belong to [L£L2(T)]9%?

in order to prove that ®w; and ¥y, belong to [H?(D)]?7%?. Since Qw,; admits the repre-
sentation Qw; = (I — S21)7(I 4 S21) the function Qw; belongs to Cy(D) (see, e. g., [8,
Propositions 2.1.2 and 2.1.3]). Since W has jyq-unitary radial boundary values A-almost
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everywhere on T, we obtain from a result due to Potapov [16] (see also [8, Theorem 1.3.3])
that W* has jgq-unitary values A-almost everywhere on T. Consequently, we have

Way Way — Wy Wy =1 (21)
A-almost everywhere on T and hence
Re Qw; = %(% + %) = (Waz + Wa1) ' (Waz Wi — War Wa)(Waz + War) ™™
= %% (22)

A-almost everywhere on T. From [11, Lemma 4] we know that Re Qu; belongs to
[£1(T)]9*9. Thus the identity (22) provides ®w; € [L?*(T)]9*%. Therefore, ®w,; €
[H?(D)]2%? is verified. Let e := (I ,I;). Since W is a jgo-inner function, the function
g = €(jgg — W*jguW)e* has nonnegative Hermitian values the radial boundary values of
which fulfill g = 0gx4 A-almost everywhere on T. Using the block form of this inequality
and this equality, one can easily verify that Vi, is an inner ¢ X ¢ Schur function. Since W
has jgo-unitary radial boundary values A-almost everywhere on T we get from Remark 1
that Viy, ¢'17V1,l = \I’;Vf:l and hence ¥y = Viyy @;V,l A-almost everywhere on T. Taking into

account that Viy; is an inner ¢ X ¢ Schur function and that ®w; belongs to [£2(T)]9%?
we thus see that ¥y, also belongs to [£%(T)]2%%. Hence ¥y, belongs to [H?(D)]2%9.

Consequently, we get that [®w;, Uwy] is a left connected pair of [H?(D)]9*9-functions.
In view of Lemma 1 it follows that Viy; is the unique inner function which realizes this
left connection. Proposition 1 yields that ®w; and ¥y; admit pseudocontinuations and
that (17) holds true. Finally, since the ¢ X ¢ Carathéodory function Qyy; satisfies (22) we
see that Qy; belongs to Cq,< a

Swi y,)

Analogously to Proposition 7 the following result can be proved.
Proposition 8 Let W be a jgq-inner function. Then:
(a) The pair [2w.,, Yw,] given by
Sy = (Was+ Wia)'  and Uy, = (WE + Wi (23)
is a right connected pair of [H?(D)]9%?-functions, where
Ve := (Waz + Wia) ™ (Wi + War) (24)
15 the unique inner g X q¢ Schur function which realizes this right connection.

(b) Both functions ®w, and Yy, admit pseudocontinuations @#VT and \IJ#VT, respec-
tively, and satisfy the identities

&% Vv, = ¥w, and V¥, = S, . (25)
(c) The function
Qwr = (Way — Wia)(Waa + VV12)_1 (26)

belongs to the subclass Cq,@;v &y, Of Cq(D) which is right generated by ®w, and

which admits the representation

Qw,r = (I — Wi W, YT + Wi Wy, )7t (27)

11



Propositions 7 and 8 lead us to the following notions.

Definition 3 Let W be a jgq-inner function.

(a) The pair [Rw,;, Yw,] given by (15) (respectively, [®w,, ¥w,| given by (23)) is called
the left (respectively, right) connected pair of [H%(D)]|?%?-functions generated by W .

(b) The function Qu,; given by (18) (respectively, Qw, given by (26)) is said to be the
left (respectively, right) ¢ X q Carathéodory function generated by W .

Proposition 9 Let W be a jgq-inner function, and let [®w,, Tw ] be the left connected
pair of [H?(D)]?%9-functions generated by W. Then:

(a) The left ¢ x q¢ Carathéodory function Qw,; generated by W can be represented via
Qwy = (Wi - WH)(WH + W)™ (28)

Moreover, Qw,; admits a pseudocontinuation Q#V ; which satisfies the identities

Qw, + Q/#;,l = 2¢W,l¢'/#;,l (29)
and .
Q#VJ = (Wi + Wi2) Y (Wi — Wha) . (30)
(b) The function
Wt = Qg — Ua 33 (31)

1s a singular q X ¢ Carathéodory function.

Proof. From Remark 5 we know that all the g X ¢ matrix-valued functions Wiy, Wia, Woy
and Wy, admit pseudocontinuations. Hence V := Wyy — W5, admits a pseudocontinua-
tion. On the other hand, we know from Proposition 1, that ®; admits a pseudocontin-
uation. As the product of the pseudocontinuable functions ®w; and V' the function Qu;
admits a pseudocontinuation Q#V,l as well. From Proposition 7 we see that Qu; belongs

to C‘L(q)Wl o5, Y- In particular, we have Re Qw,; = ®w,; ®},; A-almost everywhere on T.

Thus Remark 1 implies (29). Moreover, since W is Jgg-unitary A-almost everywhere on
T, we get
_”21 ”1*1 - _sz [’[’1*2 =0 Aa.e.onT (32)

and hence

(Wag — Wap)(Wi1 + Wia)* = (Waa + Wa1) (W11 — Wia)* A-a.e. on T. (33)

Using Remark 1 we thus obtain

(Waz — War)(WHy + W) = (Waz + War)(Wi; — W) . (34)
From Proposition 5 then it follows (28). Remark 1 implies
g = (Wi — W) (Wi + W) (35)

and consequently (30). Finally, the assertion stated in part (b) is an immediate conse-

quence of Qw; € Cq,< ) and Lemma 4. O

Sw, 4,

Similarly to Proposition 9, an analogous result for right connected pairs of [H?%(DD)]2*%-
functions can be proved.
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Proposition 10 Let W be a jyq-inner function, and let [®w,, Yw,] be the right con-
nected pair of [H%(D)]2*?-functions generated by W. Then:

(a) The right ¢ X ¢ Carathéodory function Qw., generated by W can be represented via
e N P
Qwyr = (Wit + W31) ™ (Wi — W31) (36)
Moreover, Qw, admits a pseudocontinuation Q#V,r which satisfies the identities

——

Qw, + O, = 283, 8w, (37)
and o
Q#VJ = (Wi1 — War)(Wiy + Wap) ™t . (38)
(b) The function
Qs = Qwr — Loy, aw,.) (39)

1s a singular q X ¢ Carathéodory function.

Definition 4 Let W be a jyq-inner function. Then Qw,, defined by (31) (respectively,
Qw.r,s defined by (39)) is called the left (respectively, right) singular ¢ x ¢ Carathéodory
function generated by W.

Theorem 1 Let W be a jyq-inner function, let (2w, Yw,;] and Quw,; be the left con-
nected pair of [H%(D)]2%?-functions and the left ¢ x ¢ Carathéodory function, respectively,
generated by W. Then W admits the representation

W == .dia [\Il# 13 1]- Wl wi | . 40
B g |( W,l) wil T-Qwi I+Qws (40)

If[®, U] is a left connected pair of [H?(D)]9*?-functions such that the function det ® does
not identically vanish in D and if Q is a q¢ X g Carathéodory function which admits a
pseudocontinuation Q¥ such that the representation

(41)

1 — OF I-0F
W:E-diag[(w#)‘l,é—l]-[”Q I-9 ]

I-Q 149
of W 1is satisfied, then ® = @y, ¥ = ¥y and Q = Qw;.

Proof. In view of Remark 1, it is sufficient to verify

1 a1 I+, I-Qy,
w = ;- aing v a5 | ;g | g

Aa.e onT (42)

in order to prove (40). However, according to Remark 1 and equation (30) we get

1 1
E‘I’ﬁffz(f + Q) = §(W11 + Wi)[T + (Wag + W) Y (Way — Win)]
= Wn

13



and analogously

1 1 1
g ¥wad = Q) = Wiz, E‘I’Evl,z(f —Qwy) =W, E‘I’Evl,z(IJr Qw,) = Was

A-almost everywhere on T. Thus (42) and hence (40) are checked. Now assume that
[®, ¥]is a left connected pair of [H?(D)]9*2-functions such that det ® does not identically
vanish in D. Then Proposition 1 shows that det ¥# does not identically vanish in D.

Further assume that § is a pseudocontinuable ¢ x ¢ Carathéodory function such that (41)
is fulfilled. Then

1
Wa1 + Wap = 5<I>—1[(I — )+ T+)] =31 (43)
and therefore & = ®yy;. Using (43) and
1
Woyy — Wa = Eé_l[(I—l- Q) — (I— Q)] =371Q ,

we can conclude that Q@ = (Way + Wzl)_1W22 — Wa1 = Qw,. Moreover, we see from (41)
that

1 — — — —
Wii + Wi = 5(‘1’#)_1[(I+ OF) + (I - Q#)] = (u#)
and consequently I# = (W11 + Wi2)™1. This implies finally ¥ = Tyy;. O

Corollary 1 Let W be a jgq-inner function. Then there exist a unique left connected pair
[®, U] of [H?(D)]9*9-functions such that the functions det ® and det ¥ do not identically
vanish in D and a unique singular ¢ X ¢ Carathéodory function Q, such that

o T o _F
W= ding ()07 | L Hawy T T Qg 20 gy

namely the left connected pair of [H?(D)|?%?-functions and the left singular ¢x g Carathéo-
dory function generated by W.

Proof. From Lemma 2 we know that every singular ¢ X ¢ Carathéodory function admits
a pseudocontinuation. Further we can conclude from Proposition 1 and Lemma 5 that
(3 ¢+) also admits a pseudocontinuation. Thus the application of Theorem 1 and Lemma

4 provides the assertion. O

Analogously to Theorem 1 the following result can be verified.

Theorem 2 Let W be a jyq-inner function, let [®w,, Yw,| and Qw, be the right con-
nected pair of [H?(D)]9%9-functions and the right ¢ x q Carathéodory function, respectively,
generated by W. Then W admits the representation

W:l-[”% I=Sw,
2

I-0f 140 ]‘diag [(‘I,#V”")_l’q);"l”"] ' (45)
T 3wy Wr
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If [®,¥] is a right connected pair of [H?(D)|?%?-functions such that the function det ®
does not identically vanish in D and if Q s a ¢ X ¢ Carathéodory function which admits
a pseudocontinuation Q¥ such that the representation

1 [14+40%F 1-0

_2'[1—6¥ I+0

] - diag [(¥#) 71, &7 (46)

of W 1is satisfied, then ® = ®w,, ¥ = ¥y, and O = Qw,.

Corollary 2 Let W be a jqq-inner function. Then there exist a unique right connected
pair [®, U] of [H%(D)]?%?-functions such that the functions det ® and det ¥ do not iden-
tically vanish in D and a unique singular q X q Carathéodory function 1, such that

Ll Tr0f. 1 0F T— Qe — Q. -
=3 %\9 — @e) diag [(¥F) 71,271, (47)
- 05 —0F T+Q6+9,

namely the right connected pair of [H?*(D)]9*%-functions and the right singular q¢ X q
Carathéodory function generated by W.

Proof. In view of Lemmas 2 and 6 and Proposition 1, the assertion follows easily from
Theorem 2 and Lemma 4. We omit the details. O

Corollaries 1 and 2 lead us to the following notions.

Definition 5 Let W be a joq-inner function.

(a) The triple [, U1, Q5] where [®;, U] is the left connected pair of [H?(D)]9%9-functions
generated by W and where Q; , 1s the left singular ¢ X ¢ Carathéodory function generated
by W is called the left ADD-parametrization of W.

(b) The triple [®,,9,,Q0, ] where [®,,V,] is the right connected pair of [H?(D)]?*2-
functions generated by W and where Q, , is the right singular ¢ X ¢ Carathéodory function
generated by W is said to be the right ADD-parametrization of W.

Theorem 3 Let [®,V] be a left connected pair of [H?(D)]9*?-functions such that the
function det & does not identically vanish. Further, let Q € C, (gg+y. Then () admits a
pseudocontinuation Q¥ and

1 . I\l I+ Q# JT-Q#
W:=—--d U#)L 1. 4
2 lag[( 7 ] [I—Q I+9Q ] (48)

is @ jgq-inner function. Moreover, [®,¥] and Q are the left connected pair of [H%(D)]9%4-
functions and the left ¢ X q Carathéodory function, respectively, generated by W. IfV s
the (unique) inner g X q Schur function which realizes the left connection of [®, ¥], then
the Potapov-Ginzburg transform S of W admits the representation
5 l 2W(I+ Q)" V-20(I+0)1 ] (49)

T (I -)(I+ ) 20I+ Q)19
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Proof. Since 1 belongs to Cg (g ¢+) and the function det ® does not identically vanish in
D, the functions det(2 + Q*) and det ¥ do not identically vanish in D. Using Remark 4
and the identities Q(2 + 0*)" ! + Q*(Q + Q*)"! = I and

QR+ 07 -2 (Q+ 0970

= [2Q+929)770 + 0 (Q 4+ 27) 710 - [+ 27T + X2 + 2%) ']

Q*_Q* =0,

which hold true A-almost everywhere on T, we obtain that

%(I + Q)LL)+ Q%) - (1-2)(22") (- 9Q)

= %[(I +Q)(Q+ Q)T+ Q) - (- 2N+ Q)T - Q) =1 (50)

and
M- )@ ) (-2 - (T4 2)(@8) (I +0) = 1 (51)
are valid A-almost everywhere on T. Applying the same arguments we also get the

equations

I+ -2)-(I-2)(2&) ' (I+2) =0 (52)

and
(I-EY)I+Q)-(I+2)(28)(I-2) =0 (53)

are satisfied A-almost everywhere on T. In view of (50), (51), (52), (53) and Remark 1,
then it follows

I+ 1-9°

E _ 1
quqm - Z[I—Q I‘|‘Q*

] diag [2_12_*, —i_*i_l] [ 0 _
= Jqq Aa.e.onT. (54)

Let W be partitioned into g x ¢ blocks via (12). Our following considerations are aimed
to show that

Si1 = Wiy — WiaWs' Wy, S1a 1= WiaWa! (55)
and Sopi= —Wi'War ,  Sag = W' (56)
are well-defined functions which belong to [N} (D)]?*9. Obviously, Way = 3@ (I + ).
Since  belongs to Cy(D), we can conclude that det Wy, does not identically vanish in D
(see, e. g., [8, Part (a) of Proposition 2.1.3]) and that S; is a well-defined function which

admits the representation

Sye =2(I+9Q)7'® . (57)

From [11, Proposition 3] we know that (I + 2)~! is an outer function in S;x4(D). Since
Syxq(D) and [H?(D)]9%? are subsets of [N (D)]2*? and because A (D) is an algebra over
C, we see then that Sy» belongs to [N, (D)]?%9. An easy calculation shows

Sp1=—(IT-Q(I+Q)". (58)
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Since Q) € Cy(D) thus S21 belongs to Syxe(D) and therefore to [N} (D)]7%? (see, e. g., [8,
Part (b) of Proposition 2.1.3]). From Proposition 1 we know that

@) o=V, (59)

Because of {} € Cy(p4+) and Remark 4 we have @ € C, (g+y). Hence ¥* = %(Q +
O*)¥ ! Xalmost everywhere on T. Thus Lemma 5 and Remark 1 imply that  admits
a pseudocontinuation Q¥ for which the identity ¥# = %(Q + Q#)¥~! and consequently

(T#)7! = 20(Q 4 OF)~? (60)
are valid. Using (48), (59) and (60) we obtain
S = (WE)N(I-QF)(I+0)
= (¥F) [(I+ Q) - (Q+QF)(1+9)7
(¥#)7e — (WH)H(Q+ QF) (1 + )
= V- 2@(1 +0)7 e . (61)

Since V, ¥, (I + Q)7! and @ belong to [N{(D)]2*? we thus see that Sj, belongs to
[N+ (D)]9%2 as well. Since W has jg-unitary radial boundary values A-almost everywhere

on T, we obtain that det Wiy # 0, det Was # 0 and Wiy ™% = Wiy — W12W2_21W21 =51

hold A-almost everywhere on T. In view of Remark 1 this implies (Wf‘?i)_1 = S11. On the
other hand, formula (48) provides

2 1
wi = SCERUL (62)
Consequently S11=2¥(I+Q)*. (63)

The same arguments as above yield then Si; € [Ny (D)]9%¢. Therefore all the functions
S11, S12, S21 and Sas belong to [N (D)]2*?. In view of (54) then from Arov’s fundamental
result (see [3]) it follows that W is a jgg-inner function. According to (48) we have

ng = (ﬁ)_l(I — ﬁ) and hence Wi = (I — Q)¥~1. Using (62) we thus obtain

W 17T VVf’zE = U1, Because the 1dent1ty Wa1 + Wyy = @71 is also valid, we can see that
[®, U] is the left connected pair of [H?(D)]?*?-functions associated with W. Lemma 1
and (59) show that V is the inner function which realizes this left connection. Obviously,
Wae — Wi = ®1Q and therefore (sz + W21)_1(W22 — ng) = Q,i. e, Qis the
g X q Carathéodory function which is left generated by W. Finally, we observe that
(55), (56), (57), (58), (61) and (63) provide immediately the representation (49) of the
Potapov-Ginzburg transform S of W. O

Theorem 4 Let [®,¥] be a right connected pair of [H?(D)]|?%?-functions such that the
Junctions det & does not identically vanish. Further, let Q € Cy (g+3). Then  admits a
pseudocontinuation Q¥ and

] - diag [(¥#)71, 87| (64)



is @ jgq-tnner function. Moreover, [®, U] and ) are the right connected pair of [ H?(D)]9%42-
functions and the right q X q Carathéodory function, respectively, generated by W. If V
is the (unique) inner q¢ X q Schur function which realizes the right connection of [®, ¥],
then the Potapov-Ginzburg transform S of W admats the representation

oI + Q)1 (I+Q)"YI-Q)

S=1 v+ 28(I+ Q) 1%  28(I+Q)!

(65)
Theorem 5 Let [®,¥] be a left connected pair of [H?(D)|9*?-functions such that the
function det ¢ does not identically vanish, and let 1, be a singular g X q Carathéodory
function. Then there is a unique jyq-inner function W such that [®,¥,Q,] is the left
ADD-parametrization of W.

Proof. Lemma 4 shows that ) := Q<22*> + Q, belongs to Cq,@g*). Theorem 3 yields then
that W given by (44) is a jgg-inner function, that [®, ¥] and Q are the left connected pair of
[H?%(D)]?%9-functions and the left ¢ x ¢ Carathéodory function, respectively, generated by
W. Thus [®, ¥, Q,] is the left ADD-parametrization of W. On the other hand, Corollary
1 provides that there is at most one jgq-inner function the left ADD-parametrization of
which is exactly [®, ¥, Q,]. O

Theorem 6 Let [®,¥] be a right connected pair of [H?(D)]|?%?-functions such that the
function det ¢ does not identically vanish, and let 1, be a singular g X q Carathéodory
function. Then there is a unique jgq-inner function W such that [®,¥,Q,] is the right
ADD-parametrization of W.

Proof. Using Lemma 4, Theorem 4 and Corollary 2, one can easily prove Theorem 6
analogously to the proof of Theorem 5. O

6 Construction of j,-inner Functions by Given Left and
Right Carathéodory Functions

Let A : T — C2%*? be a function which is integrable with respect to the linear Legesgue-
Borel measure A on T and which satisfies A(z) € C¥*? for M-almost all z € T. Then
a function © € [H?(D)]9*? is called a left (respectiveTy, right) spectral factor of (A) if
0 0% = A )-almost everywhere on T. (respectively, ©*© = A )-almost everywhere on
T). It is said to be normalized if @(0) € CL*?. If

1
= / log(det A)dA > —oo, (66)
2T T

then Masani [14] proved that there are a unique normalized left spectral factor ®g of
A and a unique normalized right spectral factor ¥g of A, and, moreover, that every
left spectral factor ® of A and every right spectral factor ¥ of A are outer functions in

[HD)}.

Remark 6 Let p be a function which belongs to [NM(D)]2*?. Then detp does not
identically vanish if and only if

1
g/quog(det lpl)dA > —oo

(see, e. g., [9]).
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We know from Lemma 4 in [11] that, for each Q € Cy(D), the function Re © belongs to
[£1(T)]?¥9. Thus a ¢ x ¢ Carathéodory function is called a ¢ x ¢ Carathéodory function
of finite entropy if

%/Tlog[det(Re Q)dA > —oo . (67)

If Q € C,(D) admits a pseudocontinuation Q#, then we see from Remarks 1 and 6 that

1 is a ¢ x ¢ Carathéodory function of finite entropy if and only if det(€ + ﬁ) does not
identically vanish.

In some sense, the following lemma can be considered as converse statement to Lemmas
5 and 6.

Lemma 7 Let Q be a q X q Carathéodory function of finite entropy. Suppose that Q1
admits a pseudocontinuation Q¥ . Then:

(a) Every left spectral factor ® of (Re Q) admits a pseudoconitnuation ®%, namely
o# = L(o# + Q)31

(b) Every right spectral factor ¥ of (Re Q) admits a pseudoconitnuation ¥#, namely
v# = 19-1(0# + Q).

Proof. (a) Let ® be a left spectral factor of (Re ). Then ® is an outer function which
belongs to [H%(D)]?*? and which fulfills O + Q* = 2& &* A-almost everywhere on T.

Remark 1 shows that the function g := %(Q#—I—ﬁ){j—\l belongs to [N M(E)]?*? and satisfies
g = %(Q + 02*)®7* = & A-almost everywhere on T. Hence g is a pseudocontinuation of

o,
(b) This part can be analogously proved. We omit the details. O.

Theorem 7 Let ) be a g X g Carathéodory function of finite entropy. Suppose that Q1
admits a pseudocontinuation Q#. Let ®; be a left spectral factor of (Re Q), and let V; be

a left denominator of @fe. Then

(68)

1 OF 1-0F
W::Ediag[WQfl,éﬁl—l].[I"'Q -4 ]

I-Q I+Q

15 a jgq-inner function the left ¢ X q¢ Carathéodory function generated of which is Q.

Moreover, [®;, ;] where ¥; := Vpi)fk is the left connected pair of [H?(D)]2*?-functions
generated by W.

Proof. Since ®;is a left spectral factor of (Re f2) we have {2 € C(s, ¢,*)- Because of the fact

that ®; is an outer function in [H?(DD)]?%?, the function det ®; does not identically vanish.
From Proposition 2 we see that [®;, ¥;] is a left connected pair of [H?(D)]9*2-functions
where V; is an inner function which realizes this left connection. According to Proposition

1, then we infer that ¥; admits a pseudocontinuation which satisfies (\I’fk)_l = Vid;
The application of Theorem 3 completes the proof. O

Using Theorem 4 the following result can be analogously proved.
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Theorem 8 Let ) be a g X g Carathéodory function of finite entropy. Suppose that Q1
admits a pseudocontinuation Q¥ . Let &, be a right spectral factor of (Re @), and let V,

be a right denominator of 3F. Then

'_}lHﬁ; I-Q

il -diag |®,;'V,,® 1 69
| 176 rra ) e L

15 a jeq-inner function the right ¢ X q Carathéodory function generated of which is Q.

Moreover, [®,,9,] where ¥, := 3*V, is the right connected pair of [H?(D)]9*?-functions
generated by W.

Obviously, for each f € Spxq(D), the functions I — f f* and I — f* f are bounded A-almost
everywhere on T. Hence both functions belong to [£1(T)]P*P and [£1(T)]?%9, respectively.

In view of this fact, a function f € Spy4(D) is called a px g Schur function of finite entropy
if

1
—/log[det(I—ff*)]dA > —oo. (70)
27 T -
Because
. I, K .
det(I — K K*) =det | P =det(I — K*K)
K* I,

holds true for every contractive p X ¢ complex matrix K, a function f € Spxq(D) is a px g
Schur function of finite entropy if and only if

1
g/wlog[det(l—fi)]dg > —00 .

Remark 7 If f is a p X q Schur function which admits a pseudocontinuation f#, then
the following statements are equivalent:

(1) det(I — f f#) does not identically vanish.
(11) det(I — f# f) does not identically vanish.
(i5i) f is a p X ¢ Schur function of finite entropy.

Lemma 8 Let Q € Cy(D). Then det(I + Q) nowhere vanishes in D and the function
F={T -0+ Q)" belongs to Syxq(D). The function Q admits a pseudocontinuation
if and only if f admits a pseudocontinuation. Moreover, 0 has finite entropy if and only
if f has finite entropy.

A proof of Lemma 8 is given in [12, Lemmas 1 — 3].

Proposition 11 Let f € Spxq(D). Suppose that f admits a pseudocontinuation f#. Let

p:=1I- fﬁ and 0 := I — f#f. Assume that det p does not identically vanish. Let ¢ be
the unique normalized left spectral factor of (p), and let ¢ be the unique normalized right
spectral factor of (o). Further, let b € Spyxp(D) and ¢ € Sgyq(D) be such that

cpfHp~ b € [N, (D)PP . (71)
Then
U := diag ][], ][ i f] diag [b, 1]
= diag |Ip, C| - — - diag |b,
B R ’

is an inner (p+ q) X (p + q) Schur function.
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Proof. In view of Spxq(D) C [N;(D)PXe, [H?(D)]P*P C [N} (D)JP*P and the fact that the
Smirnov class is an algebra over C, we get that ¢b € [N (D)P*P, f € [N, (D)P*? and
cp € [N;(D)]?%9. Thus, in view of (71), we have

U € [Ny (D)|lprax(p+a) (72)

Using Remark 1 it is readily checked that

s | sEir (I-88p™)f P -
T P fTI—p7'¢0") eI+ fpod"p Y
holds true A-almost everywhere on T. Obviously, Remark 1 also provides that
¢ +ff=1 , I-plg¢" =0 (74)
and
Itfrpleg e f =T+ I-ff) 7 f=U-[ )= (75)
is valid A-almost everywhere on T. Hence we infer from (73), (74) and (75) that
uvo*=1 A-a. e onT. (76)

Applying the maximum modulus principle for the Smirnov class (see, e. g., [9]), we get

from (72) and (76) that U belongs to Sipiq)x(p+q)(D). O

Theorem 9 Let Qy and 5 be ¢ X ¢ Carathéodory functions of finite entropy. Suppose
that both functions Q1 and Qg admit pseudocontinuations. Then f1 := (I —Qq)(I+Q;)71
and fp := (I-Q)(1+Q,)7 ¢ ~ are pseudocontmuable gxq Schur functions of finite entropy.
In particular, p; .= I — f1f1 , p2 =1 — f2f2 , 01 :=1— f1 fi and oy := 1 — f2 fo are
functions whose determinants do not identically vanish. Let ¢ and ¢ be the unique
normalized left spectral factors of (p1) and (pa), respectively, and let 1 and 1P, be the
unique normalized right spectral facta's of <ﬁ>_(md (02), respectively. Then the following
statements are equivalent:

(i) There exists a joq-inner function W such that Qy and Q, are the left ¢xq Carathéodory
function generated by W and the right g X ¢ Carathéodory function generated by W,
respectively.

(i) There are inner q¢ X q Schur functions by and ¢y such that f; = c21/12f2#p2_1¢2b2.
(i) There are inner q¢ X ¢ Schur functions ¢1 and by such that fo = c19; fl#pl_lgbl by.
Proof. From Lemma 8 we see that f; and f, are pseudocontinuable ¢ X ¢ Schur functions
of finite entropy. Thus we obtain from Remark 7 that the functions det p1, det o1, det pa
and det oy do not identically vanish.

(2) = (#2) : Let (i) be satisfied. From Propositions 5, 7 and 8 we obtain

Ql = (I— 521)(I—|- 521)_1 and Qg = (I— 512)(I-|— 512)_1 (77)
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where Sy := _Wz_zl Ws1 and Sq5 := W12W2_21 are strictly contractive ¢ X ¢ Schur functions.
Using a property of the Cayley transform (see, e. g., [8, Lemma 1.3.12]) we thus infer

Sa=—(I-)I+M) =—fi and Sp=I-W)I+ %) =F. (78)

Parts (b) and (e) of Proposition 5 show that the Potapov-Ginzburg transfrom S of W
is an inner 2¢q X 2¢ Schur function. Setting Sy := Wiq — W12W2_21W21 and Sy := Wz_zl
then we see in particular that det S1; does not identically vanish and that

I—51251=51181 » Sau=-525551 (79)

and

I— 515 512= 53 S22 (80)
hold A-almost everywhere on T. In view of Remark 1 and (78) thus it follows
Sz f3 pa 511 = S22 STp(1 — S12 §35) 'S
:&S_{zﬁz—&:ﬁ Aa.e onT. (81)
Hence we can conclude from Remark 1 that
#o—lo
Soafy py S11=f1- (82)

From part (b) of Proposition 5 we know that both functions Si; and Syz belong to
[H%(D)]?%9. According to Masani’s factorization theorem [14], there are unique inner

q X q Schur functions b; and ¢y, and there are unique normalized outer functions ¢5 and
5 which belong to [H2?(D)]2%? such that S1; = @56y and Syy = cotpf. Therefore the
equation (82) can be written as

fr = e 1 0 450 (83)
Using (79), (80) and Remark 1 we infer that

b3(¢5) =SSt =1-S12 8 =p2

and
(%5 )%y = S35 Sap =1 — 51 S12 = 03
is valid A-almost everywhere on T. Hence ¢35 = ¢5 and 15 = 5. Thus the identity (83)
yields (ii).
(4¢) = (2): Suppose (ii). Then Proposition 11 shows that

| @22 f2
U= l —fi ] (84)

is an inner 2¢ x 2¢ Schur function, where det(ca%2) does not identically vanish. In view
of Proposition 6 we see that

(85)

W = l paba + fa(catha) ' f1 fa(catpe) ™t ]

(cathe) ™ f1 (catpa) ™t
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is a jgg-inner function. Let §; and €, be the left ¢ X ¢ Carathéodory function and the
right ¢ X ¢ Carathéodory function, respectively, generated by W. Since 2; and 25 admit
the representations

M=T+A)7'T-fi) and Q=U-fr){I+ f2)"

(see, e. g., [8, Lemma 1.3.12]), we have

W = [(cat2) ™ + (catha) "l H(catha) ™t — (catha) M fi]
= (I+A)7'I-fH) = D (86)

and

O = [(eath2)™ — faleawha) M[(cata) ™t + falcatpr) ']
= (I-f){I+R)" = N, (87)

i. e., 21 and Q; are exactly the left ¢ X ¢ Carathéodory function and the right ¢ x ¢
Carathéodory function, respectively, generated by the jgg-inner function W. Hence (i)
holds.

(2) < (#4t): This equivalence can be analogously verified as the fact that (ii) is necessary
and sufficient for (i). O

Theorem 10 Let Q; and 15 be ¢ X ¢ Carathéodory functions of finite entropy. Suppose
that both functions Q; and Qy admit pseudocontinuations. Let f; := (I — Qq)(I + Q)7L

foi=(IT—-Q)T+ Q)7 ppi=1- fgfz# and oy := 1 — fz#fg Let ¢y be the unique
normalized left spectral factors of (pz), and let 1, be the unique normalized right spectral
factors of (o). Further, let c; and by be inner q¢ X g Schur functions such that

fi= 021/12]%,02_145252 . (88)
Then 5
I
W= l ]:2; ; ] - diag [p51¢2,¢;1] - diag [bz,cgl] (89)

18 @ Jgq-inner function such that Q1 1is the left ¢ X g Carathéodory function and 1y is the
right g X q Carathéodory function generated by W, and

V = diag [cz,bz_l] - diag [1/1202_1,452_1] . l ]{ ]? ] (90)
2

15 a jgq-tnner function such that 0y is the right ¢ X g Carathéodory function and Q1 is
the left ¢ X q Carathéodory function generated by W.

Proof. Lemma 8 shows that f, admits a pseudocontinuation f2# and that f, has finite
entropy. In particular, both functions det p; and det o5 does not identically vanish. Let
(12) be the g x g block partition of W. Then we have

Wyt =caps , WWy'=f, (91)
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W1 — WiaWey' War = py Lpaby — fzfz#P2_1¢252 = ¢oby (92)

and, in view of (88),

~ Wiy War = —cathaf3 p3 haba = — 1 . (93)
Thus the Potapov-Ginzburg transform S of W has the shape
P2 f2

—021/12f2#,02_1¢2bz (2

Since Syxq(D) is a subset of [N} (D)]2*? we obtain from (88), (94) and Proposition 11
that S is an inner 2¢ X 2¢ Schur function. Using Proposition 6 then we can conclude
that the Potapov-Ginzburg transform W of S is a jy-inner function. On the other
hand, since S is the Potapov-Ginzburg transform of W, we have W™ = W, i. e., W is a
Jqq-inner function. Let € (respectively, ) denote the left (respectively, right) ¢ x ¢
Carathéodory function generated by W. Then we get from (91) and (93) that (86) and

(87) hold true. Let
_ |0 I
Ny
Using the identity az_lfz# = fz#,oz_1 and the fact that a 2¢ X 2q Schur function T is inner

if and only if U := AT A is an inner 2¢q X 2q Schur function, the other part of the assertion
can be verified analogously. O

S = diag[Iy, co] - [ ] - diag [ba, I4] . (94)
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