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Abstract

We introduce the k-pattern set mining problem, which is con-
cerned with finding sets of k patterns that satisfy constraints. We
formulate a number of such constraints, both at the local level, that
is, on individual patterns, and more importantly, also on the global
level, that is, on the overall pattern set. The resulting framework
is flexible and generic in the sense that it can be instantiated to a
wide variety of well-known mining tasks including concept-learning,
rule-learning, redescription mining, conceptual clustering and tiling.
We present a solution method based on constraint programming
and discuss how many problems can been modelled in a constraint
programming system. Finally, a number of experiments show the
promise and generality of the approach.

Keywords : Data Mining, Pattern Set Mining, Constraints, Constraint Pro-
gramming.



1 Introduction

The problem ofocal pattern mining can be formalised as that of finding the setttepns TKL, p, D) =

{m € L|p(w, D) is true}, that is, the set of all patterns € £ that satisfy a constraint with respect to a
databasé. Numerous approaches to pattern mining have been developitctively find the patterns
adhering to a set of constraints. Despite the popularityoéll pattern mining, there are still unsolved
problems with this approach.

First, the interaction between the mining and the use otpaitis not well understood. The result
of a pattern mining operation can almost never be used Hirant needs to be post-processed in order
to become useful. The reasons are that the generated seabphatterns is typically too large, and that
the patterns are too hard to interpret in the global contexhay interact with one another. This leads to
a typicalstep-wiseprocedure in which pattern mining only forms mmtermediatestep in the knowledge
discovery process. In the first step, the patterns adhesiagrne constraints are exhaustively searched for.
In the second step, some patterns are selected and combiadée@ uristic way. One example is associative
classification, where systems such as CBA [1] and CMAR [2lcbaiclassifier from a set of association
rules. This raises the question as to whether it is possibtietelop asingle stepmining approach that
solves thaylobal pattern set mining problem directly, and avoids having toegate patterns that will never
be used anyway.

Secondly, there is a multitude of different global patterinimg methods and approaches, but a gen-
eral solution is missing. Each combination (or system) terotailored towards one specific task, such
as concept-learning [3], conceptual clustering [4], redpsion mining [5], tiling [6], etc. While these
combinations are all —to some extent— based on principlpattérn mining, there exists —to the best of the
authors’ knowledge— no integrated problem specificatippr@ach or system that is able to tackle all of
these tasks in a uniform way. Despite a lot of progress onifspaspects of pattern mining, this hinders
our overall understanding of pattern mining. It also ratbesquestion as to whether it is possible to pro-
vide a more general approach to data mining that can be ireieohto a wide variety of tasks such as the
ones listed above. The answer to this question cannot be®d® be a highly optimized system that is
competitive with much more specialized approaches on atarthta mining tasks. For many types of data
analysis today, run time efficiency is not a major bottlengaymore. On the other hand, developing novel
algorithms and systems to accommodate for new constraiat$oatackle novel data mining tasks is still
a time consuming task and requires the involvement of highgcialized data mining experts. A general
purpose data mining framework and system, in which new prablcan be specified in a declarative man-
ner, would alleviate these problems and would be an adeguateer to the above question. It is precisely
the goal of this paper to contribute towards such a framewgnlising constraint programming principles
and techniques.

The key contribution of this paper is that we positively aasthese two questions. We answer the
first question by introducing the problem of mining setscqdatterns under constraints, that/Aspattern
sets. Ak-pattern set thus consists bfpatterns and the task is to find thdsgattern sets that satisfy the
constraints. Constraints can be specified both at the loxhhathe global level that is, both at the level
of individual patterns and at the level of the pattern set aale. In this paper we focus on patterns in
the form of itemsets, which can be regarded as conjunctibitsros. A set of patterns is often interpreted
as a disjunction of conjunctions, and hence corresponddtmkean formula in disjunctive normal form
(DNF). This paper studies the mining of pattern sets cangisif exactlyk patterns, thus the resulting
pattern sets can be conceivedkaterm DNF formulas.

We also provide a positive answer to the second question twyiay how instances of the tasks of
concept learning, conceptual clustering, tiling, and sedption mining can all be formulated within a
constraint programming (CP) framework. Constraint pragrang (CP) is a generic framework for solving
combinatorial and optimization problems under constgairit has been used successfully in numerous
applications including constraint based mining of indiadipatterns [7, 8]. The key power of constraint
programming lies in its declarative approach towards gob$olving: in constraint programming, users
model a problem by specifying a set of constraints, and thes@@®em is responsible for solving the
problem. In this way, the specification of the problem is safzal from the search strategy. This has the
advantage that different problems can be specified by mehalyging the declarative problem specification
in terms of constraints. It is this approach that we will ugrén the present paper. By casting data mining



problems in constraint programming models, we will showt thevide variety of problem settings can be
addressed in a uniform way.

An important part of this work is the extension of our eanigrk on constraint programming for local
pattern mining [7, 8] towards the mining of entire pattertsseOur earlier work showed that appropri-
ate constraint programming models can lead to practicatisols for computationally hard problems, in
particular for the case of correlated itemset mining in [Bhe challenge is here to identify the modelling
choices that make the approach also for pattern set minagjfie. Previous studies made a distinction
between constraints on the local level (on individual paggand the global level (on patterns sets as a
whole). We will identify two special cases, namely, localteahead constraints and global pairwise con-
straints. Such constraints are more powerful than theuleegounterparts, making them crucial to reduce
the search space to manageable size. This categorisatmgiaes us new insights into the relationship
between local and global constraints.

The resulting framework for pattern set mining is very flégibnd allows us to specify a wide range of
problems for a wide range of data mining tasks. Examplesadttaints are that patterns must be frequent,
that the pairwise overlap between patterns is small, tlegpéttern set occurs frequently in a set of positive
examples and is highly infrequent in a set of negative examplr that the coverage of the overall pattern
set in a data set is maximised.

The experiments show clearly the generality and flexibdityhe constraint programming approach to
k-pattern set mining. They show that the constraint progrargrapproach can find solutions for many
k-pattern set mining problems of interest, especially irsthoases where the solutions are heavily con-
strained. On the other hand, because CP is based on exleasestiich and guarantees to find a global
optimum, solving problems with few, weak constraints ieofhot tractable. In practice, this means that
even though many problems can be modelled, the solutiotegyraf existing CP systems is only feasible
for certain types of models. Nevertheless, also in suchsddseformulation as a constraint programming
model provides insights that may be used for developing meteistic declarative approaches to the
pattern set mining problem (e.g., using local search), arnté this work may contribute to the longer
term vision of developing general purpose declarative datang tools. This is similar to the constraint
programming approach to mining for local patterns [7].

While several approaches to finding pattern sets are deskiibthe literature, cf. [9] and Section 2,
there exists — to the best of the authors’ knowledge — no siaflp approach to the global pattern set
mining problem, nor has any technique been applied to sudderange of data mining tasks as the one
that we shall describe here. A detailed discussion of reélatark is, however, deferred to Section 6.

2 k—Pattern Set Mining

In general, pattern mining is concerned with finding all @atss that adhere to some constrajnt The
patterns are defined by a pattern langué&gé& he constrainp is typically a conjunction of multiple con-
straints, that can be defined on d&ta

Th(L,p,D) = {7 € L|p(n,D) is true}, (1)

In the prototypical example of itemset mining, we start framitemset database, that is, a BetC
T x Z whereZ is a set of items and is a set of transaction identifiers. The traditional looafriset mining
problem is that of finding T¢Z, p, D) = {I C Z | p(I, D) is true}. The pattern language is the entire space
of itemset2?, andp specifies théocal constraints. The well-known frequent itemset mining peabkan
be cast within this framework by defining

p(I,D) = trueiff |p(I)| >0 2
wherep(I) denotes the transactions that contain itenfsétat is,
o(I)y={teT|Viel:(ti) e D} (3)

One of the problems with local pattern mining is that if thesaintp is not restrictive enough, the
set of patterns in T, p, D) becomes too large and needs further processing before hecased. This



resulted in the adoption dfvo stepprocedures in order to arrive at a useful set of patternst,Fill patterns
that adhere to some chosktal constraintsare mined exhaustively. Then, these patterns are combined
under a set oflobal constraintsoften including an optimisation functiofi Because of the size of the
local pattern set, usually heuristic techniques are usezhvglearching for the approximately best pattern
set. Here we wish to avoid this two step procedure by forrmgdadll the constraints directly on the entire
pattern set, that is, on a set containing a fixed nuréherpatterns.

The problem of;-pattern set mining under constraintan now be defined as:

Th(L,p, D) = {1 € L* | p(T1, D) is true}, (4)

The pattern sell consists ofc patternsr. In its whole, the pattern sét forms a global model. The
constraintp specifies both local and global constraints at the overdlepaset level. In addition, as the
number of pattern sets can become very large, we will studytbdind the best pattern set with respect
to an optimisation criteriorf (II). That is, we study how to find the optimal pattern Hety searching, for
example, for the one with maximuyf(II):

arg _max f(1), (5)
where we still have the possibility to impose a set of cofirsitsan p.

In the rest of this paper, we assume that-pattern sefll consists ofk individual itemset patterns
. Every patternr is represented by its itemsétand transaction sét: = = (I,7). We writeIl =
(zh,..., @) = (I, TY),...,(I*,T*)). The transaction set consists of all transactions or exesithht
are covered by the itemset.

2.1 Familiesof Constraints

In this section we will present five families of constraints. the next section, we will then show how
k-pattern set mining problems can be specified as combirsatiboonstraints from these families. The
first family is the family ofindividual pattern constraints The typical local pattern mining constraints
fall in this category. Secondedundancy constraintsan be used to constrain or minimise the redundancy
between different pattern€overage constraintdeal with defining and measuring how well a pattern set
covers the data. Given labelled data, thecriminative constraintsan be used to measure and optimise
how well a pattern or pattern set discriminates betweentipesaind negative examples. Tlanonical
form constraintst last are used to order the patterns within the patterbét.enforces a canonical form
on the pattern set, which avoids finding identical patteta waéth different syntactical forms.

2.1.1 Individual Pattern Constraints

These are the constraints that have been identified in theefsark of constraint-based mining [7]. We
will review some of the most important constraints for theriset mining problem here.

Coverage constrainBecause every itemséuniquely defines a transaction g€t ), we will explicitly
constrain the set of transactions in a pattern to thosedcdiogs containing the itemset:

coverage(m) : T =p(I)={teT|Viel: (ti) e D}. (6)

Disjunctive coverage constrainAlternatively, we can define that a transaction is coverédgsfcovered
by at least one item. This is useful when mining for a disjiorcof items.

disjecoverage(m) : T =w(I)={t €T |Fi e1:(ti) € D}. (7

Closedness constrainDually to thecoverage constraintve can enforce that the itemset must be the
largest itemset that is contained in all selected transasti

closed(m) : I =y(T)={i eI |VteT:(t1i) e D}. (8)

The two constraints combined define a closure operhter )(o(I)). This provides a way to remove
redundancy among the patterns found.



Size constraintsThe size of a pattern = (I, T') can straightforwardly be measuredsase(n) = |I|.
In the general case, we can define a lower or upper bound adrigin any measure. Wit§ we will denote
any comparisois € {<, <, >, >, =, #}. A constraint on the size of the pattern can thus be formdlase

size(m) S 6: |I| 6. 9

Frequency constrainfThe frequency of an itemset is simply the size of its transadet: freq(n) =
|T'|, which can also be constrained|d3 < 6.

freq(m) S 6:|T| < 6. (10)

2.1.2 Redundancy Constraints

As pointed out in the introduction, an important problemaedl pattern mining is that of redundancy
among patterns. We already defined thesednessonstraint that can be used to remove a certain kind of
redundancy of individual patterns. However a pattern délibstconsidered logically redundant if it covers
approximately the same transactions as another patteemwa@yto measure this redundancy between two
patterns is by measuring the similarity or distance betwikein transaction sets.

Distance measuresie can measure the overlap between two patterns as the dize iftersection
between the transaction sets. Likewise, the distinctnesgoopatterns can be measured by the size of the
symmetric difference between the transaction sets.

overlap(w*,7%) = |T*NT?|, (11)
distinct(r*, ) = [(T*UT*)\ (T NT?)|. (12)

The distance between two patterns can also be measured argingistance measure between the two
transaction sets, for example the Jaccard similarity aoefft or the Dice coefficient.

) T'NT?
jaccard(rt, 7)) = W, (13)
2% Tt NT?
. 1 2\ _
dlce(ﬂ' , T ) = W (14)

Such measures can be constrained by a comparison opgratgk, <, >, >, =, #} and a threshold.

Combining measuressince the measures only indicate the redundancy betweepdtterns, and not
an entire pattern set, we often need to aggregate over alisaicombinations of patterns. A first approach
is to constrain the sum of all pairwise evaluations. Usirgftinction namalist() to indicate any distance
measure, we may define that:

ko k
sumdist(Il) < 6 : Z Z dist(n',77) < 6. (15)
i=1 j=it+1

An alternative approach is to bound the minimum or maximublaezaver all evaluations:

min (dist(n', 72), dist(x, 73), ..., dist(x?,7%),...) < 6. In the case of upper-bounding the minimum
or lower-bounding the maximum, this is equal to constrgjremery pairwise evaluation separately. For
example, when constraining the minimum to be greater thaiue¥, this can be rewritten as follows:

m<1n (dist(r', 7)) > 0 < dist(n',7%) > 0, dist(x',7%) > 0,. .. (16)
i<j

2.1.3 Coverage Constraints

Each individual patterm = (I,7T") in our setting consists of an itemset and its correspondargsaction
setT’, because of the above definemlerage constrainfThe cover of the entire pattern $éis not explicit
in our formulation, but can be deduced from the covers otaigatterns.



Pattern set coverA pattern set can be interpreted as a disjunction of the iddal patterns. Hence,
we calculate the transaction set of the entire pattern stthigg the union over the individual transaction
sets:

cover(Il) =TT =T U...UT* (17)

Frequency of pattern seThe frequency of the pattern set is then calculated exak#the frequency
of an individual patternfreq(I1) = |T"!|. This can again be constrained:

freq(IT) < 60 - [TV < 0. (18)

Area of pattern sefThe area of a pattern set was studied in the context of |degeining [10]. The tile
of a pattern contains all tuplés, i) € D that are covered by the pattertile(r) = {(¢,i) |t € T,i € I}.
These tuples form a tile or rectangle B$ in the binary databasP. The area of a single pattern is the
number of tuples that are covered in the tileea () = |tile(n)| = |I| - |T|. The area of a pattern set can
now be defined as the area of all the tiles of the individuakpas. Note that tiles can be overlapping, but
every tuple(t, ¢) covered is only counted once.

area(T1) = [tile(m') U ... U tile(x")|. (19)

2.1.4 Discriminative Constraints

In many cases, one is interested in finding patterns in letbelhta, that is, data in which there is a label
[ attached to each transactionWe will only consider the case where the label is eithertivas{+) or
negative ), though this can be extended to more classes. In this gettia data can be divided into two
partitions: the set of transactiofs" having labek-, and the transactiori~ having label-. The positive
cover of a pattern is the cover of the pattern on the positieeles:cover™ () = TNT +. Similarly, the
negative cover igover(7) = T N7 . To simplify our formulas, we will often abbreviateover ™ ()|
by p and|cover— ()| by n in this section. The same holds for the positive and negativer of the entire
pattern set, wherg™ is defined as in equation (17):

cover™(I) = TUNTT, (20)

cover () = TUNT". (21)

Discriminative measures are typically defined by compatirgnumber of positive examplesand

negative examples covered, to the total number of positives examgPesnd negatives exampl@s. The
total number of positiveg is simply the size off *: P = |7 *|, likewise the total number of negatives
N is N = |T~|. To calculate the positive/negative examples covered bgndine pattern set we replace

cover™ () by cover™ (I1) andcover ™ () by cover—(I1):

p = freq" (II) = |cover T (II)| = [T NTH|, (22)

n = freq” (II) = |cover (IT)| = [T NT~|. (23)

Accuracy of a pattern setAccuracy is defined as the proportion of positive examplegied: (p +

(N —n))/(P+ N). As P and N are constant for a given dataset, one can equivalently ogtithe

formulap — n [11]. Using equations (22) and (23) and the principles eérpldabove we get the following
formulation:

accuracy (frqur(H),freq*(H)) = freqT (IT) — freq (T1). (24)

Using the same principles we can also use other discrimpateasures, like weighted accuracy or
the Laplace estimate:

+ -

w_accuracy (freq™ (I1), freg~ (II)) = frT'q]ﬂr(F) - fre|({1’(1|_[)| ’ (25)
freq(I1) + 1

freq™ (IT) + freq— (T1) + 2

The topic of identifying such measures has already beernestictensively in pattern mining [12, 1] and

in rule learning [11].

Laplace (f?"eq+ (IT), freq— (H)) (26)



2.1.5 Canonical Form Constraints

An important issue in many pattern mining tasks is how to @wyintactical variations of the same pat-
tern from being generated. In pattern set mining we also flaiseproblem. For instance, the following
two pattern sets can be considered equivalént; m2) and (w2, 7). To ensure that only one of these
representations of the pattern is found, we will impose anaal form on the pattern set by means of a
constraint.

The details of the constraints that can be used to enforce@nazal form will be discussed in the
context of our Constraint Programming implementation.

2.2 Instantiations

As argued in the introduction, the-pattern set mining problem is very general and flexible. ©he
the contributions of this paper is that we show how it can Istaintiated to address several well-known
data mining problems. This is explained in the followingagmaphs. We will present both satisfaction
problems and optimisation problems. For the optimisati@mblgms, the value or function to optimise will
be indicated by themaximise or minimise keywords.

2.21 k—term DNF Learning and Concept L earning

The main aim oft—term DNF learning is to learn a formula which performs a bynarediction task as
accurately as possible, given a set of labelled trainingrgtes. A formal definition ofc—term DNF

learning was given in [3]. Within our framework, we can follima this problem as finding pattern séis
satisfying:

vrell: coverage (),
Vo ell: closed(r),
accuracy (freq™ (II), freq~ (IL)) > 6. (27)

where we choosé = |T| if we do not wish to allow for errors on the training data (pO#sF learning).
Note that we have added a closedness constraint in the fieatiah; the main motivation for this choice
is that for anyk—term DNF containing non-closed itemsets, we can find a cpomedingk—term DNF
with only closed itemsets; hence, non-closed itemsets eawbsidered redundant. Adding this constraint
reduces the space of hypotheses and hence reduces thegremtnplexity of the problem.

The above formulation would result in attpattern sets that are accurate enough. In the concept
learning setting we are usually interested only in discioggthe most accurate pattern set. To achieve this,
the above satisfaction problem is turned into an optinmasgpiroblem:

maxliqmise accuracy ( freq™ (I1), freq™ (H)) ,

vrell: coverage (),
Vo ell: closed(m).

We can replace accuracy with any other discriminative cairgtas explained in section 2.1.4. Note
that it is easy to add other constraints to this formulatlie, a minimum frequency constraint on every
individual pattern:

maxli_lmise accuracy (freq™ (I), freq ™ (IT)) ,

vrell: coverage (),
vmell: closed (),
2

vmell: freq(m) > 0.

In all cases, the result will be fa-pattern set with high accuracy on the examples. Every pattewill
represents a learned concept.



2.2.2 Conceptual Clustering

The main aim of clustering algorithms is to find groups of epés which are similar to each other. In

conceptual clustering, the additional goal is to learn aceptual description for each of these clusters [4].
In this section, we consider a simplified version of concaptlustering, in which we call two examples

similar if they contain the same pattern. Hence, each dlustdescribed by a pattern, and all examples
that are covered by the pattern are part of the cluster. Weftivenalise conceptual clustering as finding
pattern set$l that do not overlap and cover all the examples:

Vrell: coverage (),
vrell: closed(m),
cover(Il) =T,
Ve, b eIl : overlap(r®, 7°) = 0.

The solutions to this model form the restricted set of clistgs that do not overlap. Still, finding all such

clusterings may not be desirable and finding one clusteringdcbe sufficient. In this case, it could be

more interesting to search for the best non-overlappingteting. There are multiple ways to define what
the ‘best’ clustering is. One possible way is to prefer sohg in which the sizes of the clusters do not
differ too much from each other. We can formalize this in salvpossible ways. For example, we could
search for solutions in which the minimum size of the clustelas large as possible:

m@;{iighise min (freq(wl), . ,freq(wk)) ,
vrell: coverage (),
vrell: closed(r),
cover(Il) =7,
Vrt, b eIl : overlap(m®, 7°) = 0.

The minimum cluster size would be maximal if all clustersétive same size; hence this formulation will
prefer more balanced solutions. Alternatively, one colgd ase the following optimization criterion:

minimise max (freq(wl), . ,freq(wk)) — min (freq(wl), . ,freq(wk)) ;
Vriell
this would enforce a small difference between cluster simese directly. We will compare these two
settings in the experimental section.
In the general case, other settings may also seem desiFailamstance, the constraint that clusters are
not allowed to overlap might seem too restrictive, and onédcohoose to use the following optimisation
criterion:

minimise E overlap(r®, 7°),
1

ma,wbell

however, we determined experimentally that in many dataseet oft non-overlapping patterns can be

found, and hence this optimization criterion would give $aene solution as using the overlap constraint;
further extensions of the model are needed in order to makedtting more useful in practice. Of most

interest is probably the incorporation of arbitrary disarfunctions in the optimisation, as is common in
clustering. However, in preliminary experiments we foumattsuccessfully modelling this type of problem

will require optimizations that are beyond the scope of wsk.

223 k-Tiling

The main aim of tiling [6] is to cover as many 1s in a binary rxatrith a given number of patterns or tiles.
A tiling can be considered useful as the patterns in a tilmegmsome way most characteristic for the data.



We can formalise this problem as follows:

maxrilmise area(ID),
vrell: coverage (),

vmell: closed ().

This models the original setting in which zeros can not beeoes by a pattern. We could model the
fault-tolerantsetting as well, but solving it would become significantlydex.

2.24 Redescription Mining

The main aim of redescription mining [5] is to find sets of satically different formulas that all cover
the same set of transactions; such sets of formulas areesésitas they point towards equivalences in the
attributes in the data.

We assume given a number of disjoint partitions of itéfhs. . Z¥ whereVp : 7P C 7 andVp, ¢, p #
q : IP N Z? = () and can formalize the problem in multiple alternative ways.

We will restrict ourself to finding conjunctive formulas ttfarm redescriptions. In this setting, we may
search for a pattern set of sikzavhere for every pattern? = (I?,T?) : I? C I? and:

maxlijmise freq(mh),
Vrell: covered (),

vrell: closed (),
v, wb eIl : T =T".

In this case all patterns have to cover exactly the sameactings, which may be a too stringent require-
ment. Instead, one could also solve the following problem:

minimise sumdist (1),
I

vrell: covered (),
vrell: closed(m),
vrell: freq(m) > 0,

where we search for an accurate redescription of a sufflgilmgge number of examples. In principle every
distance measure from Section 2.1.2 can be used.
We compare these two settings further in the experimenttibse

3 Constraint Programming

We propose to use constraint programming (CP) as a techtigs@ve k-pattern set mining problems.
We will review the principles of constraint programming st section. The next section shows how the
constraints of Section 2 can be expressed in a constraigtgroning system and how the system uses
them to find solutions.

Constraint programming addresses combinatorial (opaitins) problems through decomposition and
separation of concerns. It separates the modelling of thklgm from the solving of the problem: con-
straint programming starts from a model and the solver searfor a solution.

A constraint satisfaction problegCSP)(V, D, C) is specified using 1) a finite set of variabls2) an
initial domain D, which maps every variable € V to a finite set of possible valud3(v); and 3) a finite
set of constraint§, each a boolean function on a subsevof

A constraint optimisation probleris a CSP(V, D, C) augmented with an objective function that maps
a subset oV to an evaluation score;,. The problem is then to find the solution that satisfies alkt@ints
and is maximal (or minimal) with respect to the objectivedtion.



Algorithm 1 Constraint-Searclif)

: D :=propagatéD)

. if D has failecthen
return

end if

cifJv eV |D(w)| > 1then
V= arg minvGV.,D(v)>1 f(“)
for all d € D(v) do

Constraint-Searcif U {v — {d}})

end for

else
Output solution

- end if

=
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Example 1 (CSP) A family of 5, consisting of a mother, a father, a grandfatiwed two children has won

a holiday for 3 people. The parents decide that at least otlearh should join, but the father will only join

if either the mother or the grandfather does. We can modslghiblem as a CSP by having a variable for
every family member, namely (grandfather),F' (father), M (mother) andCh; and Chs (the children).

If a person joins, the corresponding variable has valuand 0 otherwise; the domain of every variable
is {0,1}. This is declaratively specified in line (28) below. We wilsify the constraints by summing
over these boolean variables. In line (31) below, we spehdyonly 3 people can go on the holiday, by
constraining the sum of all the variables to be equa thine (29) specifies that at least one of the parents
has to join. Finally line (30) specifies that the father joordly iff either the mother or grandfather joins.

D(G), D(F), D(M), D(Chy), D(Chs) = {0,1} (28)
F+M>1 (29)
FoM+G=1 (30)
G+F+M+Chy+Chy=3 (31)

After specifying the CSP, the solver uses the constrainiis isearch for solution(s). The search tree
of a CSP is ordered from general to specific domains. The rodé ronsists of the initial domaib
containing all the possible values of each variable. Sohstiare found in the leaves of the search tree,
where every variable has only one value in its domaii(v). A branch in the search tree is created by
assigning a value to a variable.

There are several search strategies that can be applieduthmecof a general depth-first search algo-
rithm is given in Algorithm 1. The constraints are propagdatdine 1. If a constraint is violated (line 2) the
search will backtrack. If not all variables are assigneu(b), the search algorithm will choose a variable
(line 6) and branch over each of the values (line 7). For aptition problems, the above algorithm can
easily be changed into a branch-and-bound algorithm. gdhse a constraint is added on the evaluation
scorev; (line 11); this constraint is updated each time a bettertgwius found than the currently best
known one, and hence enforces that solutions worse thamuthently best known one are ignored.

Propagation of constraints is the essential operationnistcaint programming: itis the act of removing
a value from the domain of a variable when it can be determihatthe value can no longer be part of
any viable solution. Propagation is realised through pgapars; every constraint is implemented by a
propagator. The constraints we will use are often of the fétmnction(V) < X wherese {<, <, >, >
,=,#}, Vis a set of variables an¥ is either another variable or a constant. We shall use deedadund-
consistenpropagators, which operate on the bounds of the variablesudh propagators, the upper- and
lower-bound of the variables are used and possibly constriai The upper-bound of a variableis the
largest value in its domain, which we denotelbyperbound(V') = max D(V); likewise the lower-bound
is the minimal value in the domain. The upper- and lower-hisusf variables in a sét can often be used
to calculate an upper- and lower-bound on the outcomes afetifin f (V). This is illustrated in the table
below for basic arithmetic functions over 2 variables:



Algorithm 2 Propagator fod B>0

1: Lowerbound := Z min D(B)
BeB
2: Upperbound := Z max D(B)
BeB
. if Lowerbound > 6 then
% Constraint is respected
end if
. if Upperbound < 6 then
% Constraint is violated
end if
. if Upperbound = 0 then
10.  forall B e B: D(B) = {max D(B)} % Propagate
11: end if

© XN AR W

Function Lower-bound Upper-bound

Vi4+ Vo min D(V}) + min D(Va)  max D(Vy) + max D(V3)
Vi—V2 min D(V}) —max D(Vz) maxD(Vy) — min D(V3)
Vi*Va  minD(Vy)*min D(V2)  max D(V}) * max D(V2)
Vi+Va min D(V}) +max D(Vz) maxD(Vy) <+ min D(V3)

e s N

These bounds can be used in several ways to update the doohaimsables. In a constraint of the
kind Function(V) < X whereX is a variable, we can update the bounds of the vari&bl&urthermore
we can iteratively fix variables ifv (keeping the domains of other variables unchanged); thalses can
be removed from consideration which result in a bound thdbnger satisfies the constraint.

As an example, consider a vector of boolean variabies (B1,Ba,...,B,). A propagator for the
constrainty_"" | B; > 6, abbreviated by~ B, is given in Algorithm 2. It first calculates the upper- and
lower-bound of the summation function, and then checksdfdbnstraint is satisfied or violated, and tries
to propagate when possible. Depending on the opesatord on whether it is constrained by a variable or
an actual value, a similar but different propagator can h@émented. More details on the implementation
of such propagator variants can be found in a text book ont@nsprogramming [13].

Another important concept that we will often use is the raiiien of constraints. A reified constraint
is one that binds a boolean variable to theh valueof the constraint. Consider the reified sum constraint
B «— Vi +V, > 0. The effect of this constraint is that whenever the truthueaof V; + Vo, > 0 is
known, this can be propagated & Vice versa, whenever the value Bfis known, the (un)satisfaction
of 1 + V5, > 6 can be propagated. For instance, suppose we knowRhat 0, then the constraint
Vi + Vo < 6 will be posted and take effect. Similar to reification it isspible to imply-reify a constraint:
B — V; + V5 > 0, where the truth value aB implies the satisfaction of the constraint.

In many of our models, we use reified boolean variables trebaly used in arithmetic constraints.
We will use anlverson brackehotation to shorten the notation of such constraints. Tleeshn brackets
[-] denote an operator which returns 1 if the constraint withatkets is satisfied, @rotherwise. Consider
two vectorsV = Vi...V, andW = Wy ... W, of equal lengthn, and we wish to sum over the truth
valuesB, whereVz € {1...n}: B, < V,+ W, > 1. We can abbreviate this sum}d_ [V, + W, > 1].

Note that we can implement special propagators for summatieer Iverson brackets if we wish to
avoid that the CP system has to explicitly maintain the reifieclean variables.

Example 2 (CSP Continued) Let us illustrate how the search and propagation are perfedrfor Exam-
ple 1. We will abbreviate the domain val§e} to 0, {1} to 1 and{0,1} to 7, such that we can write the
initial domains of the variable$G, F, M, Chy,Chs) as (?,7,7,?7,7). This is the initial domain and is
depicted in the root of the search tree in Figure 1.

Initially none of the constraints can be propagated, so #ach will pick a variable and assign a value
to it. Which variable and value to pick can be defined by stedalariable and value order heuristics.
The choice of the heuristics can have a huge impact on rurgffieency, as different choices will lead to
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Branch Backtrack
F=0 F=1
<?,0,2,2,7> <?7,1,2,2,7>
Propagate Branch Backtrack
M=1 M=0 M=1
<?7,0,1,7,7> R e
Propagate
G=1
<1,0,1,?,7>

Branch Backtrack
Chl=0 Chl=1

<1,0,1,0,7> <1,0,1,1,?>

Propagate
Ch2=1

<1,0,1,0,1> <«1,0,1,1,0>

Propagate
Ch2=0

Figure 1: Search tree for the holiday example.

differently shaped search trees. We will use a general Wgiardering heuristic that is known to perform
good, namely to dynamically choose the variable that ocitutise most constraints. As value ordering we
will first consider exclusiony( = 0) followed by inclusion¥ = 1). In our example, initially the variables
F and M both appear in 3 constraints, so the first variable of thesewsuld be chosen and setkb= 0.
This leads to the search node with domain val(fe$, ?, 7, 7}, as shown in the upper left of Figure 1.
Because of" = 0, constraintF’ + M > 1 propagates that the mother has to join on the holiday trip
(M =1). InconstraintF’ — M + G = 1 the reified variableF’ is false, so the inverse constraint is posted:
M+G # 1. Because oM = 1, this constraint propagate®/ + G # 1 = 1+ G # 1 = G # 0, s0G = 1.
At this point, the domain values af¢, 0,1, 7, ?). ConstraintG + F' + M + Ch; + Che = 3 can now be
simplified:1 4+ 0+ 1+ Chy + Che = 3 = Chy + Chy = 1. This constraint can not be simplified any
further, so our partial solution remaind, 0, 1,?, ?). The search now branches ow@h; = 0, which leads
constraintChy + Chy = 1 to propagate thaChs = 1. This results in the first solution(1, 0, 1,0, 1). The
search backtracks t01,0, 1,7, ?) and branches ovef’h; = 1, leading to the solutiorl, 0, 1,1,0). The

search now backtracks t@, 7, ?, 7, 7) and branches oveF' = 1. ConstraintF’ + M > 1 is now satisfied,
so it is removed from consideration. In constraint— M + G = 1 the reified variableF' is true, so the
reified constraint is replaced by/ + G = 1. This does not lead to any further propagation. Constraint
G+ F+ M + Chy + Chy = 3is simplified toG + M + Chy + Cho = 2, but remains bound-consistent.
Since no more propagation can happen, the search procedtesses the most constrained variable
and setsM = 0: (7,1,0,7,7). The CP solver will continue to alternate propagation andrsh in this

way, until all solutions are found.

4 k—Pattern Set Mining using Constraint Programming

Given the principles of constraint programming discussetié previous section, the question is now how
the problem specifications in section 2 can be expressedffautively solved in constraint programming.
We first study how the individual constraints can be modeheaiconstraint programming framework, and
how effective their propagation will be. Next, we take a elo®ok at how the problem instantiations are
modelled in the framework.

4.1 Moddling Constraints

Given the principles of constraint programming discussetié previous section, the question is now how
the problem specifications in section 2 can be expressedffautively solved in constraint programming.
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name set notation CP category
coverage () T=p(l) VteT:T,< Z I;(1 - Dy) =0 local look-ahead
disjcoverage(n) | T=a(l) VteT :T;— § 1;Dy; >0 local look-ahead
closed(m) I=yT) Viel:I < f:ITt(l —D:;) =0 local look-ahead
freq(m) < 0 IT| <6 > T, <0 teT regular local

|T| >0 tveiTe T:1I; — ZTtDti >0 local look-ahead
size(m) S 0 111 <6 S I<0 - regular local

|[I| > 6 \';etze T:T, — ZL‘DM' >0 local look-ahead

€T

Table 1: Individual pattern constraints

While reviewing each of the constraint families, we will @gbrise them. Constraints are typically
divided into two broad categories: local constraints arabgl constraints. A constraint is local when it
is defined on one individual pattern, and global when it isra&fion multiple patterns. This definition of
a global constraint differs from the usual definition in coasit programming, where a global constraint
indicates a constraint that relates a non-fixed number @dbies. During the study of the effectiveness of
each constraint, we identify two new and special categofiéihin the category of local constraints we
identify local look-ahead constraints, and within the gaty of global constraints, the pairwise global con-
straints. This further distinction will give us a better @nstanding of the effectiveness of the constraints,
which will help us to better understand the search behawbtire models at large.

In our study all patterns are itemsets. As in [7] we will regmet a pattern’s tuple = (I,7T) by
introducing a boolean variable for every iterand every transaction identifierin this way, an itemset
can be seen as a sequence of boolean varidpkasd a transaction set as a sequence of varighleBor
instance, the patter{1,3},{1,2,5}) which has itemd and3, and is covered by transactiohs2 and
5 is represented ag(1,0,1),(1,1,0,0,1)). A pattern set of sizé& simply consists ok such patterns:
Vp=1.k : ™ = (IP,TP).

4.1.1 Individual Pattern Constraints

Individual pattern constraints are by definition local doaisits. We will not identify local constraints
by being monotone or anti-monotone with respect to set gigchy common in constraint-based mining
for many years. In the constraint programming framework iweags calculate bounds on the domains of
variables, which is not tied to set inclusion/exclusioncsfieally. Note that from a constraint programming
perspective, every constraint is monotonic with respetitéocdomain of the variables, as a propagator can
only remove values from it.

We will review the constraints explained in Section 2.1.d alaborate on how they can be formulated
in the constraint programming framework. We will also dssuheir propagation power and categorise
them as regular local or local look-ahead constraints. Aerdgew can be found in Table 1.

Frequency constraintThe frequency constraint is the key constraint of frequearhget mining. It
is defined as the number of transactions that cover the itens®ur CP formulation we have boolean
variablesT; that represent whether the transaction with édvers the itemset or not. The frequency of the
itemsetr = (I,T) can then be computed as:

freq(m) = Z T;. (32)

teT

To constrain the frequency, we could simply constrain thi® sfor example given a minimal frequency
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thresholdd: > .. T: > 6. This would be aegular local constraint: it calculates the lower and upper
bound of a function on decision variables, and makes sutefthg respect the threshold. The propagator
for such a constraint was given in Algorithm 2. However, ¢oaining the frequency in this way does
not take the link between individual items and transactiats account. If during search an item occurs
in less than the required number of transactions, it is eashow that this individual item can never
be part of a frequent itemset. Every time that the searchavbranch over this item by including it in
the itemset, all the transactions that do not cover this ield be removed. After this removal, the
number of transactions remaining is lower than the suppliegshold, so the frequency constraint would
fail repeatedly. We can avoid this problem by formulating thllowing constraint. If an item is in the
current itemsetf; = 1), then the number of transactions that cover this itemsgt (- 7;D;) must be
above the frequency threshold:

VieTI:I—» T;Dy>0 (33)
teT

When this constraint is posted, the solver will check fortemdividual item whether it can be part of a
frequent itemset, at every node in the search tree. We éslkifid of constraint docal 1ook-ahead con-
straint, because it looks ahead for an individual variable and deters which values can still contribute
to a valid solution in the future. A local look-ahead conisiréike in equation (33) will often lead to better
propagation than its regular local counterpart in equaB@).

Coverage constraintThe coverage constraint can be formulated as a local loekébonstraint on
every transactioff;: a transaction is in the transaction s&t & 1) if the items not in the transactiol’q :
Dy; = 0) are not in the itemsev(, D;; = 0 : I; = 0); this can equivalently be written as

VteT T, <Y ILi(l—Dy)=0. (34)
ieT

The double implicatior- here guarantees that if there is an item that is not in thea@tion § , - 7;(1—
D:i) # 0), then that transaction is not covered; heffige-= 0.

Closedness constrainThis constraint is very similar to theoverageconstraint, but is formulated on
items instead of transactions (see Table 1).

Size constraintsThe minimum size constraint can be formulated as a local-kEdoéad constraint in
a similar way as the minimum frequency constraint. In thisegdook-ahead is done on the transaction
variables: if a transaction does not have the minimum reguiumber of items, then it can never cover an
itemset of the minimum size, so the transaction can be redhove

Formulating a maximum size constraint as a look-ahead insts less useful; even if a transaction
contains more than the required number of items, we cannutve it from consideration, as not all these
items necessarily have to be included in an itemset.

4.1.2 Redundancy Constraints

In Table 2 we give an overview of the redundancy constraintsteow to combine them, as explained in
Section 2.1.2.

Distance measuresin CP the cardinality of a set can in principle be calculatgdsbmming 0/1
variables representing the elements in the set. Howeveeabwith redundancy, we often need to calculate
the cardinality of a set which is the result of comparing twloen sets. Representing the intermediary set
with additional variables would make our notation cumbereo For instance, to calculate the overlap
overlap(mt, 2) = |Ty N T|, we would first need to calculate the §&tn 75, and then sum the variables
representing this set. As a short-hand notation we willdfeee combine the set operation and the size
calculation as follows:

T'N T =Y [T} + 17 = 2. (35)
teT

Here we count the number of transactions for which Bthand 7 are 1 by using the Iverson bracket
notation. Redundancy constraints measure the distanwe®etwo patterns, so they are by nature pairwise
constraints.
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name set notation CP category

overlap (mt, %) Tt NT?| Z[Ttl + T2 =2 pairwise
teT
distinct (r', 72) (T'OUTH\(T'NT?)| ST} +T7 =1 pairwise
teT
1 9 Z[Ttl + Tt2 =2
T NnT .
jaccard (nt, 72) % tet pairwise
[Tt uT?| ST+ T > 1]
teT
> dist(r, 7)) s 60 | Y dist(n®,7") S 0 > Var S0, Vo = dist(x*, %) global
a<b a<b a<b
mi? dist(m?, ﬂ'b) <0 mirbl dist(m?, 7Tb) <46 mi? Vb < 0, Vi = dist(r®,n%)  global
a< a< a<
mirbl dist(n®, 7%) > 0 Va<p dist(n®, 7%) > 6 pairwise
a<

Table 2: Redundancy constraints and their combinations

name set notation CP category
freq(I) < 6 U, TI<6 > B/ s0, B = [( S° 17)>1| global
teT pe{l..k}
area() 9 | U (I x D) S 6 S Bus<o,
i€, teT _
Bi = S+ = 2}) >1| global
pe{l..k} ]
accuracy(I) £ 0 | freqt(I1) — freq=(I1) S 6 Z B; — Z By <0,
teT+ teT —
By = [( > Tf) > 1} global
pe{l..k}

Table 3: Coverage and discriminative constraints

Combining measure§.he goal is not to constrain one pair of patterns, but all thiesgn a pattern set.
The way in which this aggregation is done defines the comigieXiconstraining the redundancy of the
overall pattern set. Constraining all the distances at evadd result in one large global constraint. An
example of this is when we would sum over all the pairwiseatices:

> dist(r,7") S 6. (36)

a<b

This constraint would not propagate very well as a changadépattern will not directly influence the other
patterns. Typically many of the distances would have to bemmnbefore the constraint can propagate a
change on the other distances. A better solution would bertstcain every distance individually. Consider
the case where we want to constrain the smallest pairwisendis to be larger than a certain threshold

<min dist(wa,wb)) > 0. (37)
a<b

In this case, we can put a constraint on each pair separittg:smallest distance has to be larger than the
threshold, then all distances have to be larger than thehble:Va < b : dist(7®, %) > 6. In this case,
we have a number of independent pairwise constraints ihgteane global constraint on many pairwise
distances. This difference in propagation strength mte/as to discriminate pairwise constraints from
regular global constraints.
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4.1.3 Coverageand Discriminative Constraints

In Table 3 we list the coverage and discriminative constsaiiscussed in Section 2.1.3 and Section 2.1.4.
The cover of the entire pattern set depends on the cover of mdividual patterri’™! = 71U - .- UT*. If

one pattern covers a transaction, then the pattern set@lsosit. In constraint programming we can model
this by introducing a temporary variablg; for every transactiom, whereB; < (3_ .1, 3 T7) > 1.
Coverage and discriminative constraints, which we orifyragefined on the transaction sets of individual
patterns, can also be defined on such temporary variableauBe of the indirect relation between patterns
through these temporary variables, coverage and disativéconstraints are categorised as regular global
constraints.

A special case is thareaconstraint, for which we need to calculate the number of améise matrix
that is covered by the set of patterns. In this c&Bgx |7 | temporary variables are needed to represent
each cell of the matrix individually. Using existing sumimatconstraints, we can expect this constraint to
propagate worse than other global constraints.

4.1.4 Canonical Form Constraints

The pattern set has to be constrained to a canonical formdia &nding duplicate solutions. Such a

canonical form can be enforced by imposing a strict ordednghe patterns in the pattern set. In the
constraint programming community the lexicographic oirtgconstraint is commonly used to achieve this
and its propagation has hence been study extensively [h8tedd of imposing a lexicographic ordering
on the structure of the patterns, one could also order thierpatprimarily on some other property, like its

frequency or accuracy, and use a lexicographic order ontthetsre of the patterns to break ties. Given
that the order constraint can be enforced between everpppatterns, this constraint falls in the category
of pairwise constraints

canonical(T) : 7' < 7% < ... < 7k (38)

There are some design decisions to be made when orderiregrattin case every pattern is a closed
itemset, the itemset uniquely defines the transaction sethertransaction set uniquely defines the itemset.
Hence instead of lexicographically ordering the itemset& can also order the transaction sets. As the
transaction set is typically larger than the itemset, toigld lead to better propagation as more variables
are involved. Finally there is also the choice to post theepabnstraints only on subsequent patterns,
or between all pairs of patterns. Posting them between a6 paquires(n — 1)(n — 2)/2 additional
constraints, but could result in some additional pruning.

4.2 Modedling Instantiations

The constraints introduced in the previous section allovousiodel all the mining problems that were
introduced in Section 2.2. Essentially, to obtain a cong@&® model, we need to enter the appropriate CP
formulations of constraints in the problem descriptionSe€tion 2.2. Let us illustrate this for the problem
of concept learning. When we fill in the formulas of the praxd@ection in the model of equation (27), we
obtain the following CP model:

Vpe{l,....,k}:VteT :Tf < Zlf(l —Dy;) =0, (Coverage)
i€l
Vpe{1,...,k}:ViEZ:IfHZTtp(l—DM):O, (Closed)

teT

VEeT:Bi= (Y TP =1/,

pe{l..k}
Z B, — Z B; >0, (Accurate)
teT+ teT—

T ' <T?<...<TF (Canonical)
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This model captures a problem that involvepatterns at the same time; constraint programming systems
provide a strategy for finding optimal solutions to this desb.

The important advantage of this model is that it allows a aee solution to the concept learning
problem. Nevertheless, we would like to point out that one &iso use CP systems to find an optimal
solution in two steps. In this case, we first search for athgets that fulfil the local constraints:

coverage (),
closed (),

In this model we only search for one pattern at a time. Usihgeahsets found, we create a new trans-
actional database, in which every item represents an iter@sethis new transactional database we solve
another pattern mining problem with the following consitai

disjcoverage (),
size(m) = k,
accuracy (fTqur(?T),fTeqi(W)) = 0.

Each resulting itemset corresponds to a set of local pattend is hence a pattern set. The constraints
enforce the desired siZzeand accuracy. This approach is similar to the approach chosen in [9], wher

additionally a frequency constraint is used. Our hope istti@single-step approach outperforms this more
traditional step-wise approach. Whether this is the calidowiexplored in the next section.

5 Experiments

The key contribution of this paper is the introduction of &el@and flexible framework for mining-pattern
sets. As stated before, we focus on generality and flexilvdither than efficiency or scalability. Therefore,
it cannot be expected that our technique would be more aftioiemore scalable than the more specialized
and optimized data mining algorithms that often focus omalsitask only and perform heuristic rather
than exhaustive search. The purpose of the experimentsiz lather to obtain insight in the problem of
k—pattern set mining problem, its possibilities, limitatsoend challenges for further research.

The experimental section is therefore intended to ansvesfiaifowing questions:

1. how does the proposed one step approach compare to theepprecedure?
2. how does thé-pattern set mining approach scale to the different tasks?

3. can the categorization of the constraints (into globaiivse, local and local look-ahead) be used
to characterize the performance of the algorithm?

We will study these questions by performing experimentsturh of the four tasks of interest, that is,
concept-learning, clustering, tiling and rediscriptioming. We then also formulate general conclusions.

For the experiments we used Gecode [14], an open and effioigrstraint programming solver. It
includes propagators for all the constraints used in thiepa-or constraints of the forin[B! + B? < q
we added a simple propagator that directly calculates theauarge, thus avoiding to store an auxiliary
variable for every single reified sum. The datasets usedamethe UCI Machine Learning repository [15]
and were discretised using binary splits into eight equediency bins. The majority class was chosen as
the positive class. The properties of the resulting dasasetlisted in Table 4. Experiments were performed
on PCs running Ubuntu 8.04 with Intel(R) Core(TM)2 Quad CPR580 processors and 4GB of RAM.

5.1 k—term DNF Learning and Concept Learning

We focus on the concept learning setting in which we want taimize the accuracy of the pattern set. In
case &-pattern set is found that covers all positive transactasnone of the negative ones, this setting
is identical to pure-term DNF learning.
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Transactions Items Density Class distr.
anneal 812 53 42% 7%
audiology 216 148 45% 26%
hepatitis 137 44 50% 81%
lymph 148 60 38% 55%
primary-tumor 336 31 48% 24%
soybean 630 50 32% 15%
tic-tac-toe 958 27 33% 65%
vote 435 48 33% 61%
Z00 101 36 44% 40%

Table 4: Dataset properties

Zoo, 1step exhaustive Vote, 1step exhaustive
10000 100000
1000 10000 v
#=no mi 1000
100 - nr? mmfreqo v *=no minfreq
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; - ® minfreq 70% v >
1
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Figure 2: Comparing a one step exhaustive search with a spoesthaustive search.

In our first experiment, we investigate the first questionw ltmes the proposed one step approach
compare to the two step procedure (Q1)? In the two step apprdiast all patterns given a minimum
frequency threshold are mined, and in the second step thecbmbination ofk patterns is sought. In
the one step approach we also impose the minimum frequemsgraint, but search for thie pattern set
directly, as indicated in Section 4.2. Figure 2 shows theltex this experiment for the zoo and vote
datasets, using different frequency thresholds. Our mep®ne step approach (top row) is faster and
scales to highek than the two step approach in most cases, especially forrleguéncy thresholds. The
two step approach generally suffers from the large amoucdndidate patterns that its first step generates.
The one step approach on the other hand is able to effectiseyall the constraints, thereby making it
possible to find the optimail-pattern set up to certain valuesigfeven without a frequency constraint.

Hence, on this task we can conclude that it is beneficial tachdar k-pattern sets directly.

Next, we investigate the question how the approach scaldifévent tasks (Q2). In Figure 3 we see
the k-pattern set mining problem of concept learning without aimum frequency threshold on different
datasets. Fok = 1 we are able to find the single concept that best describesathdrdless than a second.
For k = 2 the two best concepts are also found in a reasonable amotimefbut for largerk the run
times quickly become very large and the scalability is ledit

This can be explained by looking at the types of constraimslved, as mentioned in our third question
(Q3). Overall, the concept learning model consists of theerage and closed local look-ahead constraints
which we already found to perform well in previous work [7§,\&ell as the global accuracy constraint and
pairwise lexicographic ordering constraints (we still mgefrequency constraint here). The case- 1
is special, as there are no ordering constraints and theaamcaonstraint is local. Fok = 2, there
is a pairwise ordering constraint; the accuracy constigiaiso pairwise as it is expressed on only two
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Figure 3: Runtime and number of propagations per node focdheept learning setting.
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Figure 4: Runtime and number of conceptual clusteringsdoying

patterns. Starting frorh = 3 more pairwise constraints are added, and the accuracyraoridiecomes a
truly global constraint.

Our hypothesis is that the more patterns are included indltennm set, the less efficient the propagation
of the global constraint becomes and hence the longer thelseall take. To test this hypothesis, we
plot the average number of constraint propagations per nbtlee search tree on the right of Figure 3.
We observe that fromk = 3 on, the number of propagations per node quickly decreaseewiig that
the number of nodes in the search tree grows quickly for asirgk, it becomes clear that with such low
amounts of propagation per node, the search can not efficfamd the optimal solution. Clearly, for larger
k the global accuracy constraint and the pairwise orderingat@llow for sufficient propagation to make
the search feasible.

5.2 Conceptual clustering

In conceptual clustering, one is interested in finding €rssthat are described by conceptual descriptions.
In our case the conceptual description is an itemset, anaddhesponding transactions constitute the
cluster. The goal is to find a clustering with a certain nunibef non-overlapping clusters.

To address the question how CP scales to different tasks {@&)rst consider the differences between
the constraint satisfaction setting (in which we wish to falidsolutions that satisfy the constraints), and
optimisation settings, as given in Section 2.2.2.

Figure 4 shows the run time and the number of non-overlapgirggerings found in different datasets,
for varyingk. We observe that many non-overlapping clusters exist. iSh@gplained by the high dimen-
sionality of our binary data. For increasikgthe runtime and the number of clusterings found increases
exponentially. A similar phenomenon occurs in traditidteinset mining: loose constraints, in our case a
high value ofk, leads to a combinatorial explosion where most time is spe@numerating the solutions.

When we studied the resulting clusterings in more detaileglnpoticed that many of the clusterings
include patterns that cover only one transaction.#er 3, itis common to have one large cluster covering
most of the examples, one medium sized cluster, and oneeclilgtt covers only one transaction. Such
clusterings can be considered less interesting than thagkich the clusters cover about the same number
of transactions. To avoid this, we introduced the optinngegettings in which we search for more balanced
clusterings.

Figure 5a illustrates the first optimisation setting, in g¢hive maximise the minimum cluster size,
while Figure 5b illustrates the second setting, in which weimise the cluster range. In both cases, the
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Figure 5: Mining a pattern set clustering wittconceptual clusters.

figures show the runtime, minimum cluster size and cluster inge for different sizés

We see that the size of the smallest cluster decreases asrtiieenof clusterg increases. The range
of the clusters differs depending on the specific dataseveder, there is a decreasing trend in the range,
indicating that a larger number of clusters can more evdnbter the data.

To assess the influence of the types of constraints (Q3)alssuseful to compare Figure 5a and Fig-
ure 5b. We see that the second approach, in which the rangénsiged, scales less well for increasihyg
although the solutions found are almost always the samediffieeence can be explained by the difference
between the ‘minimum size’ constraint and the ‘size rang&'straint. The minimum size constraint acts
as a local frequency constraint once one candidate solngistreen found. In all later solutions, each clus-
ter has to contain at least as many examples as the smallestrcbf the earlier solution. The size range
constraint, on the other hand, is a global constraint thatatps on the minimum and maximum value over
all clusters in the clustering, and does not reduce to a sifoghl frequency constraint during the search.
We can conclude that if there is a choice between local arshyjmnstraints, then local constraints should
be preferred as they propagate more effectively.

5.3 k—Tiling

In our model of thek—tiling problem, we determine the area of a tiling by summiragiables for all
elements in the data matrix. This means that the problem &lynconstrained by a global optimisation
criterion, which acts as a global constraint during the cealf we consider how the propagation bounds
the search for this model, the area of-atiling is bounded by the sum of all elements in the database th
can be covered by at least one tile. This means that in mos$ ¢hs entire pattern set has to be set by the
search, before the optimistic estimate of the area will Bedoough to be used by the branch-and-bound
search. Hence, one could describe our model olitke(IT) constraint to be very loose. For this reason,
we do not expect thé—tiling model to perform well, and a good test to investigdte timits of our CP
approach further (Q2).

Table 5 shows the maximuinfor which ak-tiling was found within a time limit of 6 hours per run. We
also report the area of thattiling, and the area found by a greekhtiling algorithm for the same value of
k. The results confirm our expectation: only for very lévwean the optimak-tiling be found. For values
of k of 3 and higher, the area constraint is too weak to prune thelsspece significantly, and the search
space is too big to enumerate exhaustively. When an opfintitihg is found it is often, but not always,
better than thé-tiling found using the greedy search approach.
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pattset k-tiling greedy k-tiling

max k area for this k area for this k

soybean 3 4447 4357
Zoo 3 772 749
lymph 2 1445 1424
primary-tumor 2 1841 1841
tic-tac-toe 2 876 876
vote 2 1758 1758

Table 5: Maximun¥ and area for thé-tiling problem on multiple datasets, with a timeout of 6 h&urhe
right column shows the area for the salavhen using a greedy tiling algorithm.

5.4 Redescription mining

We consider the case where the data consists of two pasjtibrey both range over the same set of
transactions but consist of two different sets of items. Aatiption is a pattern defined on one of the
partitions. We are interested in finding redescriptionsnelg two patterns from the different partitions
that cover many or all of the same examples. In our experiahesetting, we randomly partitioned the
attributes in two classes.

To investigate (Q1) we compare two approaches for findingrtbst frequent exact redescription. The
first approach is a one step approach and models the entbkeprén CP. In the solution, the patterns cover
exactly the same set of examples and this set is the largeditrefdescriptions. In the second approach,
we first find all closed itemsets that have at least one itenadh @artition. Redescriptions can be found
by postprocessing these itemsets, as the union of two citissadets with equal coverage must be a closed
itemset in the original data as well. Table 6 shows the rue tireeded for the one step approach (column
2) and for the first step of the two step approach (column 4diRg all closed itemsets already takes more
time than finding the global optimal solution in one step fastdatasets. In the two step approach, each
of the patterns would also have to be post-processed. Thitdviacrease the difference in runtime even
further, especially for datasets with many solutions. Heo this problem the one step approach is again
more promising.

To investigate (Q2) we compare the several settings fols@gsion mining introduced in Section 2.2.4.
The first three columns of Table 6 list the result for the mostjfient exact redescription. Figure 6 shows
results from searching for the best redescription undéerdifit frequency thresholds, where we use the
distinct measure explained in Section 4 as quality measure. A distamess of zero corresponds to an
exact rediscription. The run times for finding the redeswips are generally low in these settings. Except
for the zoo dataset, the relative frequency of the redesenipin Table 6 is low (column 3). For these
datasets, there are no exact redescriptions covering memgetctions. Figure 6 shows the result for differ-
ent minimum frequency thresholds. Low minimum frequenegsholds lead to more similar patterns but
possibly less interesting ones. Higher thresholds leadoieemiistinct patterns which are usually a lot more
prominentin the data.

When we study the run times of these results, we can draw tleevfog conclusions with respect to
(Q3). The low run times can be attributed to the constrairtiaad: the usual coverage and closedness local
look-ahead constraints, a pairwise constraint betweehntbédransaction sets, and a minimum frequency
local look-ahead constraint for the branch-and-boundcéesr the first setting. The local look-ahead
constraints are known to propagate well, and the pairwisestcaint is able to immediately propagate
changes in one transaction set to the other. Posting thestramts leads to very effective propagation
and thus fast execution times. In the second setting, liketmstraint for exact redescriptions, thistinct
constraint is also a pairwise constraint. Although lesecative, the fact that it is pairwise allows the
constraint to effectively propagate changes between tstiction sets too.

5.5 Conclusions of the Experiments

When we compare the results on the different experimentsamalraw the following conclusions.
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runtime (s) relative frequency runtime closed (s) number solutions
hepatitis 0.08 4.38% 14.12 1824950
primary-tumor 0.02 0.60% 0.34 29395
vote 0.1 0.92% 0.4 32669
soybean 0.13 3.81% 0.11 2769
Z00 0.02 39.60% 0.03 3029

Table 6: Run times for several settings of redescriptionimginon the left, runtime and relative frequency
when searching for the exact redescription covering moestrgtes; on the right, runtime and number of
patterns found when mining all closed sets forming a redjgsmn.
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Figure 6: Run time, distinctiveness and average frequehpatterns when searching the least distinct
redescription given a minimum frequency threshold.

We evaluated on the problem of concept learning whethembi¢ieficial to use a one step approach as
compared to a two step approach for finding optimal pattets)(§1). These results indicate that the one
step approach can indeed find identical solutions with shouin times; whereas in the two step approach
we are faced with the bottleneck of searching over subsee@é numbers of patterns, in the one step
approach we can use the constraints of the global problesdtece the number of patterns that need to be
considered.

When we compare the different tasks with each other (Q2),ameobserve that there are significant
differences in the scalability of the approach to differersks. Sorting these tasks from easy to difficult,
we find that our model of redescription mining can easily blwesty concept learning and conceptual
clustering are harder, while tiling is not tractable evensome of the smaller datasets. For the tasks of
concept learning and conceptual clustering, we evaluateeral different modelling choices. The impact
of these choices was in particular clear on the problem ofeptual clustering, where we showed that two
different models in practice found the same solutions, baitduite different run times.

The main reason for the differences in run time are the typeoostraints that are used (Q3). By
restricting our setting of redescription mining to setswb tpatterns, we only have local constraints and
pairwise constraints in this problem; we found that the fohtis consequently relatively easily solved. In
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our model of tiling, on the other hand, we had few additiomalstraints next to the coverage and closedness
constraints. Propagation here turned almost impossible Farger than two. On other problems, such as
conceptual clustering, it was beneficial to formulate thebpem in such a way that we effectively obtain
a minimum frequency constraint during the search. This omefil the overall importance of imposing
sufficient local constraints.

The general lessons that can be drawn from our experimentseaice that it is beneficial to formulate
thek pattern set mining problem as a one step problem if one isdsited in finding optimal solutions, but
that the feasibility of finding such optimal sets is dependerthe problem; one should aim at models with
sufficient local constraints and pairwise constraints thuoe the search space.

6 Reated Work

Compared to related work, there are two distinctive feaimeour approach. First, the framework for
pattern set mining can —in contrast to most other approacitzga mining and machine learning — be used
to tackle a wide variety of tasks such as classification tetirgy, redescription mining and tiling. Second,
our work sets itself apart by using a one step exhaustiveoapht while other techniques to mining pattern
sets typically use a two step approach in which first a seta#llpatterns is constructed, and in a second
step the pattern set is extracted.

It is nevertheless useful to look into alternative techefjfor removing redundancy in the output of
local pattern mining algorithms, as this problem has beeregsly recognised ([16, 17, 18, 19, 20, 21,
22, 23, 24, 25, 26, 9]). These techniques can be distingdishevhether they remove redundancy at the
local level, that is, at the level of individual patterns abthe global level by constructing a concise set of
patterns. We now discuss each of these techniques in turn.

6.1 Local Techniques

Techniques for removing redundancy at the local level gihydocus on finding patterns that form a con-
densed representation ([16, 17, 18]). Condensed repeggrrgrange from exact representations for which
the frequency of each pattern can be reconstructed, to fepsgsentations that discard a part or all infor-
mation regarding frequency [18]. Whether a pattern is pfa condensed representation depends on its
sub- and supersets. This can often be efficiently determdnadg search, making many condensed repre-
sentations an adequate tool for decreasing not only the euafipatterns found but also the computational
resources needed. However, there are no guarantees asipetloé the reduction, so condensed represen-
tations solve the redundancy problem only partly. Becabigs advantages, condensed representations are
usually mined for in the first step of many two step algorith@sir approach considers only closed fre-
guent patterns. It is possible use other condensed repatisers such as the ones defined in [7], although
it could be that the globally optimal pattern set does nastefiorr some of the condensed representations.

6.2 Global Exhaustive Two step Techniques

The framework folk-pattern set mining that we introduced builds upon the madicexhaustive pattern set
mining by De Raedt and Zimmermann [9]. They provided a gdmkfaition of two step constraint-based
pattern set mining by exploiting the analogies with locattgra mining. The key differences with the
present approach is that their work assumes a two step progedtiat is, it actually is centred around the
computation of

Th(L,p,D) = {1 C Th(L,p’,D,) | p(I1, D) is true:

in which first a local pattern mining step is performed, réaglin the set TQL, p, D) and then subsets
containing such patterns are searched for. A further diffee with the present approach is that we look for
sets containing a fixed number of patterns. While this is mestrictive it is — in our opinion — essential
from a computational perspective. Lastly, because theogabrof [9] is derived from local pattern mining,
it suffers from the same problems as the original patternimgialgorithms, namely an overwhelming
amount of pattern sets, many of which are redundant. To aigdoroblem, we focussed on finding the
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optimal pattern set, according to some measure, directly.reBnoving this optimisation criterion, our
approach can be used to find all pattern sets too.

Related to the interpretation of a pattern set as a DNF farnsudlso the BLOSOM framework [27],
which can mine for all DNF and CNF expressions in a binary skttaBLOSOM uses the notion of closed
DNF and minimal DNF to minimise the logical redundancy in #ressions. However, a two step
approach is again used in which first (variants of) frequettiepns are searched and later post-processed.

6.3 Global Heuristic Two Step Techniques

While [9] used an exhaustive two step approach to findingepatets, there are numerous heuristic ap-
proaches to finding global pattern sets that first perforntallpattern mining step and then heuristically
post-process the result ([1, 28]) (see [29] for an overviévius the second step does not guarantee that the
optimal solutions are found. Furthermore, these appraagbeally focus on one specific problem setting
such as classification. For instance, CBA [1] first compuliefsegjuent itemsets (with their most frequent
class label) and then induces an ordered rule-list clasb§ieemoving redundant itemsets. Several alter-
native techniques (for instance, [28, 30]) define measuresdaindancy and ways to select only a limited
number of patterns. Constructing a concise pattern setderinu classification can be seen as a form of
feature selection.

Another related problem setting is that of finding a good cagagion of the entire collection of frequent
patterns. There exist many different approaches such atediug the collection of frequent patterns [22],
finding the patterns that best approximate the entire didle¢21], ordering the patterns such that each
prefix is a good summary [20], ordering according to staistp-value [19], and more. By nature, these
techniques also work in two steps: first find all patternsigi@eninimum frequency threshold, then com-
press that collection of patterns.

Techniques also exist that try to compress the datasetthtrethe collection of patterns. For example,
the KRIMP algorithm [25] uses a Minimal Description Lengised global measure of compression. The
compressed set of patterns covers all transactions, asse@fién required in this work. Alternatively, a
greedy covering technique similar to the one used in [21]dcba applied on the dataset. However, in both
cases, again a heuristic two step algorithm is used andzbesbthe selected pattern set is unbounded.

In[24], Knobbe and Ho present the concept pkdtern teanas a small subset of patterns that optimises
a measure. They identify a number of intuitions about patsets, and four measures that satisfy them;
two of these are unsupervised measures while the other ®Bvsugrervised. The first supervised measure
uses a classifier and cross validation to assess the qubktyattern team, which is beyond the scope
of our work. The second supervised measure is area underQiedrrve. We showed in [8] that it is
possible to exhaustively find the set of all patterns on th€R6nvex hull, even without restricting the set
to a sizek. The work in [24] differs from ours as they mostly focus on hguality measures cover certain
intuitions while we focus on how to express many constramtme framework and also on the impact of
these constraints on exhaustive search.

7 Conclusions

We have introduced the problem/iofpattern set mining and showed how it can be instantiatechimyrdif-
ferent ways to solve a wide variety of different tasks. Rwllg the paradigm of constraint programming,
we have presented a framework in which problems are defimeddh different types of constraints. By
simply varying the constraints, it is possible to formuldiféerent problem settings and tasks. The range of
tasks that can be expressed includes instances of conaepitig, clustering, tiling and redescription min-
ing. This shows the flexibility and generality of the apprioamertainly as compared to existing approaches
to data mining which often focus on a single task and only ademstraints.

By identifying five families of constraints, it is possible tormulate different problem settings and
tasks by simply varying these constraints. One of the biggesefits is that one does not have to stick
to one problem formulation. Instead, other constraintdadcbe added or replaced, resulting in different
variants. The need for different problem formulations ddu driven by the application at hand, or by the
computational effects of choosing certain constraints.
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We demonstrated how the constraints can be formulated aB,sza@&how standard constraint program-
ming solvers can subsequently search for the optimadttern set. The feasibility of this approach was
proven in a number of experiments. The experiments alsoathevinich problem instantiations, and more
specifically, which combination of constraints, can redtimehuge search spaces to manageable sizes. In
this regard, we identified five families of constraints thygit¢ally differ in the amount of propagation they
allow and hence influence the efficiency of the search.

By studying the local and global constraints based on th&ipggation power, we have contributed
to a better understanding of the relationships between mua global constraints, especially with the
identification of pairwise constraints as a kind of globahswaint with a propagation power that is more
similar to that of local constraints. A further study on whkahstraints can be decomposed into pairwise
constraints could lead to advances, not only for one steptestive search methods, but also for two step
approaches. In general, the study of the relation betwesal émd global constraints, not necessarily in a
one step framework, merits further study.

There are several other interesting issues for future weirkt, although we have shown that reasonable
results can be obtained for some problem settings, otheeshaeder to tackle within our framework. The
guestion remains open as to whether optimal pattern setisdee problems can be found using alternative
propagators that take into account additional properfiéiseoconstraints in data mining. Furthermore, the
scalability of the approach to larger valuesiaind larger datasets could also be investigated. Seconlé, whi
we now solve the-pattern set mining problems using exhaustive search rdsttibvould be interesting
to investigate whether the constraints could also be us#d far example, local-search methods. Even
though this would result in approximate solutions, it coalsb lead to a better understanding and a more
general perspective on pattern set mining.

Further variations and combinations of the constraintd tis®ughout this paper might lead to the for-
mulation of novel data mining tasks. The framework can —isthgard — serve both for rapid prototyping
and as a benchmark when developing new algorithms.

This framework implements a part of our vision to developagah declarative data mining tools.
Possibilities for future work include its extension towsarore general clustering tasks, and linking the
framework to the many data mining methods based on matheshptogramming. In the long term, this
should allow data mining experts to solve data mining pnoisl®y implementing a series of models in an
integrated solver environment.

All datasets and source code used will be available online at

http://dtai.cs. kul euven. be/ CP4I M

upon publication of this article, as are our other result€@mbining pattern mining and constraint pro-
gramming.
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