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Abstract

A significant part of current research on (inductive) logic pro-
gramming deals with probabilistic logical models. Over the last
decade many logics or languages for representing such models have
been introduced. There is currently a great need for insight into the
relationships between all these languages. One kind of languages
are those that extend probabilistic models with elements of logic,
such as the language of Logical Bayesian Networks (LBNs). Some
other languages follow the converse strategy of extending logic pro-
grams with a probabilistic semantics, often in a way similar to that
of Sato’s distribution semantics.

In this paper we define a mapping from LBNs to probabilistic
logic programs with the distribution semantics.
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1 Introduction

In the fields ofprobabilistic inductive logic programming (PILE3] and statistical relational
learning (SRL)8] there is a large interest in probabilistic logical madeDver the last decade
many different languages for representing such models le®e introduced.

One class of languages deals with probabilistic extensiblegic programs. Syntactically
one typically uses logic programs in which facts, clausesheads of clauses are annotated
with probabilities. Semantically one often relies (exiplycor implicitly) on Sato’sdistribution
semantics (DJL5]. We refer to languages that fit this descriptiorD#% languagesExamples
of DS languages are PRISM [3, Ch.5], the Independent Choaggcl{13], ProbLog [4] and
Logic Programs with Annotated Disjunctions [16].

Another popular class of languages deals with extensiopsatifabilistic graphical models
to the relational case. For instance, Markov Logic [8, Chat®l Relational Markov Networks
[8, Ch.6] are based on undirected models, while many otheyulages are based on directed
models: Relational Bayesian Networks [3, Ch.13], Prolitiil Relational Models [8, Ch.5],
Bayesian Logic Programs [8, Ch.10], BLOG [8, Ch.13], CBR() [3, Ch.6],Logical Bayesian
Networks (LBNSs)5, 6] and others. In this paper we focus on the language of 4,Bhich is
strongly related to other languages based on Bayesian retyaspecially BLPs and PRMs [5].

The plethora of languages in SRL and PILP is sometimes exfdio as ‘alphabet soup’
(consisting of the acronyms of the many languages). Thereriently a great need for insight
into the relationships between all these languages [2]. gda of this paper is to study the
relationship between LBNs and DS languages.

One tool for obtaining insight into the relationships betwevarious languages is to define
translations or mappings between them [3, Ch.12+13][2ihis paper we show that each LBN
can be mapped to an equivalent Independent Choice Logic) (i@iory. We also show that
there also exist mappings from LBNSs to the other DS langufigesbLog, PRISM and Logic
Programs with Annotated Disjunctions) and that these nmayspare very similar to the one for
ICL. In recent related work we have used these mappings asatie for a learning algorithm
for DS languages [7].

We proceed as follows. In Section 2 we briefly review ICL and\NsB In Section 3 we
discuss the mapping from LBNs to ICL. In Section 4 we disciresrhapping from LBNs to
other DS languages. In Section 5 we conclude.

2 Background

We assume familiarity with the basics of logic programmih@][and Bayesian networks [11].

2.1 Independent Choice Logic (ICL)

In the definitions below we assume the existence of two disgets of atoms: the set base
atomsand the set oflerived atoms

An ICL theoryis a pair (R, .A) with R an acyclic logic program andl a set of anno-
tated alternatives. Amnnotated alternativés a finite set of base atoms each annotated with
a probability (to be precise, each atemis annotated with a numbét,(«) € [0, 1] such that
> o Po(a) = 1). The logic prograntz in an ICL theory is constrained in the sense that the heads
of the clauses cannot unify with base atoms (only with der@®ms). The set of annotated al-
ternativesA is constrained in the sense that no atom in any alternativelicdy with any other
atom in the same or a different alternative. These conssraimR and.A are needed to allow
for an ‘independent choice’ of a base atom from each (grodindenotated alternative. In this
paper we assume that there is a finite number of annotatedatltes in4 and thatR is functor
free.



The semantics of an ICL theory is that it defineprabability distribution over possible
worlds A possible worldis an interpretation of all (base and derived) atoms. Thiiloligion
over possible worlds is derived from the annotated altaresi4d and the logic progrank as
follows. A total choiceis a set of ground base atoms that can be obtained by seldimg
each grounding of each annotated alternativd iexactly one atona. The probability of a total
choiceC is defined ag [, Fo() with Py(«) the probability ofa according to the annotated
alternative that it was selected from. To each total chél@®rresponds one possible world: the
world in which an atom is true if and only if it is entailed lByand R, i.e., if it is in the stable
model ofC' U R.! The probability of this world is the same as that of its totadiceC.

The above definitions are essentially those of Poole [18}88]. For the purpose of this
paper, we need one extension to these definitions: the éxteosICL with aggregates Con-
cretely, we allow aggregate literals in the bodies of thests of the logic programk (see the
example in Section 3.2). For this we need an extension oftdi#esmodel semantics towards
logic programs with aggregates. We use the extension ovRetlal. [12]. One potential com-
plication with using this in ICL is that all stable models i@l are required to be unique and
two-valued [13, p.29]. The stable models of Pelov et alsfathese requirements for logic
programs that are ‘aggregate stratified’ [12]. Fortunatallyprograms that we consider in this
paper are indeed stratified.

2.2 Logical Bayesian Networks (LBNs)

In LBNs [5, 6] we assume that there are some predicates therdi@e the domain of discourse
and that there is no uncertainty about these predicates.exammple, in a university domain
we could have predicatesudent/1, course/1 andtakes/2 with the obvious meaning. The
semantics of an LBN is only defined with respect to a givenrprtation of these predicates.
We refer to such an interpretation asiaput interpretationfor that LBN.

In LBNSs, special predicates are used to represent randaables (RVs). We refer to such
predicates and the corresponding atomprababilistic predicates/atomsA ground probabilis-
tic atom represents a specific RV, while a non-ground prdiséibiatom represents a ‘param-
eterized’ RV. Each probabilistic predicatehas an associatédandom variable declaration’
which specifies which RVs built from exist for a certain input interpretation. Each probabilis-
tic predicate also has an associatadge which specifies the (finite) set of values that these
RVs can take. In our university example, probabilistic rates could berade/2 with dec-
larationrandom(grade(S, C)) «— student(S), course(C'), takes(S,C") and rang€{good, ok,
bad}, and graduates/1 with declarationrandom(graduates(S)) <« student(S) and range
{yes,no}. When given an input interpretatioh (that specifies for instance the predicates
student/1, course/1, andtakes/2), we can use the random variable declarations to obtain
the set of all RVs that are defined for We denote this set bRV ().

Another concept in LBNs is that of first-order logical probability tregfor a probabilistic
predicatep. This is a decision tree in which each internal node containsolean test, and each
leaf node contains a probability distribution on the ranfy@.oThe purpose of such a tree is to
specify how RVs built from the predicajedepend on the other RVs. An example of a tree for
graduates/1 is given in Figure 1 (the parameterized R¥aduates(S) is called the ‘target’ of
this tree). As this tree shows, two types of tests can be usiediernal nodes.

e The first type is a test on the value of a parameterized RV sagjr@ie(.S, C')=bad.
Logical variables that occur in such tests but not in theefaaj the tree, such as),
are (implicitly) existentially quantified. Hence the tgstide(S, C')=bad checks whether
there exists a courg€ for which the given studert has grade ‘bad’.

e The second type is an aggregate test suchvage(grade(S, C2))=good. Logical vari-
ables that occur in such tests but not in the target of the $weEh ag”'2, are aggregated

For negation free programs the stable model is equal to #s kerbrand model.



’ grade(S,C) = bad ‘

’ mode(grade(S,C2)) = good ‘ (yes: 0.9 no: O@

(yes: 0.6 no: 0.4 (yes:0.2 no:0.§

Figure 1: An example of a first-order logical probabilityerfor the targegraduates$s). If a
test in a node succeeds, the left branch is taken, otheraseght branch.

over. Hence the testode(grade(S, C2))=good checks whether the most frequent grade
of S over all courseg’2 is ‘good’.

An LBN consists of one random variable declaration and one logicabability tree for
each probabilistic predicate. Given an input interpretat, the trees in an LBN determine
a dependency relation between the RVSIW(I) (the so-called ‘parent relation’ [5]). If this
dependency relation is acyclic, then we dadl legal input interpretatiorfor that LBN.

The semantics of an LBN is thatribaps each legal input interpretatiohto a probability
distribution over the possible worlds fdr Each possible world is a joint state of the RVs in
RV(I). The probability of a world is defined as a product of condisibprobabilities, like in a
Bayesian network. The conditional probability distriloutifor a particular RV given its parents
is defined by the corresponding probability tree.

3 The Mapping from LBNs to ICL

Poole already showed that any discrete Bayesian networbeamapped to an ICL theory that
specifies the same probability distribution [3, Ch.8]. Iisthection we essentially extend this
propositional result to the first-order case.

3.1 Problem Definition

Given an LBN, we want to find an ‘equivalent’ ICL theory. A teutal complication is that an
ICL theory directly defines a probability distribution, vidnan LBN maps input interpretations
to probability distributions. Hence we define the mapping problem as follows: gaehBN L,
find a logic program and a set of annotated alternativésuch thafor any input interpretation
I that is legal forL, the probability distributionP, 5 of L for I is equal to the probability
distribution P;¢, of the ICL theory(R U I,.A). We refer to the paifR, A) as theequivalent
ICL theoryof the LBN (this is a slight abuse of terminology since theaiattCL theories involve
not R but R U I).

3.2 The Mapping

In this section we show that (and hoagch LBN can be mapped to an equivalent ICL theory

To map an LBN to an equivalent ICL theory, we need to map théabiity tree (and
random variable declaration) of each probabilistic pradidn the LBN. This mapping can be
done for each probabilistic predicate separately. In otfwds, the mapping is local. Mapping
the probability tree for a probabilistic predicatés essentially done by mapping each path from
the root to a leaf in the tree to a corresponding ICL clauseaaambtated alternative. In addition,
some auxiliary clauses (not specific to any leaf in the treighimeed to be added to the ICL
theory as well.

2This is a recurring problem when defining mappings betwe&PMRL languages [3, Ch.13].



Concretely, the procedure for mapping an LBN to an equivtdleh theory is as follows.
We start from the empty ICL theory. We loop over all probatiti predicates in the LBN. For
each considered predicagteve perform two steps.

1. As a preprocessing step we annotate the probability tre@ fvith some information
needed in the next step. In the same process we also creatersmessary auxiliary
clauses and add them to the ICL theory.

2. We loop over all leaves of the annotated treegfoFor each considered leaf we create a
corresponding clause and annotated alternative, and addtththe ICL theory.

We now explain these two steps in detalil.
3.2.1 Stepl: Annotating the Tree and Creating Auxiliary Clauses

3.2.1.1 Main Ideas

The first step is a preprocessing step in which we annotaieotigdered logical probability tree
with some information needed in the next step. Concretieéygbal of the first step is to find for
each node in the tree (leaves and internal nodes) a comunatiliterals that describes the path
from the root to that node. Below we show that this can be ddtieawecursive procedure.

Annotating the tree sometimes requires the introductiomeaf predicates (that are not used
in the original probability tree). This is the case wheneiber tree contains a non-aggregate
test that contains a logical variable that does not occunértaérget of the tree, such as the test
grade(S,C') = bad in Figure 1 (the variabl€’ does not occur in the target). We call such tests
‘existential testsbecause the variables that do not occur in the target (li&eséniableC) are
existentially quantified (recall Section 2.2). We call tleswpredicates that need to be introduced
when annotating a tree with existential teatsciliary predicates Of course, the definitions of
these auxiliary predicates need to be added to the ICL thiwaryis obtained after mapping
the tree. The reason why dealing with existential tests mne@ tequires auxiliary predicates is
related to negation, see Section 3.2.2.2 (or see Blocke8lddtion 5.3.2] for more details).

The procedure that we execute in Stepl for the given prababiée 7" is shown in Fig-
ure 2. This procedure annotates the noded pfintroduces auxiliary predicates, and cre-
ates the auxiliary clauses that define these predicatess procedure is inspired on thoee-
RIVE_LOGIC_PROGRAMprocedure of Blockeel [1, Section 5.3.2] for mapping a lagiecision
tree to a logic prograr.We explain our procedure further by means of an example.

3.2.1.2 Worked Example

Consider the tree of Figure 1. Figure 3 shows the annotatesibveof this tree. We now explain
how this is obtained by following olwREPROCES$rocedure of Figure 2.

e \We start by annotating the root of the tree. The current vafilee parametet’onj in the
PREPROCES9rocedure igrue. Hence, we annotatine root withtrue. This indicates
that the root node is always reached.

¢ Next we have to convert the test in the rogtdde(S, C') = bad). The idea is simply to
convert tests that are formulated in terms of parameteiésito a more standard form,
namely a conjunction of first order literals. This is done byrg each probabilistic pred-
icate in the LBN an extra argument denoting the value of tleesponding parameterized
RV. Hence, the tesjrade(S, C') = bad is converted to the literajrade(S, C, bad).

3In comparison to Blockeels procedure our procedure crdatesr auxiliary predicates: our procedure only
creates them when strictly necessary, namely for interodés with an existential test, while Blockeel creates them
for every internal node.



procedure PREPROCESEL’) {

/[ T is a first-order logical probability tree
PREPROCESET, true)

}

procedure PREPROCESEL’, Conj) {
/I T is afirst-order logical probability tree
Il Conj is a conjunction of literals
if T'is a leafthen
annotatel” with Conj
else
let Root denote the root node af
let Test, ..+ denote the test iRoot
let L (resp.R) denote the left (resp. right) subtreef
annotateRoot with C'onj
convertT'est,,o; t0 @ conjunctionC'onj,..; of literals
if Test, oo IS an existential teshen
introduce a new unique auxiliary predicate and correspandtomAux Atom
create a clausdux Atom «— Conj A Conjreot-

PREPROCESEL, Conj A Conjroot) /I left subtree = succeeding branch
PREPROCESER, Conj A —AuxzAtom) [l right subtree = failing branch
else

PREPROCESEL, Conj A Conjroot)
PREPROCESER, C'onj A =Conjyreot)

Figure 2: Procedure for preprocessing a logical probghitite (this procedure annotattee
nodes of the tree and creates claubes define the auxiliary predicates).

e Next we check whether the test in the root is an existents&l t€his is indeed the case:
the variableC' is existentially quantified. Hence, we need to introduce & aexiliary
predicate. The arguments of this auxiliary predicate aeedfguments in the consid-
ered test that are not existentially quantified; in this dése is only S, hence we in-
troduce a unary auxiliary predicate.z/1. The current value of the paramet€on;j is
true and the value ofConj,..: is grade(S, C,bad). Hence we have to create a clause
aux(S) «— grade(S, C, bad).

e Now we recursively apply theREPROCES$rocedure to the two subtrees.

— We start with the left subtree. When the procederePROCESSS called for this
subtree, the input paramet€on; in the procedure has the valgeade (S, C, bad).
Hence, we annotatthe root node of the left subtree withrade(S, C,bad). This
indicates that this node is reached if and onlysifide(S, C, bad) is true.

— Next we have to convert the test in this nodeo(le(grade(S, C2)) = good). This
yields the literalmode(G, grade(S, C2,G), good). Note that for aggregates we use
a syntax like that of théindall/3 predicate in Prolog.

— Next we check whether the considered tesb{e(grade(S, C2)) = good) is exis-
tential. This is not the case (aggregate tests are nevdestialy quantified since
all free variables in such tests are aggregated over). Heoaxiliary predicate
needs to be introduced.



t’rue’ grade(S,C) = bad ‘ auzx(S) « grade(S, C, bad).

grade(S, C, bad)’ mode(grade(S,C2)) = good ‘ (yes: 0.9 no: OE —aux(S)

grade(S, C,bad) A . . . - . _ -
mode(G, grade(S, 027G)7good)(yes. 0.6 no: 0@ (yes. 0.2 no: 0.§grade(5, C, bad) A —mode(G, grade(S, C2, G), good)

Figure 3: Annotated version of the probability tree showfigure 1. The target of this tree is
graduates(S). Conjunctions associated with nodes are showhlue, auxiliary clauses imed

— Now we recursively apply therRePROCES$rocedure to the two subtrees of the left
subtree.

x We start with the left subtree of the left subtree; this isldfemost leaf of the
entire tree. The input parametétonj now has the valugrade(S, C,bad) N
mode(G, grade(S,C2,G), good). Hence we annotatehis leaf with this con-
junction. This indicates that this leaf is reached if andyahthis conjunction
is true.

x Then we consider the right subtree of the left subtree. Bhisé middle leaf of
the entire tree. The input paramefésn j now has the valugrade(S, C, bad) A
—mode(G, grade(S,C2,G), good) (note the negated atom). Hence we annotate
this leaf with this conjunction.

— Now we are at the right subtree of the entire tree; this isitifgmost leaf. The input
parameteConj has the valueauz(S). Hence we annotatais leaf with—aux(.5).
Since we have now traversed the entire tree the procedumnenies here.

3.2.2 Step2: Mapping the Leaves

3.2.2.1 Main Ideas

In the second step we map the annotated tree obtained in ¢h@®ps Step to a set of corre-
sponding ICL clauses and annotated alternatives. Thisng dy looping over all leaves of
the annotated tree. For each considered leaf we createesponding ICL clausé «— b and
annotated alternativd.

e The head: is the target atom of the considered tree, again extendédong extra argu-
ment denoting the value of the corresponding parameteRxéd

e The bodyb is a conjunction of literals and consists of three parts:

— the literals associated with the considered leaf the annotated tree (recall that
these literals describe the path from the roaf)to

— the literals in the body of the random variable declaratibtihe target of the consid-
ered tree,

— a unique base atom with the same arguments as thethead

e The annotated alternativé describes a probability distribution for the above basenato
This distribution is the same as the distribution in the @ered leaf of the tree.

We explain this further with an example.



3.2.2.2 Worked Example

Consider the annotated tree constructed in the previot®msdthe tree in Figure 3). This tree
has three leaves.

e Let us start with thdeftmost leaf The corresponding ICL clause for this leaf is the fol-
lowing.

graduates(S,Val) «— grade(S, C,bad), mode(G, grade(S,C2,G), good),
student(S), b1 (S, Val).

— The first two literals in the body of this clause are the litethat are associated with
the considered leaf in the annotated tree of Figure 3. Thesdterals describe the
path from the root to this leaf (note that we end up in this ié#fe tests in both
internal nodes of the tree succeed).

— The third literal,student(S), comes from the body of random variable declaration
of the target of this tree in the LBN-¢ndom(graduates(S)) « student(S)).
While in this particular case the conditigtudent(S) is redundant, in general such
conditions need to be included to ensure that atoms in theh€ary only become
true when appropriate (when they are properly typed, ete.bglow).

— The fourth literal in the bodyy; (S, Val), is a unique base atom. It is important that
this atom has exactly the same arguments as the head of tleecla particular, it
is important tonotincludeC as an argument in this atom: if we would include it (by
writing b1 (.S, C, Val)), then we would get a kind of noisy-or effect with as a result
that for someS both graduates(S, yes) andgraduates(S, no) could become true
in the same possible world, and this is unwanted becausenitipossible in the
original LBN.

The corresponding annotated alternative for this leaféddiowing.
{ Py(b1(S,yes)) = 0.6, Py(b1(S,n0)) =0.4}

This specifies a probability distribution for the base ataitmoduced above. This distribu-
tion is the same as the one in the considered leaf of thegrae (0.6, no : 0.4).

e The mapping of theniddle leafin the tree is obtained in a very similar way.
graduates(S,Val) — grade(S, C,bad), —~mode(G, grade(S, C2, ), good),
student(S), by (S, Val).
{ Py(ba(S,yes)) = 0.2, Py(b2(S,n0)) =0.8 }

e The mapping of theightmost leafis also very similar.
graduates(S,Val) — —aux(S), student(S), bs (S, Val).
{ Py(b3(S,yes)) = 0.9, Py(b3(S,n0)) =0.1 }

Note that the addition of the conditiostudent(S) (originating from the random vari-
able declaratiorrandom/(graduates(S)) «— student(S) in the LBN) to the body of
the clause is really necessary here: if we do not includ&én graduates(S, Val) can
become true for somé that is not a student (but for instance a course).

The mapping of this leaf also illustrates the necessity wbaucing the auxiliary pred-
icateaux /1. One might be tempted to not introduce this predicate antewhe above
clause agraduates(S,Val) «— —grade(S, C,bad), student(S), b3 (S, Val). However,

this would cause a problem with floundering negation sificis a free variable in this
clause. This problem does not occur when using the predieat¢l (which is defined as
aux(S) «— grade(S, C, bad)) since this ‘hides’ the variabl€’.



3.2.3 Summary of the Running Example

In the previous sections we used the probability treg/fariuates(S) shown in Figure 1 as the
running example. All ICL clauses and annotated alternatitaat result from mapping this tree
have already been shown in one of the previous sections.hEmake of clarity we now show
all these clauses and annotated alternatives again. e ectha auxiliary predicateuz /1 into
hasBadGrade/1 since this name captures the intuitive meaning of this petdi

graduates(S,Val) «— grade(S, C,bad), mode(G, grade(S,C2,G), good),
student(S), b1 (S, Val).

graduates(S,Val) — grade(S, C,bad), ~mode(G, grade(S, C2,G), good),
student(S), ba(S, Val).

graduates(S,Val) « —hasBadGrade(S), student(S), b3 (S, Val).

hasBadGrade(S) < grade(S, C,bad).

{ Py(b1(S,yes)) = 0.6 , Py(b1(S,n0)) =04 }
{ Py(ba(S,yes)) = 0.2, Py(b2(S,n0)) =0.8 }
{ Py(b3(S,yes)) = 0.9, Py(b3(S,n0)) =0.1 }

3.2.4 Correctness of the Mapping

In Appendix A we show that the above mapping is correct, tbeyt it yields an ICL theory that
is indeed equivalent to the given LBN. As is required by thé Eémantics, this ICL theory
is always acyclic, or at least ‘contingently acyclic’ [1330]. This is because, for legal input
interpretations, the dependency relation specified by aN isBacyclic as well.

Given an LBN, let denote the set of predicates of this LBN. If we map this LBNrid@L
theory using the above mapping, then the resulting ICL thedlf use a set of predicatés U A,
whereA contains all the predicates that are introduced as a bydptarf the mapping, namely
auxiliary predicates (Section 3.2.1.1) and base prediq&ection 3.2.2.1). For instance, in our
running example\ is the sef{ hasBadGrade/1,b1/2,b2/2,b3/2}). Hence, the LBN defines a
probability distribution over possible worlds determin®d>:, whereas the ICL theory defines a
probability distribution over possible worlds (i.e., irgestations) determined by U A. If we
are not interested in the predicatesAn then we can of course derive from the ICL theory a
probability distribution over interpretations far only. This can be done in the standard way,
namely by marginalisation: we sum out all predicatedifi When we say that “the probability
distribution of the ICL theory obtained from our mapping @gal to the probability distribution
of the given LBN” we are referring to thmarginaliseddistribution of the equivalent ICL theory.

3.3 Discussion

We want to stress that the above mapping does not simply map/drio whatever ICL theory
that defines the same probability distribution as the LBNe Tlauses in the mapped ICL theory
in addition also express the same conditional independsnand even the samentext-specific
independenciefb][3, p.230], as the probability trees in the LBN.

Note that for LBNs that do not contain aggregate tests, thppe ICL theories do not
contain aggregates either. Hence, in such cases we canauseigmal definition of ICL by
Poole [13]. When considering LBNs with aggregate testspihpped ICL theories also contain
aggregates and we resort to the extension of ICL with agtgeges discussed in Section 2.1.

We have seen that each LBN can be mapped to an equivalent é€8kythr his means that the
mapping is total. On the other hand, given an ICL theory, @reatso ask the question whether
there exists an LBN that maps to it. This question is releiratite context of learning. In recent

“Let I be an interpretation of the predicates’iin Then we have thaP(Is) = 21, Pz A 1a), where the
sum is over all possible interpretatiofs of the auxiliary predicates irh.



related work [7] we have learned ICL theories from data byrliegy LBNs and mapping them to
ICL theories. With this approach we can of course only le@intheories for which there exists
an LBN that maps to them. We call such ICL theorie€BN-compliant LBN-compliant ICL
theories all have a particular structure (similar to thahefICL theory for our running example
shown in Section 3.2.3). However, there exist valid ICL tieothat do not have this structure
and hence are not LBN-compliant (and cannot be learned withproach [7]). This particular
structure that we are talking about is visible in both paftthe ICL theories: the clauses and
the annotated alternatives.

e For eachannotated alternativén an LBN-compliant ICL theory it holds that all atoms
in the annotated alternative 1) are built from the same pegelj and 2) have the same
non-ground arguments, with the exception of the last argumich is ground and is
different for each atom in that alternative. An example aftsan annotated alternative is
{outcome(Toss, heads) = 0.5, outcome(T oss, tails) = 0.5}. In contrast, an annotated
alternative like{heads(Toss) = 0.5,tails(Toss) = 0.5} does not have this structure,
hence any ICL theory containing this alternative is not LBdmpliant.

e Theclausesn an LBN-compliant ICL theory also have a particular stamet Most impor-
tant is that the bodies of all clauses with a unifiable hea@ lagparticular structure: they
correspond to the paths in a logical decision tree, i.esetmdies aréree-structured:

If the bodies of a set of clauses are tree-structured, thifiesthat:

— The bodies arenutually exclusivgi.e., in any possible world at most one of them
is true (this is because all paths in a decision tree are riytexclusive). Hence,
any ICL theory that contains two clauses with a unifiable haad bodies that are
not mutually exclusive is not LBN-compliant; this includies instance ICL theories
with noisy-ordependencies [3, Ch.8].

— The bodies areovering i.e., in any possible world at least one of them is true.

Note, however, that it is not the case that any set of bodiasare mutually exclusive
and covering is necessarily tree-structured: some setediéd are mutually exclusive
and covering but yet do not correspond to the paths of anysideciree (even in the
propositional case [14, Section 3.2]).

4 The Mapping from LBNs to LPADs, PRISM and ProbLog

In the previous section we have shown that each LBN can be edafgpan equivalent ICL
theory. In this section we show that there also exist magpirgm LBNs to PRISM, ProbLog
and LPADs (Logic Programs with Annotated Disjunctions)d &mat these mappings are very
similar to the one for ICL.

To make the mappings to LPADs, ProbLog and PRISM total {iceensure that each LBN
can be mapped to an equivalent LPAD, PRISM program or Prolpkogram) we need to extend
these languages with the concept of aggregates in the sapnasvae did for ICL. As for
ICL, it holds that aggregates are needed only when the ceresid_BN also contains aggregate
tests, otherwise the LBN can be mapped to an equivalent LPADSM program or ProbLog
program without aggregates. For LPADs, the possibility mfeatension with aggregates has
been mentioned before [16]. For PRISM and ProbLog, whictbased on Prolog, aggregates
could be defined in terms of meta-predicates fikdall/3 but as far as we known this is not yet
supported by neither PRISM nor ProbLog.

In the context of mapping LBNs the issue of aggregates isogahal to the differences
between the various DS languages (ICL, LPADs, PRISM and IRgh Hence we do not
discuss this issue any further in the following sections asslime that the languages of LPAD,
PRISM and ProbLog are extended with aggregates.
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4.1 The Mapping from LBNs to Logic Programs with Annotated Disjunctions
(LPADS)

For an introduction to LPADs, see Vennekens et al. [16]. Nbé the language dCP-logic
is equivalent to LPADs [17]. Hence the comments below applyatly well to CP-logic as to
LPADs.

Itis known that ICL is strongly related to LPADs[17, Secti®d.1]. As a consequenceach

LBN can be mapped to an equivalent LPADIn almost exactly the same way as discussed for
ICL.

e Theclausesin the equivalent LPAD are exactly the same as those in thivaguat ICL
theory.

e Theprobability distribution over base atomahich is modelled in ICL by means of anno-
tated alternatives, is modelled in LPADs using clauses wittue (‘empty’) body. There
is a direct correspondence between ICL alternatives and dacises. For instance, the
ICL alternative{ FPy(b1(S,yes)) = 0.6, Py(b1(S,n0)) = 0.4 } corresponds to the LPAD
clauseb; (S, yes) : 0.6 V b1 (S, no) : 0.4.

There exists at least one other way of mapping LBNs to LPAR=ding different but equiv-
alent LPADs). Because this mapping is complicated by sotteraechnical issues, we do not
discuss it further.

4.2 The Mapping from LBNs to PRISM

For an introduction to PRISM, see Sato and Kameya [3, Chl%. HRISM language is strongly
related to ICL. There are some differences in the assungtioade by the two languages but
these differences do not have an impact on the mapping of |LB&¢sbelow. Apart from the dif-
ferent assumptions, the main differences between ICL arl8Rire syntactical. Henceach

LBN can be mapped to an equivalent PRISM programin a very similar way as discussed for
ICL.

e Theclausesn the equivalent PRISM program are the same as those in theadent ICL
theory.

e The probability distribution over base atomsvhich is modelled in ICL by means of
annotated alternatives, is modelled in PRISM by meansioiti-ary random switches
Each ICL alternative can be mapped straightforwardly imaegquivalent multi-ary ran-
dom switch by means of thesw/ 3 construct in PRISM [3, Ch.5, Section 2.1].

As mentioned, there are some differences in the assumptiade by PRISM and ICL. On
the one hand there are some assumptions made by ICL but ndRI8MP(namely about the
finiteness of the theories/programs [3, Ch.5, Section 2.T))ese assumptions are irrelevant
in the context of mapping LBNs: our main result says that da8N can be mapped to an
equivalent ICL theory; obviously if some restrictions ofll@re lifted, the mapping remains
valid. On the other hand, there are some assumptions mad&sMPbut not by ICL [3,
Ch.5, Section 2.2]. The main such assumption in PRISM isgkgusiveness conditionthich
requires that the different explanations of an atom are allytexclusive. Fortunately, any
PRISM program obtained by mapping an LBN automaticallyséias this condition: the bodies
of all clauses with unifiable heads are mutually exclusivénisTholds because these bodies
correspond to the different paths in a probability tree, alhgaths in a decision tree are indeed
mutually exclusive.
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4.3 The Mapping from LBNs to ProbLog

For anintroduction to ProbLog, see De Raedt et al. [4]. Whigirally introduced, the ProbLog
language did not include the concept of negation. Howewere¢ent work [9] ProbLog has
been extended so as to deal with negative literals in claode$ as well. The main remaining
difference between ProbLog and ICL is that ProbLog does awe lthe concept of annotated
alternatives. Instead, ProbLog simply associates prbbediwith facts. However, ICL-like
alternatives can be simulated in ProbLog (see below). Asxaemuence, the languages of ICL
and ProbLog are practically equivalent.

Given the close link between ICL and ProbLog, it is not swipg thateach LBN can be
mapped to an equivalent ProbLog programin a very similar way as discussed for ICL.

e Theclausedn the equivalent ProbLog program are exactly the same ag thadhe equiv-
alent ICL theory.

e Theprobability distribution over base aton{$robabilistic atoms’ in ProbLog terminol-
ogy), which is modelled in ICL by means of annotated altéveat is obtained in ProbLog
by means of probabilistic facts and the use of negation. siance, the ICL alternative
{ Py(b1(S,yes)) = 0.6 , Py(b1(S,n0)) = 0.4 } is modelled in ProbLog using the follow-
ing probabilistic fact and clause.

0.6 : bl(S, yes).
bl1(S, no) :- not bl(S,yes).

This indeed specifies the same probability distributiorr de predicaté1/2 as the ICL
alternative does.

The above shows that binary alternatives can be simulatéttablLog. For multi-ary
alternatives this is possible as well but slightly more cboaped, see the example of
Kimmig et al. [9, Section 2].

5 Conclusion

We showed that there is a strong connection between thedgegf Logical Bayesian Networks
and languages based on the distribution semantics. Cefygnee showed that each LBN can be
mapped to an equivalent Independent Choice Logic theotgr(ektension of the ICL language
with aggregates). We also showed that there exist mappiogslf{BNs to ProbLog, PRISM and
Logic Programs with Annotated Disjunctions, and that th@sgpings are very similar to the
one for ICL. In related work we have used these mappings asasis for a learning algorithm
for languages based on the distribution semantics [7].
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A Correctness of the Mapping from LBNs to ICL

In Section 3 we introduced a mapping from LBNs to ICL. Belowshew the correctness of this
mapping, i.e., we show that each LBN is mapped to an ICL thdwayis indeed equivalent to
the LBN. Recall from Section 3.1 that we call an ICL thedR, .A) equivalentto an LBN L if
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for each input interpretation that is legal forL it holds that the probability distributio®;, 5
of L for I is equal to the probability distributioR;¢, of the ICL theory(RU I, A).

Proof SketchFirst, for each LBNL and each legal input interpretatidrfor L it holds that the
obtained ICL theoryRUI, A) is acyclic, or at least ‘contingently acyclic’ [13, p.30]. This holds
because the dependency relation (the so-called ‘parextior@l [5]) specified by an LBN for any
legal input interpretation is acyclic, and the ICL clausesRidirectly capture this dependency
relation (there is a direct correspondence between thettagj the probability trees in the LBN
and the heads of the clausesfihand between the parameterized random variables testhd in t
internal nodes of the trees in the LBN and the literals in théiés of the clauses iR). That the
ICL theory (R U I, .A) is acyclic implies that its semantics is well-defined, iteat it defines a
proper probability distribution on possible worlds. We nbawe to prove that this distribution
is equal to the distribution defined by the LBINfor the input interpretatiod. Concretely, we
need to prove two points: 1) to each possible world of the LBNeaspond one possible world
of the ICL theory and vice versa, and 2) the probability of agiole world according to the
LBN is the same as the probability of the corresponding jpessiorld of the ICL theory.

Partl:We need to prove that there is a one-to-one correspondeihwedrethepossible worlds
of the LBN and the possible worlds of the equivalent ICL tlyedtecall that a possible world of
an LBN for an input interpretation is a joint state of all random variables (RVs)RV(I).

First, let us show that there is a one-to-one correspondeeivecen the possible worlds of
an LBN and the total choices of the equivalent ICL theory. €etely, given a possible world
wrpn Of an LBN, the corresponding total choice is obtained ao¥al Consider a particular
RV € RV(I). There is exactly one path in the probability tree for that tRst is ‘active’ in
the worldw;, g (the path that is followed for the RV in that world). With thpsith in the tree
corresponds exactly one (grounded) clause and annotaadadive in the ICL theory (this is
how we created the clauses and alternatives, recall S&&®o2.1). From all ground base atoms
in that ground annotated alternative there is exactly orielw¢orresponds to the observed value
of the RV in the worldw; sy (e.g. if the RV isgraduates(sl) and its value invy gy is yes,
then the corresponding ground base atom(isl, yes) where: indicates which path in the tree
is active). For each R¢ RV(I) we can find a corresponding ground base atom in this way.
The set of all ground base atoms obtained in this way cofesttdotal choice. This is the total
choice that corresponds to the possible warlg; .

The above shows that there is a one-to-one correspondetwedrethe possible worlds
of an LBN and the total choices of the equivalent ICL theonheTCL semantics implies a
correspondence between the total choices and the possittsvef an ICL theory (Section 2.1).
Hence, we now have a correspondence between the possibittswban LBN and the possible
worlds of the equivalent ICL theory. From the above it shooddclear that a possible world
wrpn Of the LBN and its corresponding possible wodd;, of the ICL theory are indeed
equivalent: an RV takes a particular value (euguduates(sl) is yes) inwr gy if and only if
the corresponding atom (e @:aduates(sl, yes)) is true inw;cr.

Part2: Above we established a one-to-one correspondence betlvegrossible worlds of the
LBN and of the equivalent ICL theory. We now prove that flrebability of a possible world
according to the LBN is the same as the probability of theesponding possible world of the
ICL theory.

The probabilityP;, s n (w5 ) Of @ possible worldvz, g according to an LBN is the product
over all RVse RV(I) of the probability (according to the relevant probabilitee) that the
considered RV has its observed value given the observes aitétls parents iwy,gy. On the
other hand, the probability’;c, (w;c 1) of a possible worldv;;, according the equivalent ICL
theory is defined as the probability of the correspondingltohoice, which is the product of
the probabilities of all the ground base atoms that constituis total choice. As shown above,
to the observation that an RV takes a particular value in aiplesworldw; gy for the LBN
corresponds one ground base atom in the equivalent ICLyth&be probability of this ground
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base atom in the ICL theory is equal to the conditional prditalfaccording to the relevant
probability tree in the LBN) that the RV takes that value givts parents (this equality holds
because the probabilities in the annotated alternativéiseidCL theory were chosen to be the
same as those in the relevant leaf of the probability trem|ir&ection 3.2.2.1). Hence, for each
factor in the producP;, g there is a corresponding and equal factor in the profugt,. Hence

Py = Pror. U
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