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Abstract

We give a detailed proof of the fact that the probabilistic logics of
Logic Programs with Annotated Disjunctions (LPADs) and CP-logic
are equivalent.



This report contains a detailed proof of the fact that Logic Programs with Annotated
Disjunctions (LPADs) (6) and CP-logic (5) are equivalent. Before moving on to this
proof, we first present some preliminaries from lattice theory and logic programming,
and summarize the definition of LPADs and CP-logic.

1 Preliminaries

This section recalls some well-known definitions and results from lattice theory and
logic programming.

1.1 Some concepts from lattice theory

A binary relation≤ on a setL is a partial order if it is reflexive, transitive and anti-
symmetric. A partially ordered set〈L,≤〉 is a lattice if every pair(x, y) of elements
of L has a unique least upper bound and greatest lower bound. Such a lattice〈L,≤〉 is
completeif every non-empty subsetS ⊆ L has a least upper bound and greatest lower
bound. A complete lattice has a least element⊥ and a greatest element>. An operator
O : L → L is monotoneif for every x ≤ y, O(x) ≤ O(y). An elementx ∈ L is a
prefixpointof O if x ≥ O(x), a fixpoint if x = O(x) and apostfixpointif x ≤ O(x).
If O is a monotone operator on a complete lattice, then for every postfixpointy, there
exists a least element in the set of all prefixpointsx of O for whichx ≥ y. This least
prefixpoint greater thany of O is also the least fixpoint greater thany of O. Moreover,
it can be constructed by successively applyingO to y, i.e., as the limit of the sequence
(y,O(y), O(O(y)), . . .). In particular, because⊥ is a trivial postfixpoint,O has a
least prefixpoint which is equal to its least fixpoint and which can be constructed by
successive application ofO to⊥.

1.2 Some concepts from logic programming

We assume familiarity with classical logic. AHerbrandinterpretation for an alphabet
Σ is an interpretation, which has as its domain the setHU(Σ) of all ground terms
that can be constructed fromΣ and which interprets each constants by itself and each
function symbolf/n by the function mapping a tuple(t1, . . . , tn) to f(t1, . . . , tn). We
can identify a Herbrand interpretation with a set of ground atoms. Apartial Herbrand
interpretation is a functionν from the setHB(Σ) of all ground atoms, also called the
Herbrand base, to the set of truth values{f ,u, t}. A (total) Herbrand interpretation
corresponds to a partial Herbrand interpretation that does not includeu in its range. On
the set of truth values, one defines theprecision order:

u ≤p f andu ≤p t

and thetruth order:
f ≤t u ≤t t.

These orders can be pointwise extended to partial Herbrand interpretations. Each to-
tally ordered setS of partial Herbrand interpretations has a≤p-least upperbound de-
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notedlub≤p(S). The three-valued truth functionϕν for sentencesϕ and partial Her-
brand interpretationsν is defined by induction:

• pν = ν(p), for p ∈ HB(Σ);

• (ψ ∧ ϕ)ν = Min≤t
(ψν , ϕν);

• (∀x ϕ(x))ν = Min≤t({ψ(t)ν |t ∈ HU(Σ)}).

• (¬ϕ)ν = (ϕν)−1 wheref−1 = t, t−1 = f ,u−1 = u.

A crucial monotonicity property of three-valued logic is thatν ≤p ν
′ impliesϕν ≤p

ϕν′ .
The well-founded semantics of logic programs was originally defined in (4). We

present the formalization of this semantics in (2). Formally, a logic programP is a set
of rules of the formp← ϕ, wherep is a ground atom andϕ is a first-order sentence. We
define awell-founded inductionof P as a sequence of partial Herbrand interpretations
(να)0≤α≤β satisfying the following conditions:

• ν0 = ⊥≤p
, the mapping of all atoms tou;

• νλ = lub≤p({νβ |β < λ}), for each limit ordinalλ;

• να+1 relates toνα in one of the following ways:

– να+1 = να[p : t] such that for some rulep← ϕ ∈ P , ϕνα

= t;

– να+1 = να[U : f ] whereU is anunfounded set, i.e., a set of ground atoms
such that for eachp ∈ U , να(p) = u and for each rulep ← ϕ ∈ P ,
ϕνα+1

= f .

A well-founded induction is a sequence of increasing precision. We call a well-founded
induction(να)α≤β terminal if it cannot be extended with a strictly more precise inter-
pretation. Each well-founded induction whose limit is a total interpretation is terminal.
We now define thewell-founded modelof P as the limit of any such terminal well-
founded induction. As the following result shows, this definition coincides with the
standard one.

Theorem 1. (2) Each terminal induction sequence ofP converges to the well-founded
model ofP , as it was defined in (4).

In certain logic programming variants, such as abductive logic programs (3) and
ID-logic (1), a distinction is made between predicates that aredefinedby the program
and predicates that are leftopen. The set of defined predicates must contain at least
those predicates that appear in the head of a rule of the program. This distinction is
similar to that between endogenous and exogenous predicates, which is common in
probabilistic modeling. It is straightforward to generalize the well-founded semantics
to this case. Given an interpretationO of the open predicates, we define awell-founded
induction ofP in O by the same inductive definition as for ordinary well-founded
inductions, only we now have as a base case thatν0 should be the least precise partial
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Herbrand interpretationthat extendsO. It is easy to see that eachνi in such a well-
founded induction inO in fact extendsO and also that it there are no open predicates,
this definition simply coincides with the original one. Thewell-founded model ofP in
O is then the limit of any terminal well-founded induction ofP in O.

1.3 CP-logic

We assume a logical vocabulary, whose predicates have been divided into endogenous
and exogenous predicates.

A CP-eventis then a statement of the following form:

(p1 : α1) ∨ · · · ∨ (pn : αn)← ϕ, (1)

whereϕ is a first-order sentence, thepi are ground atoms with an endogenous predicate
and theαi are non-zero probabilities with

∑
αi ≤ 1.

A CP-theoryis a finite multiset of CP-events. For now, we will restrict attention
to CP-theories in which all sentencesϕ are positive formulas, i.e., they do not contain
negation.

We now define some notation to refer to different components of a CP-theory. The
headhead(r) of a ruler of form (1) is the set of all pairs(pi, αi) appearing in the
description of the effects of the event; the body ofr, body(r), is its preconditionϕ. By
headAt(r) we denote the set of all ground atomspi for which there exists anαi such
that (pi, αi) ∈ head(r). Similarly, bybodyAt(r) we will denote the set of all ground
atomsp which “appear”1 in body(r).

We will call a CP-eventE ← ϕ a rule if we want to emphasize that we are referring
to a syntactical construct. We also introduce the concept of anon-groundrule as a way
of concisely representing sets of CP-events with identical structure. Concretely, such a
non-ground rule is of the form:

∀x (A1 : α1) ∨ · · · ∨ (An : αn)← ϕ,

where the atomsAi and the formulaϕ now may contain free variables, taken from
the universally quantified tuple of variablesx. Such a non-ground rule is seen as an
abbreviation for the set of all rulesr[x/t] that result from replacing the variablesx by
a tuplet of ground terms in alphabetΣ.

The semantics of a CP-theory is defined in terms of a tree structure, in which the
edges are labeled with probabilities. Each node in this tree corresponds to a state of
the domain, with the root representing its initial state and the leaves its possible final

1More formally, we usebodyAt(r) to denoteAt(body(r)), whereAt is the mapping from sentences to
sets of ground atoms, that is inductively defined by:

• Forp(t) a ground atom,At(p(t)) = {p(t)};

• Forϕ ◦ ψ, with ◦ either∨ or∧,At(ϕ ◦ ψ) is defined asAt(ϕ) ∪At(ψ);

• For¬ϕ,At(¬ϕ) = At(ϕ);

• For Θx ϕ, with Θ either∀ or ∃, At(Θx ϕ) = ∪t∈HU (Σ)At(ϕ[x/t]), whereHU (Σ) denotes the
Herbrand universe for the alphabetΣ.
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states. Formally, we will assume a functionI that maps each nodes to a Herbrand
interpretationI(s), which represents the state of the domain to which this node corre-
sponds.

Definition 1. Let Σ be a vocabulary. AprobabilisticΣ-processT is a pair〈T ; I〉, such
that:

• T is a tree structure, in which each edge is labeled with a probability, such that
for every non-leaf nodes, the probabilities of all edges leavings sum up to
precisely1;

• I is a mapping from nodes ofT to Herbrand interpretations ofΣ.

If we interpret the probability associated to an edge(s, s′) as the probability of
making a transition froms to s′ and assume that all these transitions are probabilis-
tically independent, then we can associate to each nodes the probabilityP(s) of a
random walk in the tree, starting from its root, passing throughs. Indeed, for the root
⊥ of the tree,P(⊥) = 1 and for each other nodes, P(s) =

∏
i αi where theαi are

all the probabilities associated to edges on the path from the⊥ to s. Essentially, the
mappingP contains all the information that is present in the labeling of the edges and
vice versa. To ease notation, we will sometimes take the liberty of identifying a proba-
bilistic Σ-process〈T ; I〉 with the triple〈T ; I;P〉 and ignoring the labels on the edges
of T .

Each probabilisticΣ-process now induces an obvious probability distribution over
the states in which the domain described byΣ might end up.

Definition 2. Let Σ be a vocabulary andT = 〈T ; I;P〉 a probabilisticΣ-process. By
πT we denote the probability distribution that assigns to each Herbrand interpretation
I of Σ the probability

∑
s∈LT (I) P(s), whereLT (I) is the set of all leavess of T for

whichI(s) = I.

Like any probability distribution over interpretations, such aπT also defines a set
of possible worlds, namely that consisting of allI for which πT (I) > 0. If all the
probabilitiesP(s) are non-zero, then this is simply the set of allI(l) for which l is a
leaf ofT .

We now to relate the transitions in such a probabilisticΣ-process to the events
described by a CP-theory.

Definition 3. Let Σ be a vocabulary,C a CP-theory in this vocabulary andT a proba-
bilistic Σ-process. Letr ∈ C be a CP-event of the form:

(p1 : α1) ∨ · · · ∨ (pn : αn)← ϕ.

We say thatr happensin a nodes of T if s hasn+ 1 childrens1, . . . , sn+1, such that:

• For all1 ≤ i ≤ n, I(si) = I(s) ∪ {pi} and the probability of edge(s, si) is αi;

• Forsn+1, I(sn+1) = I(s) and the probability of the edge(s, sn+1) is1−
∑

i αi.
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The semantics of CP-logic now requires that events happen only in certain condi-
tions. A first requirement is of course that its precondition should hold. However, there
is alos a more involved condition, for which we need some more mathematical machin-
ery. The basic idea is that an event should only happen after all events that might still
affect the truth of its precondition have already happened, i.e., this precondition should
not merely becurrently true, but should in fact already be guaranteed to also remain
true in all potentialfuturestates. This naturally leads to a three-valued logic, where we
have truth valuest (guaranteed to remain true),f (guaranteed to remain false), andu
(still subject to change). Recall that a three-valued interpretationν is a mapping from
the ground atoms of our vocabulary to the set of truth values{t, f ,u}, which induces
for each formulaϕ a truth valueϕν .

Now, if our probabilistic process is in a states, then the atoms of which we are
already sure that they are true are precisely those inI(s). To figure out which atoms
are still unknown, we need to look at which events might still happen, i.e., at those rules
r, for which body(r)ν 6= f . Whenever we find such a rule, we know that the atoms
in head(r) might all still be caused and, as such, they must be at least unknown. We
will now look at a derivation sequence, in which we start by assuming that everything
that is currently nott is f and then gradually build up the set of unknown atoms by
applying this principle. Formally, we consider a sequence(νi)0≤i≤n of three-valued
interpretations. Initially,ν0 assignsf to all atoms not inI(s). For eachi > 0, there
must be a ruler with body(r)νi 6= f , such that, for allp ∈ head(r) with νi(p) = f , it
is the case thatνi+1(p) = u, while for all other atomsp, νi+1(p) = νi(p). A sequence
that satisfies these properties is called ahypothetical derivation sequencein s. Such a
sequence isterminal if it cannot be extended. A crucial property is now that all such
sequences reach the same limit.

Theorem 2. Every terminal hypothetical derivation sequence reaches the same limit,
i.e., if (νi)0≤i≤n and(ν′i)0≤i≤m are such sequences, thenνn = ν′m.

For a states in a probabilistic process, we will denote this unique limit asνs and
refer to it as thepotential in s. Such aνs now provides us with an estimate of which
atoms might still be caused, given that we are already in states.

We now formally define the semantics of CP-logic.

Definition 4 (Execution model). LetC be a positive CP-theory andX an interpreta-
tion of the exogenous predicates. A probabilisticΣ-processT = 〈T ; I〉 is anexecution
modelof C in contextX, writtenT |=X C, iff there exists a mappingE from the non-
leaf nodes ofT toC, such that:

• For the root⊥ of T , I(⊥) = X;

• In each non-leaf nodes, an eventE(s) ∈ RE(s) happens, such that its precondi-
tion is satisfied ins, i.e.,I(s) |= body(E(s));

• For each leafl of T , there are no eventsr ∈ RE(s) for whichI(l) |= body(r).

• For every nodes, (body(E(s))νs 6= u, with νs the potential ins.

If there are no exogenous predicates, we simply writeT |= C.
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An important result is that all such execution models (if any exist), define the same
probability distribution.

Theorem 3 (Uniqueness).Let C be a CP-theory. IfT1 and T2 are both execution
models ofC, thenπT1 = πT2 .

1.4 LPADs

In this section, we recall language ofLogic Programs with Annotated Disjunctions,
or LPADsfor short. This is a probabilistic extension of logic programming, which is
based on disjunctive logic programs. Formally, an LPAD is a set of rules:

(h1 : α1) ∨ · · · ∨ (hn : αn)← ϕ, (2)

where thehi are ground atoms andϕ is a sentence. As such, LPADs are syntactically
identical to CP-logic. However, we will define their semantics quite differently.

Every rule of form (2) represents a probability distribution over the following set
of logic programming rules:

{(hi ← ϕ) | 1 ≤ i ≤ n}.

From these distributions, a probability distribution over logic programs is then de-
rived. To formally define this distribution, we introduce the following concept of a
selection. We use the notationhead∗(r) to denote the set of pairshead(r) ∪ {(∅, 1 −∑

(h:α)∈head(r) α)}, where∅ represents the possibility that none of thehi’s are caused
by the ruler.

Definition 5 (C-selection). LetC be an LPAD. AC-selectionis a functionσ fromC
to

⋃
r∈C head

∗(r), such that for allr ∈ C, σ(r) ∈ head∗(r). By σh(r) andσα(r)
we denote, respectively, the first and second element of the pairσ(r). The set of all
C-selections is denoted asSC .

The probabilityP (σ) of a selectionσ is now defined as
∏

r∈C σ
α(r). For a set

S ⊆ SC of selections, we define the probabilityP (S) as
∑

σ∈S P (σ). By Cσ we
denote the logic program that consists of all rulesσh(r) ← body(r) for which r ∈ C
andσh(r) 6= ∅. Such aCσ is called aninstanceof C. We will interpret these instances
by the well-founded model semantics. Recall that, in general, the well-founded model
of a programP ,wfm(P ), is a pair(I, J) of interpretations, whereI contains all atoms
that are certainly true andJ contains all atoms that might possibly be true. IfI = J ,
then the well-founded model is called exact. Intuitively, ifwfm(P ) is exact, then the
truth of all atoms can be decided, i.e., everything that is not false can be derived. In the
semantics of LPADs, we wanted to ensure that all uncertainty is expressed by means
of the annotated disjunctions. In other words, given a specific selection, there should
no longer be any uncertainty. We therefore impose the following criterion.

Definition 6 (Soundness).An LPAD C is soundiff all instances ofC have an exact
well-founded model.

For such LPADs, the following semantics can now be defined.
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Definition 7 (Instance based semanticsµC). Let C be a sound LPAD. For an inter-
pretationI, we denote byW (I) the set of allC-selectionsσ for whichwfm(Cσ) =
(I, I). The instance based semanticsµC of C is the probability distribution on in-
terpretations, that assigns to eachI the probabilityP (W (I)) of this set of selections
W (I).

It is straightforward to extend this definition to allow for exogenous predicates as
well. Indeed, in Section 1.2, we have already seen how to define the well-founded
semantics for rule sets with open predicates, and this is basically all that is needed.
Concretely, given an interpretationX for a set of exogenous predicates, we can define
the instance based semanticsµX

C givenX as the distribution that assigns, to each inter-
pretationI of the endogenous predicates, the probability of the set of all selectionsσ
for which (I, I) is the well-founded models ofCσ givenX. Of course, this semantics
is only defined for LPADs that are sound inX, meaning that the well-founded model
of eachCσ givenX is two-valued.

2 Proof of equivalence

This section will show that LPADs and CP-logic are equivalent.
We first prove some properties of the semantics of CP-logic. Let us consider a CP-

theoryC and states in an execution model ofC. We will denote byR(s) the set of all
CP-eventsr ∈ C that have not yet happened ins, i.e., for which there is no ancestors′

of s with E(s′) = r. Consider the collectionOs of all partial interpretionsν such that
for each atomp, pν = t iff pI(s) = t, and for each ruler ∈ R(s), if body(r)ν 6= f ,
then for each atomp ∈ headAt(r), pν 6= f . Stated differently,ν can be obtained from
I(s) by turning false atoms ofν into unknown atoms in such a way that if the body of
some ruler ∈ R(s) is unknown or true inν, then each of its head atoms is unknown
or true inν as well.

Proposition 1. Let (νi)0≤i≤n be a hypothetical derivation sequence in states.

• For each0 ≤ i ≤ n and eachν ∈ Os it holds thatν ≤p νi.

• The limitνn = νs is an element ofOs.

Proof. The first property can be proven by a straigthforward induction. Clearly, it
holds thatν ≤p ν0 = I(s). Assumeν ≤p νi for somei < n. The true atoms ofν
andνi+1 are those ofI(s), so they are the same. Therefore, it suffices to show that
every atomp that is false inν is also false inνi+1, or, sinceν andνi+1 have the same
true atoms, that every suchp is not unknown inνi+1. Assume towards contradiction
thatp is false inν and unknown inνi+1. By the induction hypothesis,p is still false in
νi. Therefore,p belongs to the head of some ruler ∈ R(s) such thatbody(r)νi 6= f .
Sinceν ≤p νi, this would imply thatbody(r)ν 6= f , which, given thatν ∈ Os, leads to
the contradiction thatpν 6= f . Hence,p is false inνi+1. It follows thatν ≤p νi+1.

As for the second property, it is clear thatνs can be obtained fromI(s) by turning
some false atoms into unknown atoms, and that there are no more rulesr ∈ R(s) with
a non-false body and false atoms in the head w.r.t.νs. Hence,νs ∈ Os.

7



Let C be an LPAD. Let us define apartial C-selectionas a partial functionσ
from C mapping rulesr of a subsetdom(σ) ⊆ C to pairs(p : α) ∈ head∗(r).
The probability function of selections can be extended to partial selections by setting
P (σ) =

∏
r∈dom(σ) σ

α(r). Define alsoS(σ) as the set ofC-selections that extendσ.
The following equation is obvious:

P (σ) =
∑

σ′∈S(σ)

P (σ′)

We define aninstanceof σ as any instanceCσ′ in whichσ′ is aC-selection that extends
σ.

Let T be an execution model ofC. Clearly, each nodes in T determines a unique
partialC-selection, denotedσ(s). Formally, if (si)0≤i≤n is the path from the root tos,
then the domain ofσ(s) is {E(si) | 0 ≤ i < n} and each ruler = E(si) in its domain
is mapped to the atomp ∈ head∗(r) that was selected forsi+1. Moreover, we have

P(s) = P (σ(s)) =
∑

σ′∈S(σ(s))

P (σ′). (3)

With the path(si)0≤i≤n from the root to some nodes, we now also associate a
sequence of partial interpretations(Kj)2n+1

j=0 defined as follows:

• K0 = ⊥, the partial interpretation mapping all atoms tou.

• K2i+1 = νsi , for all 0 ≤ i ≤ n.

• K2i+2 = νsi [p : t], for all 0 ≤ i < n, wherep is the head atom ofE(si) selected
to obtainsi+1.

Proposition 2. For eachσ ∈ σ(s), (Kj)2n+1
j=0 is a well-founded induction sequence of

Cσ.

Proof. The proof is by induction on the lengthn of the path from the root ofT to s.
We start by proving that(Kj)2n

j=0 is a well-founded induction of all instancesCσ

with σ ∈ S(σ(s)). If n = 0, thens is the root of the tree andσ(s) is the empty
partial selection. The sequence(K0) is obviously a well-founded induction sequence
of any instanceCσ. For n > 0, the induction hypothesis states that(Kj)2n−1

j=0 is a
well-founded induction sequence of all instanceCσ, whereσ belongs toS(σ(sn−1)).
Let r beE(sn−1), the rule selected insn−1, and letK2n = K2n−1[p : t] wherep was
selected in the head ofr to obtains. Hence,body(r) is true inK2n−1 = νsn−1 . Clearly,
for eachσ ∈ S(σ(s)), Cσ contains the rulep← body(r). Consequently,(Kj)2n

j=0 is a
well-founded induction ofCσ.

Next, we prove that(Kj)2n+1
j=0 is a well-founded induction of allCσ with σ ∈

S(σ(s)). Let us investigate the setU of all atomsq such thatK2n(q) 6= K2n+1(q). We
will prove that all atoms ofU are unknown inK2n and false inK2n+1 and thatU is an
unfounded set ofCσ. It then will follow that(Kj)2n+1

j=0 is a well-founded induction of
Cσ.

Let us first verify that all atoms inU are unknown inK2n and false inK2n+1.
If n = 0, thenK0 = ν0 = K1, soU = {} and the statement trivially holds. Let
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n > 0. Recall thatK2n is νsn−1 [p : t], wherep is the atom selected in the head of
E(sn−1) to obtains, andK2n+1 = νs. It is easy to see that the true atoms ofK2n and
K2n+1 are identical to those true inI(s). Hence,K2n andK2n+1 only differ on false
or unknown atoms. To show thatU contains only atoms that are unknown inK2n and
false inK2n+1, it therefore suffices to show that all atoms false inK2n are also false
in K2n+1. To prove this, it suffices to show thatK2n ∈ Os. Indeed, ifK2n ∈ Os,
Proposition 1 entails thatνs ≥p K2n and hence, all atoms false inK2n are false in
νs = K2n+1.

We observe that, sinceνsn−1 belongs toOsn−1 (Proposition 1), all head atoms of
rules r ∈ R(sn−1) with a non-false body inνsn−1 , are true or unknown inνsn−1 .
In particular,E(sn−1) ∈ R(sn−1) and has a true body inνsn−1 , hencep is true or
unknown inνsn−1 . It follows that:

νsn−1 ≤p νsn−1 [p : t] = K2n.

It follows that any ruler ∈ R(s) ⊆ R(sn−1) with a non-false body inK2n, has a
non-false body inνsn−1 ; hence, all atoms in the head of such anr are true or unknown
in νsn−1 and,a fortiori, in K2n = νsn−1 [p : t]. Thus, we obtain thatK2n ∈ Os, as
desired.

So far, we have proven thatK2n+1 = K2n[U : f ] and that all elements inU are
unknown inK2n. It follows thatK2n ≤p K2n+1 and, more generally, thatKj ≤p

K2n+1, for all j ≤ 2n. All that remains to be shown is thatU is an unfounded set of
each instance ofσ(s). LetC ′ be such an instance and for any atomq ∈ U , let q ← ϕ
be a rule ofC ′. We need to show thatϕ is false inK2n+1. The rule is obtained as an
instance of some ruler ∈ C with q in its head. The ruler is not one of the rulesE(si)
with i < n, since otherwizeq would be true inI(sj) for all j > i and, in particular,
also inνsn

= K2n+1, which would contradict the fact that we have already shownq to
be false inK2n+1. It follows thatr ∈ R(s). SinceK2n+1 = νs ∈ Os andq is false in
νs, body(r) = ϕ is false inK2n+1.

Proposition 3. For each leafl of an execution modelT ofC, I(l) is the well-founded
model of each instanceCσ with σ ∈ S(σ(l)).

Proof. Let l be a leaf andσ ∈ S(σ(l)). By Proposition 2,(Kj)2n+1
j=0 is a well-founded

induction ofCσ. Becausel is a leaf, we have that for every ruler ∈ E(l), body(r) is
false inI(l). Therefore,I(l) ∈ Ol and Proposition 1 states thatνl ≥p I(l). However,
becauseI(l) is two-valued, this implies thatνl = Il. Therefore,K2n+1 = νl is a total
interpretation. Because a well-founded induction with a total limit is terminal,I(l) is
the well-founded model ofCσ.

This now allows us to prove the desired equivalence.

Theorem 4. Let T be an execution model of a CP-theoryC. For each interpretation
J ,

µC(J) = πT (J).
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Proof. Given an execution modelT of a CP-theoryC, we associate to each nodes of
T the setS(σ(s)) of all thoseC-selectionsσ that extendσ(s). It is easy to see that,
with LT the set of all leaves ofT , the class{S(σ(l))|l ∈ LT } is a partition of the set
SC of all selections. LetLT (J) be the set of all leavesl of T for whichI(l) = J . By
Proposition 3, the well-founded model of a selectionσ ∈ S(σ(l)) for a leafl is I(l).
Therefore, for a given two-valued interpretationJ , the class{S(σ(l))|l ∈ LT (J)} is a
partition of the collectionS(J) of selectionsσ such thatWFM(Cσ) = J . This now
allows us to derive the following equation:

µC(J) =
∑

σ∈S(J) P (σ) =
∑

l∈LT (J)

∑
σ∈S(σ(l)) P (σ)

=
∑

l∈LT (J) P(l) (see equation (3))
= πT (J).
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