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Abstract

Affine loop transformations, where the iteration domain of each statement is
transformed by an affine function, have been used by several authors for pro-
gram optimization. Some have proposed to apply an additional linear trans-
formation on the combined iteration domains of all statements after the affine
transformation, called the ordering phase. The affine transformation itself can,
in principle, be decomposed into a linear transformation and a translation.

In this paper, we show that it is indeed possible to apply linear transfor-
mation, translation and ordering successively and that the translation step can
even be performed incrementally. However, we also show that the complexity
involved in ensuring a valid translation is much higher than in the absence of a
subsequent ordering phase. In the latter case, translation is equivalent to loop
fusion with loop shifting. We also discuss several cost functions to be used in a
translation step in the presence of an ordering phase and some implications of
loop fusion on code generation.
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1 Introduction

Loop transformations have been widely used to optimize the execution time and
the memory usage of programs. In general, a loop transformation modifies the
order in which loop iterations and statements within a loop body are executed.
One way to perform this reordering is to define a schedule, assigning an execution
time to each iteration of each statement in the program.

An example of this technique is affine-by-statement scheduling (Darte and
Robert 1992; [Feautrier 1992 [Lim and Lam 1997), where each statement is
scheduled by a (piece-wise) affine function 6 that maps the iterations of that
statement to time:

Ox :7 - i+ cx, (1)

where 7 is a vector in the iterations space of statement X, i.e., it has the iterator
values of the loops surrounding the statement as elements. Alternatively, van
Swaalij et al. (1992) propose to split the scheduling operation into a placement
step, mapping the sets of iteration vectors for all statements to a common
iteration space and an ordering step, defining an order, which is a linear schedule
in that space. In this way, an affine schedule is decomposed into an affine
transformation

i Axi+ax (2)

for each statement X and a common ordering vector 7. The resulting schedule
for statement X is then

-

Ox : i #TAxi + #Tax, (3)

ie.,
5)’? = 7_1"TAX and Cx = 7_12TC_i‘X_ (4)

Although the latter technique requires the determination of a lot more coeffi-
cients, it may still be preferable if it allows for an incremental search for the
different mappings.

The placement step of the second technique can be split up further into a
linear transformation step, determining Ax, and a translation step determining
dx. This split was already effectively made by van Swaaij (1992), and more
explicitly so by Danckaert (2001). While techniques for finding good linear
mappings are discussed by [Verdoolaege et al. (2001)), this document focuses
on the translation step. More specifically, the main topic is the proof of the
feasibility of incrementally finding valid translation vectors.

The main difficulty in finding valid translation vectors or a valid schedule
in general is the existence of dependences between two iterations (5’1 and fg)
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of the same or different statements, since the depending iteration (i) should
be scheduled after the iteration on which it depends (i1). Such a (dynamic)
dependence exists if the two access the same memory element, one through
writing and the other through reading, and is generally written as i10i,. If a
dynamic dependence exists between two iterations of two statements, we will
say that the two statements exhibit a static dependence.

A dependence in which the first access is a write and the second a read
is called a flow or true dependence. If the program is in single-assignment
form this is the only kind of dependence that can exist. Although the theory
equally applies to output and anti-dependences, which are write-write and read-
write combinations respectively, since they induce the same ordering constraint,
we prefer them to be removed, since this tends to lead to better solutions.
Transforming general programs into single assignment code typically involves
the introduction of some storage overhead, but this overhead can be effectively
removed again after the loop transformations even with additional memory size
gains (De_Greef et al. 1997 [Quilleré and Rajopadhye 2000} [Troncon et al. 2002).

In the next section, we apply affine-by-statement scheduling, i.e., without
an ordering step, but with a split into a linear step and a translation step, on
an example program, which shows that there are cases in which a translation
step cannot find a valid solution. In Section Bl we define the concept of a valid
translation in the context of an approach with an additional ordering step and
we provide an incremental algorithm. The conditions under which a valid trans-
lation exists and the set of valid choices during each step of the algorithm are
proven in Section Bl We subsequently apply the algorithm in Section H to the
same example of Section Bl In Section Bl we then consider the optimal posi-
tioning of the ordering step with respect to the other two steps, showing that
ensuring a valid translation is more cumbersome with a subsequent ordering
step than it is with a preceding ordering step and that a slightly adapted ver-
sion of translation after ordering is equivalent to loop fusion with loop shifting.
In Section [ we briefly discuss some possible locality related cost functions, both
in case of a subsequent and a preceding ordering step and we consider ways of
combining nodes in the incremental algorithm in Section B Section @is devoted
to some implications of loop fusion on code generation. Finally, we compare
with related work in Section [l and conclude in Section [l

2 One-dimensional example

By way of introduction, we will apply an incremental translation step on a
one-dimensional example, as part of a technique similar to affine-by-statement
scheduling, i.e., without an additional ordering step, but with a split into a linear
part and a translation. During the construction of the schedules, we will also
consider equivalent combinations of an affine mapping and an ordering vector,
based on (), because this is easier to visualize and because the combination
illustrates the relation between the two approaches.

As explained in the previous section, the main constraint on a schedule is
that dependences should be honored. If a dependence exists between an iteration
i1 of aloop A (with schedule 84) and an iteration 7, of a loop B (with schedule
0B), ie., i1 writes an element read by 52, then the latter has to be scheduled
after the first, i.e., the time delay between the two should be at least one:

@his+cp) — @i +ea)>1 7107

Consider the program on the left side of Figure[ll It is written in an applica-
tive language and cannot be executed in the order in which it is written down.



A: (i: 0..1) A8
cli+n+1] = £1();

B: (i: 0..2) BQ
alil = f4(c[i+n]);

C: (i: 0..n) ﬁ

e i ) ) ) )

c[ij = £f3(b[i]);

Figure 1: Example program with dependences

This is clear from the graph on the right of the figure, which shows the individ-
ual dependences between iterations: the first iteration of the B-loop depends on
an iteration of the D-loop, which follows. In Figure [l and the following figures
n =5 is assumed.

A one-dimensional affine schedule has the following form:

T~ br +c.

We first determine the linear part of the schedules, i.e., we select a value for b.
For reasons of simplicity, we will use the same linear part for all the polytopes.
It is clear that we cannot choose b to be positive, since the first iteration of the
B-loop indirectly depends on the final iteration of the same loop. Therefore,
b = —k, for some positive value k. We will use k¥ = 2 in the example. An
equivalent combination of affine mapping and ordering vector is k times the
identity matrix as linear part of the affine transformation (A = kI 1), and
—1 as the ordering vector (# = —1). In the formulas in the remainder of this
example, we will not substitute the value 2 for k, but rather further manipulate
k symbolically, i.e., the schedules will be of the form

i —ki+cx.

The reason is that we want to demonstrate that not all choices for k¥ will lead
to a valid solution.

The example program exhibits four static dependences. The i-th iteration
of the B-loop depends on iteration i — 1 of the A-loop, resulting in

—ki+cg—(—k(i—1)+ca)>1

or
cg—ca>k+1. (5)

Similarly for the dependences between C' and D and D and B, we have:

—ki+cp—(—ki+cc)>1

or
cp—cc>1 (6)
and
—kO+cp—(—kn+cp) >1
or

CB—CDZI—Nk- (7)

The dependence between B and C yields

—kit+co—(—k2+¢cp)>1
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Figure 2: Combining C and D

Figure 3: Combining C' and D (with vertical displacement)

or
cc—cp > 1+ (i —2)k,

which, evaluated for the extremes of the dependence domain (¢ = 0 and i = n),
results in
cc—cg>1-—2k (8)

and
cc—cp>14+(n—2)k. 9)

It is clear that as long as n is positive, ([@) is more stringent than (&), so we do
not need to consider the latter any further.

We can now proceed with an incremental translation step by selecting rel-
ative time delays one at a time. As our main focus is feasibility rather than
optimality, we arbitrarily choose to consider first C' and D and from (@) we
conclude that we can select ¢p — ¢ = 1. Using (@), we then obtain ap — a¢ =
(=1)"11 = —1 and the resulting combination of C' and D is shown in Figure &
Remember that we have scaled with a factor of k = 2 prior to translation.

Since this is a one-dimensional example, combining C' and D results in a
one-dimensional domain. To improve the visibility of the dependence distance
vectors and the identification of the iterations of the different statements, we
use a second dimension for the different statements, as shown in Figure Bl The
figure also shows the ordering vector and one hyperplane perpendicular to the
ordering vector. Each such hyperplane contains all iterations that are executed
at the same time. A one dimensional hyperplane is a point, but it is drawn here
as a line crossing the different statements. To avoid clutter, the hyperplane and
ordering vector are only drawn in the iteration space containing C'.

After eliminating ¢p from (H), (@) and (@), we obtain

cg—cqa > k+1
cc—cg > 1+(n—-2)k
cg —co > 2—nk.
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Figure 5: Combining C' and B

A and B can be combined with a relative time delay ¢cg — c4 = k + 1. This is
shown in Figure @l Finally, C' and A have to be combined and here a problem
could arise. The two constraints on the relative time delays, yield:

2—nk<cg—cc<(2—-n)k-1

or
2—-nk<ca—cc+k+1<(2-n)k—-1, (10)

which requires
2—-nk<(2-n)k-1

or 3
k> =
=9

but k was chosen prior to the translation step and does not necessarily satisfy
this equation. Our choice of k = 2 does, however, and after substitution in ()
we obtain

—1-2n<cyqg—cc < —2n.

The final result, with ¢4 — cc = —2n — 1, is shown in Figure B

In this section we have determined the relative offsets of a set of interde-
pending polytopes incrementally. By choosing an offset in the common itera-
tion space for one of the polytopes, the other offsets can be derived from these
relative offsets. The example showed that it may not always be possible to find
a valid set of relative offsets in this way. This would have been the case had we
chosen k£ = 1 during the linear transformation phase. In the remainder of this
document we will show how this situation can be detected at the very beginning
of the translation step and how it can be guaranteed that if a solution for the
relative offsets exists, incremental translation will be able to find one.



3 Problem formulation

We will restrict our attention to programs with iteration domains, which is the
set of all iteration vectors for which a given statement is executed, that can
be represented as polytopes. This restriction requires that all loop bounds are
manifest and expressed as affine combinations of outer loops. We will further
assume that each iteration domain is defined in an iteration space of dimension
N, where N is constant for a particular program and at least as large as the
largest dimension of an iteration domain. This can be trivially accomplished by
adding extra dimensions to lower-dimensioned iteration spaces. The definitions
of a polytope and of related concepts are included below. They are adapted
from Wilde (1993), to which we refer for a more detailed discussion.

Definition 1 (Polyhedron) A polyhedron P is a subspace of Q" bounded by
a finite number of hyperplanes.

pP= {f|AaZ~’ > E}

Theorem 1 The set P € Q" is a polyhedron iff it can be written as

P= {Z/\@+Zmﬁl& €V, € Ry Xispti 20,) A = 1}
with V and R finite subsets of Q™.

Theorem [ is a simple consequence of well known theorems by Minkowski
and Weyl. The notation in Definition [[lis sometimes referred to as the implicit
notation, whereas the one in Theorem [I] is referred to as the explicit notation.
We will call the sets V' and R in the explicit notation the supporting points and
rays respectively.

Definition 2 (Polytope) A polytope is a bounded polyhedron.

Example 1 The first loop of the program in Figure [l on page Bl can be repre-
sented by the following polytope:

[0,1]={i] >0A7 <1} ={ A0+ A11|Xo, A1 >0, X0 + A1 = 1}.

The bounding hyperplanes are the points 0 and 1.

Definition 3 (Convex hull) The convex hull of a set X is the set of all convex
combinations of elements from X :

convX = {Z)\zfz|fz € X, )\ > O,Z)\i = 1} .
i i

Definition 4 (Cone) The cone generated by a set X is the set of all positive
combinations of elements from X :

cone X = {Z)‘lﬁllj‘l e X, )\ > 0} .
%

Definition 5 (Ray) A ray of a set K is a vector 7 such that £ € K implies
(Z+ pi) € K for all p > 0.



Definition 6 (Line) A line of a set K is a vector I such that & € K implies

-

(Z+ pl) € K for all p.

As already indicated in Section[l the validity of a translation is mainly deter-
mined by the dependences. The (dependence) distance vector, which measures
the dependence distance in each dimension and which is defined next, is there-
fore a crucial part of the dependence graph, a structure used in constructing a
valid translation. In the remainder of this section, we will define the concept
of a valid translation in terms of other concepts related to distance vectors and
we will provide an incremental algorithm for obtaining a translation. The main
problem will then turn out to be the delineation of the set of valid choices to be
made during the course of the algorithm.

Definition 7 (Dependence distance vector) For each dynamic dependence
between two statement instances with iteration vectors i1 and iz, the dependence
distance vector ¢ is the difference between the two iteration vectors.

-

§=iy—i1  ifi1dis (11)

Note that this is an extension of what is generally known as a distance vector,
which is typically only defined between iterations of statements within the same
loop (nest). Here, the two iterations may be elements of different iteration
spaces of, by assumption, the same dimensionality. In the remainder of this
text, we will usually omit the “dependence” qualification and simply refer to
“distance vector”.

Using these concepts, a program can be represented by a dependence graph,
which contains all the required information about dependences to perform the
translation. The incremental translation algorithm will modify the dependence
graph in each step until a valid translation (defined later) can trivially be de-
termined.

Definition 8 (Dependence Graph) A dependence graph G = (V,E, P, D)
consists of following elements:

o V is the set of nodes, each representing a set of statements in the original
program.

e Fach node p is adorned by a set P, of polytopes, each representing an
iteration domain. P is the set of all such Pp

e FE is the set of edges. An edge is a pair of nodes (p1,p2). Each edge in-
dicates the presence of a dependence between one of the iteration domains
associated with py and one of the iteration domains associated with po.

e Fach edge e € E, e = (p1,p2) is adorned by a polytope D,, which is the
set of all the distance vectors generated by all dependences between an
iteration domain in p1 and an iteration domain in po. D is the set of all
such D,

In the initial, pre-translation graph G the nodes will typically be singletons
and each P, a single polytope that has already been linearly transformed by
techniques such as those discussed in [Verdoolaege et al. (2001)).

Example 2 The initial graph of the example in Section B (without linear
transformation) is Go = (V, E, P, D), shown in Figure f, with

o V = {{4},{B},{C}, {D}}
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Figure 6: Initial dependence graph for the example in Figure[ll
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Figure 7: Decomposition of translated distance vectors. On the left, a de-
pendence graph with a single dependence. On the right, the distance vector
corresponding to the dependence with the top figure showing the canonical dis-
tance vector and the bottom figure showing the distance vector after translation
of the polytopes involved in the dependence.

E ={({4},{B}),{B},{C}),{C},{D}),{D},{B})}

* Pray ={[0,1]}

* Pypy ={[0,2]}

* Piey = {[0,n]}

* Pipy = {[0,n]}

* Dayqsn = {1}

e DB},{c}) = {-2,-1,...,n—2}

* Dycyipp = {0}

* Dipyqmy) = {—n}

In subsequent examples, we will not use the set notation in subscripts but in-

stead we will use the concatenation of the elements, i.e., we will write D45, cp)
instead of D(;4,By,1¢,0}) -

We can now define what we mean with a translation.

Definition 9 (Translation) A translation T' for a given dependence graph G
is a function that assigns to each of the nodes p in Vg, an offset @, € Z"™ in the
common iteration space.

In applying a translation to a dependence graph, each distance vector 5=
iy — 11 over e = (py,p2) is transformed into (i + dp,) — (ih + dp,). As such, the

10



Figure 8: Dependence cone () and valid ordering polyhedron ()

actual distance vectors generated by dependence e = (p1, p2) will be given by the
polytope De+ap, —dp, , which we will call the translated distance vectors, denoted
by DI. Figure [ on the previous page illustrates the graphical decomposition
of translated distance vectors.

In Section Plwe already showed that, in the absence of a subsequent ordering
step, some translations do not lead to valid code. The presence of a ordering step
makes that a larger set of translations can possibly lead to valid code as long
as the ordering that is chosen after translation is valid for all the translated
distance vectors. This means that the valid ordering polyhedron, as defined
next, has to be non-empty for a valid translation to exist.

Definition 10 (Valid ordering polyhedron) The valid ordering polyhedron
(Po) is the set of all ordering vectors that are valid for a given set D of depen-
dence distance vectors.

Po(D) = {7?|v5'e D7 > 1} (12)

Example 3 Figure B shows the valid ordering polyhedron Po(D) for the set
of distance vectors D = {(1,0)%,(1,1)7,(0,2)"}. The constraints in ([Z) are
shown for each of the distance vectors. Note that the constraint generated by
the distance vector (1,1)”) is redundant.

Rather than maintaining a set of all dependence distance vectors, we need
only construct what is known as the dependence cone (Yang et al. 1994). The
valid ordering polyhedron for a dependence cone generated by a set of depen-
dence vectors is the same as that for the set itself.

Definition 11 (Dependence cone) A dependence cone of X is the set of all
(strictly) positive combinations of elements from X :

dcone X = {ZA,@@ €X, N >0, Ai> 1} ,
i i

where X is either a finite set or a polytope. In the latter case the dependence
cone is equivalent to the dependence cone of the set of vertices of the polytope,
which is a finite set.

Note that a dependence cone is strictly speaking not necessarily a cone, because
of the additional requirement ) . A; > 1. For example, Figure flshows both the
cone and the dependence cone generated by the set {(—3,3)7,(0,2)7,(1,3)7,
(-1,4)"}.
Example 4 Figure B also shows the dependence cone dcone(D) for the set of
distance vectors D = {(1,0)%, (1,1)7,(0,2)"}. The valid ordering polyhedron
for dcone(D) is the same as the one for D. Notice that the point (1,1)7 lies in
the (relative) interior of the dependence cone.

11
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cone dcone

Figure 9: Comparison between a cone and a dependence cone.

Before defining the concept of a walid translation, we will first establish
a simple criterion for the dependence cones with a non-empty valid ordering
polyhedron. The proof requires two lemmas, including the following variant of
Farkas’ lemma.

Lemma 1 (Farkas’) The system A of linear inequalities has a solution

& iff for each § > 0 with §A = 0:

(3%’:A§:’§5)(:)(V§’:@’26,Q”Az0=> 7' > 0)
For a proof see [Schrijver (1986)).

Lemma 2 If a polyhedron does not contain the null-vector, then any positive
linear combination of its supporting points and rays that results in the null-vector
will have zero coefficients for all the supporting points.

Proof Let V and R be matrices with the supporting points and rays of the
polyhedron P as columns. Let # and ¢ be any positive vectors such that

[V R] ['ﬁ] =0
Yy
and suppose that # # 0, then the sum s of the elements of & is a strictly positive
number. Let &' = Z/s and ¢’ = §/s, then, by Theorem [
i
=[V R] [y ] € P,

as ), #= Y :(xi/ Y, x;) = 1, contradicting the assumption . O

Theorem 2 The valid ordering polyhedron for some distance vector polyhedron
D is non-empty iff D does not contain the null-vector.

Proof If D contains the null-vector, then the valid ordering polyhedron is
empty since #70 = 0 for any 7. This proves that if D’s valid ordering poly-
hedron is non-empty, then D does not contain the null-vector.

Conversely, let V' [R] be a matrix with the supporting points [rays] in the
explicit notation of D as columns. Then V77 > T A R*# > 0 ensures 7@ € Po,
i.e., @ should be a solution of

74 -1
“[w]e=[5]
By Farkas’ lemma (lemma 1[[] this set of equations has a solution iff
vizg20-[v m|2) =0=12 7|20

According to lemma 2[Jany pair of vectors satisfying the premise of the impli-
cation will have & = 0, for which the consequent trivially holds. O

12



We will call a dependence cone that contains the null-vector degenerate. Ac-
cording to Theorem P the valid ordering polyhedron is empty iff the dependence
cone on which it is defined is degenerate. This dependence cone should include
all the dependences over the whole program.

Definition 12 (Global dependence cone) The global dependence cone Cq, 1
for a given dependence graph G and a given translation T is the dependence cone
generated by all the distance vectors.

Cor=deone [ | (Dpypa) + ips — p,) (13)
(p1,p2)€Eq

Definition 13 (Valid translation) A valid translation is a translation that
determines a non-degenerate global dependence cone.

A valid translation will be determined incrementally, which means that in
each step two nodes are combined with a certain relative offset until only a single
node remains. This is shown in Algorithm [ After applying this algorithm, a
translation T for the original graph G can be recovered as follows. Take the
single node of the final graph G* and assign it an arbitrary offset @. Subsequently
undo all the combinations in the reverse order, assigning one of the nodes the
offset @ and the other @+ & as appropriate, until the original graph G is reached
and all its nodes have been assigned an offset.

The main problem in finding a valid translation has now been reduced to
selecting good values for @ in step H of Algorithm [[l Furthermore, we wish to
establish in advance whether it is possible to find such values. The solution to
these two problems is the subject of the next section.

Algorithm 1 Incremental translation

1. Initialize G.

2. If G contains a single node, stop.

Select two nodes p; and ps in G.

Select an offset @, ,, of ps relative to p;
Replace G by combine(G, p1, p2, @p, ps)-
Goto &1

A

The combination of two nodes in step H of Algorithm [is detailed by Algo-
rithm Bl Tt is based on the observation that each dependence that involves py
will become a dependence involving an extended py. If py is the producer, for
example, a distance vector § + dp;, — @, Will be rewritten as

- -
- - N - -
o+ Ap; — Qpy, = (5 — Op, ,Pz) + Qap; — Gp,
-

_ /] - -
= 0 +api — Qpy,

with
Qpy,py = Qpy, — Apy, (14)

the relative offset of ps with respect to p;. In other words, the distance vector 5
between an iteration of ps when considered part of the new p; and an iteration

13
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-
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Figure 10: One iteration of Algorithm [l The figure on the left shows the graph
G prior to combination, with the two additional pseudo-edges. The figure on
the right shows G’ after combination.

of p; is the sum of the original distance vector 5 between the iterations of Do
and p; and the relative offset of p» with respect to p;. We will sometimes
add this relative offset to the graph by means of a pseudo-edge, representing a
pseudo-dependence. Figure [ shows how this combination works.

Algorithm 2 Combining two nodes
G' =(V',E',P',D') = combine(G, p1,p2, @), with

o V' =V \{p1,p2} U{p1 Upa}
e P,=Pp Vp € V\ {p1,p2}
® Plhiups = Pp, U (P, +a)

o E' = E\{(u,v) € E[{u,v} N {p1,p2} #0} U
{(p1 Up2,v)|(p1,v) € EV (p2,v) € E}U
{(w,pr Up2)|(u,p1) € EV (u,p2) € E}

® Dle:De VCGE,(B:(U,’U),{u,v}ﬂ{pl,pg}:Q)

* szlupz,v) = (D(Pl’v) U (D(Pz,v) - 62))
* Déu,plUpz) = (D(“apl) U (D(uapz) + 62))

DéplLJpg,plUpg) = (D(pl ,P1) U (D(pl ,p2) + 52) U (D(pz,m) - O_Z) U D(pz,pz))

In the following section we will proof that Algorithm [[l works under certain
conditions. The main idea behind the proof is that we only need to ensure that
a valid ordering exists with respect to (indirect) dependences between a node in
the dependence graph and itself. We will call these dependences self-dependences
and the associated distance vectors self-dependence distance vectors. The follow-
ing definitions define indirect dependences and the dependence cone generated
by self-dependences.

Definition 14 (Fundamental path) A fundamental path between a pair of
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nodes | = (p1,p2) of a graph G is either a simple path from p, to p2 or a simple
circuit containing p1 = p2. A simple path [circuit] visits each node at most once.

gy = {n|m = (u1,...,un),l = (U1, un), [{ui}] =1 — Ouyuns »
Vi<i<n-—1: (u,-,uH_l) € Eg}

with § the Kronecker-delta, i.e., the number of different nodes in the path is
either equal to or one less than the length of the path, depending on whether the
first and last nodes of the path are the same.

Example 5 The initial graph of the example in Section B has the following
fundamental paths:

Hgo,a,8y = {(4,B)}
Ogea,00 = {(4B,0)}
Oge,a,0) = {(A,B,C,D)}
Hgom,8 = {(B,C,D,B)}
g,y = {(B,0O)}

Mg, s0) = {(B,C,D)}
g, c,5y = {(C,D,B)}
Ogyccy = {(C,D,B,C)}
gy, c,py = {(C,D)}

gy, p,8) = {(D,B)}
HGO,(D,C) = {(D,B,C)}
Hey,(0,0) {(D,B,C, D)}

Definition 15 (Indirect distance vector polytope) The indirect distance
vector polytope Vg, with | = (p1,p2) is the convex hull of all indirect distance
vectors over oll fundamental paths in G between p; and ps. An indirect distance
vector over a path is the sum of distance vectors for each segment of the path.

n—1
Vg, = conv {(ﬂﬂﬂ €llg;:V1<i<n-1: 35;* € DG,(ui,qu),g: Z(i}
=1

(15)

Example 6 The initial graph of the example in Section B (without linear
transformation) yields the following indirect distance vector polytopes:

Vao, a4 = 0

Vao,(A,8) = 1]

Vao,(a0) = [-1,n—1]
Vao,A,D) = [-1,n—1]
Veo,B,B) = [—2—n,—2]
Vao..0) = [-2,n—-2]
Vao,8.0) = [-2,n—-2]
Vao,ccBy = [-7]
Vaocoy = [-2—n,=2]
Vao,c,py = 0]
Vao,p,B)y = [-n]

Veo, 0,0y = [—2—n,—2]
Véo,p,p) = [—2—n,—2]

15



Definition 16 (Self-dependence (full) cone) The self-dependence cone for
a given node p of a graph G is the dependence cone generated by all self-
dependence distance vectors.

Rgp = dcone Vg (p ) (16)

The self-dependence cone for the whole graph is the convexr (hull of the) union
of the self-dependence cones of all nodes in the graph.

Rg = conv U Rap (17)
peEVa

The self-dependence full cone is then the cone generated by the self-dependence
cone. .
Rg = cone Rg

Example 7 For the initial graph of the example in Section B (without linear
transformation), the self-dependence cone is:

Rg, = Rgy,a = Rgy,B = Ray,c = (—00, —2]
and the self-dependence full cone is:

Rg, = (—00,0].

4 Feasibility of translation

This section consists of two theorems that determine the necessary conditions
for a valid translation to exist and the set of valid choices for the relative offsets
between two nodes in case the conditions hold. We first establish the second
result. As auxiliary lemmas, we first proof that if a valid translation exists,
then the initial self-dependence cone is not degenerate. Then we proof that we
can maintain this property for intermediate self-dependence cones by making
appropriate choices for the relative offsets and finally we show that the final
self-dependence cone is equal to the global dependence cone, meaning that it is
indeed sufficient to only consider self-dependences. Readers who wish to skip
the proofs can proceed on page

Lemma 3 The self-dependence cone for the initial dependence graph Rg, is a
subset of the global dependence cone Cg 1 for any translation T'.

VT : Rg, C Ca,r

Proof Let 7, be an element of the self-dependence cone of some node p € Vg, :
7p € Rgo,p- Then from (I8), 7, = 371, A;9; for some positive Ajs, -, A; > 1

and some S;-S from Vg, (p,p)- For each 5},

n;—1
- -+
& = D 8
=1
nj—1 n; nj—1
_ 5 o -
= i+ Qji— Gj,i
i=1 =2 i=1
n;j—1
-
_ i
- i
i=1
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Figure 11: Invalid positions for dc,p, the offset of the reference point of D
relative to C.

with S;!’i = gj’i +di41 —a; € Cg,,r and where the second equality holds because
@ = d,,. Therefore 7, = \j_, udy, with 3] = &/, for some i and j and
each py the sum of some A;s. Since each A; appears in the sum of at least one
Mr, we have Y-, pup > 1 and so 7, € Cg, 7. Finally, any 7 € Rg, is a convex

combination of such s, so we can conclude that it is also an element of Cg, 7.
d

Corollary 1 If a valid translation ezists, then Rg, is not degenerate.
Proof The proof follows trivially from lemma Bl O

Lemma 4 If Rg is non-degenerate then Rgr with G' = combine(G, p1, p2, Ap, p,)
is also non-degenerate iff the offset dp, 5, between the two nodes p1 and ps is
such that it satisfies the following condition:

pipr & (Re +Va,(pap)) U (= (Ba + Ve, (p1.p2))) (18)

Example 8 Referring to examples Bl and [ the set of invalid relative offsets
dc,p for the initial graph of the example in Section B (without linear transfor-
mation), is given by

((=00,0] +[=2, —n — 2]) U (= ((—00,0] + [0])) ,

i.e., the only valid offset is &¢,p = —1, as illustrated in Figure [l

Proof We prove that Rg: is degenerate iff & = &, p, is a member of the
set in the right hand side of ([8). First note that any circuit in G’ and its
corresponding indirect distance vectors corresponds to a circuit in G”, where G"'
is G with two additional pseudo-edges: one between p; and py with D, ,,) =
—a and one between py and p; with Dy, ;) = @ The graph G" has one
additional circuit, viz. the one composed of the two pseudo-edges.

If Rey is degenerate then there exists an 7 € Rg such that 7 = 0. According
to () and ({H), any element from Rg is the sum of indirect distance vectors
over a circuit, i.e.,

F=2Ak5k )\k>0,2/\k21
k k

where each 5; is an element of Vg (, ) for some p € Vg, excluding the case
of the circuit composed of the two pseudo-edges, and where we have left out
the terms for which Ay = 0 as they do not have any influence. Since the path
over which 5] is defined is a simple circuit, it will contain at most one of the
two pseudo-edges. We can then group the circuits into three groups: one group
A1,;01,; containing the circuits that do not contain any of the pseudo-edges,
one group AQJ‘S‘(pl_)pz)’j for those that contain the (p1,p2) link and one group

)\3734(5’(1,2%191),]- for those that contain the (ps,p1) link. Let uy := Zj A1,; and
Al,j = A1,j/p and similarly for the other us and M's, then:

7= z )‘LjélJ + Z )\2,]'(5(1,1_,”),]' + Z )‘3’16(P2—>P1)7j

J N J . J . , (19)
= M Z )‘Il,j(sl,j + p2 Z Alz,ja(P1—>P2)1j + w3 Z )‘Iz,j‘s(pz—mﬂ,j
J J J
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with

D3

DPa

" k}p2 ™

D1

Figure 12: Pairing off two circuits

pi >0, XN;>0, > p;>1 and Y N,;=1
i J

We now consider three cases based on the relative order of us and ps.

H2 = [3
In this case we can successively pair off circuits containing one of the
pseudo-edges to circuits containing the other pseudo-edge, constructing
cycles with the two pseudo-edges removed until s = puz = 0. That is, in
the first iteration, assume (without loss of generality) that A2 1 < As,;1 and
rewrite . .

A2,10(p1—pa),1 + A3,10(py—p1) 1

in (I3 as
)\’1’(51’ + (A371 - A271)6(1:’2—>171)717

with Af' = A21 and 51’ a distance vector over the circuit constructed from
the circuits m and 7y that (f(pl_,pz),l and g(pz,_,pl),l are defined over, by
first traversing m; from py to p; and then 7y from p; back to p. For ex-
ample, the circuits 7, = (p1, p2,p3,p1) and 72 = (p1,Ps3, P4, P2, P1), shown
in Figure [2Z would be combined into the circuit (p2, ps, p1,ps3, P4, p2). In
each iteration of this rewriting process, u» and pg are decreased by A} and
at least one circuit containing a pseudo-edge is removed. After a number
of iterations, uo = pus = 0 and all circuits containing a pseudo-edge are
exhausted and transformed into circuits not containing a pseudo-edge.
Equation [[A then becomes

F=3" b+ Y A,
F P

with
Z)\Lj —|—Z/\" =1 +p2>0
i k

and each « a distance vector over a circuit and therefore in Rg as it is
the sum of distance vectors over simple circuits. We are then left with a
strictly positive combination of elements from the original Rg. Since by
assumption 0 € Rg, no strictly positive combination of elements of Rg
can result in the null-vector, so in this case 7 cannot be the null-vector.

M2 < p3

As in the previous case, we can pair off some of the circuits, resulting in an
element of Rg. This will exhaust the circuits that contain the pseudo-edge
(p1,p2), but will leave uz — p2 circuits that contain the other pseudo-edge.
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Figure 13: Decomposition of a circuit containing a pseudo-edge

An indirect distance vector over such a circuit can be decomposed into &
and some element from Vg ,, p,)- As a result we have:

7=7"+ (u3 — p2)@ + (u3 — p12) Z/\g,jg]{
J

with 7 € Rg and each §' € V6 prpe)- 7= 0 then, since ugz — py is
strictly positive:

1 1 1 5
d=—-—7 =S\, .5
M3 — p2 ; 807

or
ae— (I_%G + VG,(P17P2)) . (20)

® L2 > 3
This case is completely analogous to the previous case and yields:

d € Rg + VG,(?val)' (21)

Conversely, let @ be an element of either of the sets in equations ()
and (ZI)), then R is degenerate. To see this, take (1) and let

=7+ N\ (22)
J

with 7 € Rg, 3_; Aj = 1 and for each 5;:0; € VG, (pa,pr)- Obviously @ = 3, A;d,

so we can combine each §; with —& and rewrite ([22) as
= =
0=r+ E Ajd;
J

with 5;’ =6 —-de V' (p1,p1) and so 7' = 37, Ajg;'l € Rgr. If # = 0 then we
have found an element in Rg equal to the null-vector. If ¥ is in Rg then it
is also in Rg and again we find an element 7+ 7' in Rgr equal to the null-
vector. In the final case ¥ = A7 with 7 € Rg: and 0 < A < 1, and then
7'+ A7 =0 € Rer. O

Lemma 5 The final self-dependence cone is equal to the global dependence cone.
Rg+» = Cp=
Proof We prove that each set is a subset of the other.

[ RG* C CT*

Each element 7in Rg+ can be written as a positive combination of indirect
distance vectors over a circuit 7 = }>; A;7j, with 5. A; > 1 from the

19



single node to itself. By construction, each such distance vector will be
composed of distance vectors corresponding to “real” edges in the original
graph G and relative offsets corresponding to pseudo-edges in the original
graph. Together they will form a circuit in the original graph. Replace all
adjacent pseudo-edges in this circuit by a single pseudo-edge connecting
the starting node of the first pseudo-edge to the ending node of the last
pseudo-edge. Insert a pseudo-edge from a node to itself between each
pair of adjacent real edges. The resulting circuit alternates between real
edges and pseudo-edges and we can rewrite the indirect distance vector as
follows:

= —
Tj Vugp,uons1 — Cugpqr,uopgo
k

_ — .
- Vugk yuzk41 + Quspt1 — Quopqo
k

_ - -
- Uu2k7u2k+1 + au2k+1 — Qyoy
k

The last equality holds because the first and final nodes are the same and
hence have the same offset. The last identity shows that 7; € Cr+ and
thus 7 is in Cp» as well.

° RG* D) CT*

Each element § in C7+ can be written as a positive combination of distance
vectors with >, A; > 1. Any such distance vector is the sum of a distance
vector over an edge (p1,p2) in Go and the relative offset @, p, between
the end points and is therefore an element of Rg-. As a result, §isin R~
as well.

O

Theorem 3 If a valid translation exists, then any translation is valid iff it can
be constructed by Algorithm [ with choices for & according to lemma [g)

Proof The theorem follows almost directly from lemma Bl If a translation ex-
ists, then by corollary Mlany translation we construct using ds based on lemma @]
will have a non-degenerate Rg» and will thus be valid. Conversely, for any valid
translation, we can in each step choose a relative offset that corresponds to this
translation. The self-dependence cone R that results from the combination in
each step is a superset of the one Rg prior to combination. L.e., we have

Rg, C...CRg CRg C Rgv...C Rg~.

Since the final Rg+ is non-degenerate, so will all the others and therefore those
choices will correspond to valid ones according to lemma Hl O

Note that Theorem Bl does not imply that the application of Algorithm [ will
always yield a valid translation. If no valid translation exists, then obviously
the algorithm will not be able to construct one. Moreover, the theorem does
not exclude the possibility that certain choices for @ lead to a situation where
condition ([I8) of lemma H has no (integer) solutions. The following theorem
details the conditions under which a valid translation is guaranteed to exist,
but we first give an example of where a valid translation does not exist.

Example 9 Consider again the example in Section [ but this time with the

linear transformation applied. This means that all the difference “vectors”
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from the examples in the previous section have to be multiplied by 2 as well.
In particular, we have:

Vao,B,o) = [—4,2n—4]

Vao,(0,8) = [—2n]

Vao,c,py = [0]

Veop,oy = [—4—2n,—4]
Rg, = (—o00,—4]
EGO = (—00,0]

Condition ([[8) then becomes

do,p & (—OO, —4] U [0, oo)

We choose ac,p = —3 and we obtain
VGl,(B,CD) = [—4, 2n — 4]
Vei,op,B) = [=2n+3]
Rg, = (—OO, _1]
RG1 = (—00,0]

Condition ([8) now becomes
dp,cp ¢ (—00,—2n + 3] U[—2n + 4, 00)

which has no integer solution. This means that the algorithm can still make
globally invalid choices even though a valid translation exists as was demon-
strated in Section

Theorem 4 If N > 2, with N the dimension of the problem, and if the initial
self-dependence cone allows for a valid ordering, then a valid translation exists.

We will provide two proofs for Theorem Bl The first directly proofs that
the constraint (I8) always has an integer solution if the conditions stated in
Theorem Bl hold. The second is based on the construction of a set of ordering
vectors for which a compatible valid translation exists. Note that the dimension
of the problem space can arbitrarily be increased by adding extra dimensions,
so the requirement NV > 2 is not a restriction.

Lemma 6 If N > 2 and if Rg is non-degenerate, then the constraint (I8):

py s & (R + Ve (papn) U (= (Ba + Ve ,(01.0)))
has an (infinite number of ) integer solution(s).

Proof If Rg is contained in a hyperplane H, then the set (}_BG + VG’(pz,pl)) U
(= (R + Va,(p1,ps)) ) is contained in the same hyperplane. Otherwise we could
take 81 € Vi (pspr) and 2 € =V (p ps) With &2 & 8 + H. But then Rg >

51 — 8o ¢ H, which contradicts the assumption. Let § be any integer vector,
different from the null vector, orthogonal to H and 5 € VG, (p2,p1)» then 51+ g
is not in H and therefore a solution to ([IX).

If R is not contained in a single hyperplane, then let H; and H, be two
distinct supporting hyperplanes of R¢:

H, = {Z|§;% =0} and H, = {Z|§,% = 0},
with g and §» pointing “outward” (see Figure[[d), i.e.,

Rg C {#§7% < 0} N {#|§7% < 0}. (23)
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VGi(pl ,P2)

VGi(p27p1) °
v

Figure 14: Tllustration of the proof of lemma B on the top left the self-
dependence full cone, on the bottom left the indirect distance vector polytopes
and on the right the illegal regions for the relative offset

Furthermore, let 51 and 52 be defined as follows:

- -
01 = argmax §,'% 02 = argmax —gy i,
TEVa (p2,p1) Z€=Va,(p1,p2)

then and because of ([Z3)):
VZ € Ra + Vo (papr) : 915(& = 81) <0
and similarly
VZ € — (Ra + Va,(papr)) : —G5(F — 82) < 0.
Let F; be an arbitrary integer point in H; \ H», i.e., §i"F = 0 and g7 < 0, then
a =01 + g1 + ni with L
o> 1T 801 =0 +41)

- T

—9>T

is a solution to (&) since
3701 + §i +nf = 61) = [|G|]> + 1.0 > 0
and B )
G5 (61 + §1 +ni = d2) > 1.
O

Proof (First proof of Theorem HI) The proof follows trivially from lemmalfl
O

The second proof of lemma M is slightly more involved, but will yield ad-
ditional insight in the relation between ordering and translation which we will
exploit in Section Bl To establish the proof, we need the concept of an aver-
aged self-dependence cone and three lemmas. The remainder of this section is
devoted to the proofs of these lemmas.

Definition 17 (Averaged self-dependence cone) The dependence cone Rg
generated by all indirect distance vectors over all simple circuits divided by the
length of the respective circuit is called the averaged self-dependence cone.

Rap =
deone {5|3m € g, ) : V1 <i <1 = 1: 83 € Do (s> = 4 T0' 5
(24)
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Ra = conv U Ra.p (25)
pEVe

Example 10 The initial graph of the example in Section B (without linear
transformation) contains a single circuit (see Figure [l on page M) with distance
vector polytope [—2 — n, —2] (see example Bl). The averaged self-dependence
cone is therefore Rg, = (—o0, —2/3].

Lemma 7 For any ordering vector that is vaelid for the initial averaged self-
dependence cone and for which the ged (greatest common divisor) of its elements
is 1, a valid translation can be found such that the ordering vector is valid for
the corresponding final dependence cone.

Proof We will proof the lemma via induction. The lemma holds if the initial
graph contains a single node, since in this case all simple circuits are of length
one and the averaged self-dependence cone equals the dependence cone.

If the initial graph contains more than one node, we perform one iteration
of the loop in Algorithm [ reducing the number of nodes by one. Suppose 7@
is valid for the averaged self-dependence cone of graph G, then for all indirect
distance vectors d over a simple circuit of length I:

778> 1. (26)

From the construction of G' (Algorithm B), it follows that any new indirect
distance vector over a simple circuit, i.e., one that does not already exist in G,
contains exactly one &; in (@) of the form either & or —&. In order for (ZH) to
hold in G', the indirect distance vectors containing & yield a constraint of the
form

7a > 1y — 76y, (27)

with 8, some indirect distance vector over a simple path from p; to p2 in G.
Similarly, those containing —a yield a constraint of the form

71E < 70y — b, (28)

with & some indirect distance vector over a simple path from ps to p; in G.

If all constraints are either all of the form 1) or all of the form @), then
a suitable choice for @ can easily be found. Otherwise, suppose there is pair of
constraints such that no & exists satisfying

Ly — 76, < 7T < 778y — Lo, (29)
ie., 1 — 7?T(§1 > ﬁng — 1y or
Ty + 62) <1y + 1 (30)

for some &, and &, as described above. But then, by linking 51 and &> a cycle
is obtained in G of length [y + l2, which can be decompgsed Lnto one or more
simple circuits with combined length I3 + ls and with é; + d2 as sum of the
indirect distance vectors. Since, by assumption, (£8) holds in G, this yields a
contradiction with (B). Therefore {8) also holds in G’.

The ged of 7 being 1 is needed to ensure that %) not only has a solution
for @ but also an integer solution, which is then guaranteed by the Extended
Euclidean Algorithm (Knuth 1968]). This completes the proof. O

Corollary 2 The ordering vector can be chosen prior to translation.
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Proof The proof follows trivially from lemma [ O

Lemma 8 If N > 2 and the valid ordering polyhedron Po(R) for some depen-
dence cone R is non-empty, then the valid ordering polyhedron contains a vector
with 1 as the gcd of its elements.

Proof Select two linearly independent vectors 7 and 7 from Po(R)NZ". If no
such two vectors exists, then P (R) is not full-dimensional. But then R contains
a line which is impossible since R is finitely generated and does not contain the
null vector. Consider the set of vectors #* = 7 + k@, with £ > 0 and divide
each of these vectors by the ged of its elements to obtain 7%/ = Ak 171+ Ag,2 2
for some Ag; and Mg 2. No two k! can be linearly dependent since otherwise
the corresponding 7% would be linearly dependent, which is impossible because
7, and 7 are linearly independent. In particular, no two 7*' can be equal. On
the other hand, if #*' is not an element of Po(R), then A\g1 + Ap2 < 1. Since
only a finite number of 7*' can satisfy this condition, there must be at least one

k" in Po(R). O
Lemma 9 If Rg is non-degenerate then so is Rg.

Proof Suppose Rq is degenerate. Then there exist u;, A j, m;,; and 5;,]',19 with

ni;j—1
Zuiz)\i,j (ﬁ Z gi,j,k) =0 (31)
i j b

k=1

with

Zuizl and Z)\i’jzl
i J

and m; ; and 5;];9 as in ([24). By multiplying @) by [, ,,, |mi,m|, we obtain

ng,;—1
Zﬂiz)\i,]‘ H |70 m | ( Z (i,j,k> =0
i k=1

J (1,m)#(i,5)

with

Zuz’ =1 and Z)\i’j H |7Tl,m| 2 1
i

J (1,m)#(4,5)

and then Rg is degenerate as well. d

Proof (Second proof of Theorem Hl) Since Ry is not degenerate, then by
lemma [ so is Rg, which means that Po(R¢g) is non-empty. Combined with
N > 2, lemma R yields that Po(R¢) contains a vector with elements that have
a ged of 1. Lemma [ then shows that a valid translation exists. O

Corollary 3 If N > 2 then a valid choice for &y, p, in lemma g always exists.

Proof By Theorem H] Rg being non-degenerate is sufficient to ensure the ex-
istence of a valid translation, which by Theorem Bl can be constructed using
lemma Hl O
5 Two-dimensional example

In this section, a valid translation for the example of Section B will be con-
structed using Algorithm [ This time, however, the common iteration space is
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Figure 15: Initial dependence graph G on the left. On the right, R¢g, in thick
lines and Po(Rg,) as a shaded area.

two-dimensional and we do not perform any linear transformation. Figure
shows the initial graph. Each set D, is represented by its vertices.

It is clear that the graph contains a single cycle of length three and that the
extreme distance vectors of the cycle are [—n — 2,0]" and [—2,0]". The initial
self-dependence cone is then

Re, = {A [_02] A > 1},

which is non-degenerate. Combined with the fact that N = 2 > 2, Theorem H
ensures that a valid translation exists. As guaranteed by lemma [, the averaged
self-dependence cone is also non-degenerate:

Ra, = {% [_02] A > 1}.

In a first step, we will combine C' and D. The self-dependence full cone is
Rg = cone Rg, = coneRg, = {/\ [_01] A > 0} = (—00,0]

and the relevant indirect distance vector polytopes are

sen={[]
Vo) =conv{ [‘”0_2] , [‘02] }

Figure [[6 shows the resulting invalid positions for ac,p based on condition (IJ)
as well as the selected value dc.p = [0 1] (marked by x). The result of the
combination of C' and D is shown in Figure [ Note that since the distance
vector from C'D to itself is a distance vector from a node to itself, it corresponds
to a translated distance vector in the final translation and it has also been drawn
in Figure [

Graph G contains two cycles, one of length one with distance vector [0 1]
and one of length two with extreme distance vectors [ —n — 2, —1]" and [ -2, —1]".
The averaged self-dependence cone is therefore

R, =dc0ne{[:;]’[(1)]}
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Ra, +Vao,0,0) — (Ra, + Vao,0,0))

Figure 16: Invalid positions for d¢ p, the offset of the reference point of D
relative to C.

o Lol
A, P en)l]

S~ -n .
~dan [—1] G g

Figure 17: Graph with C' and D combined. Cf. Figure [[H

cnerec, =eone{ [ 2], 0]

Let us now consider the combination of A and B. The only relevant indirect

distance vector polytope is
1

and the full cone is

Figure [[8 shows the resulting invalid positions for a4, g based on condition (IX)
as well as the selected value da,p =[—1 1 ]". The result of the combination
of A and B is shown in Figure[[d Since the only additional cycle (from AB to
itself) is identical to the cycle from C'D to itself, Rg, = Rg,-

In the final step, AB and C'D are combined. We have

v _ -1 n—1
(AB,cD) = €OV | 4|, 4

Figure 18: Invalid positions for @4,p, the offset of the reference point of B
relative to A.
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Figure 19: Graph with A and B combined. Cf. Figure [[1

Figure 20: Invalid positions for @ap,cp, the offset of the reference point of C'D
relative to AB.

and

Viep.ap) = { [_"0_ 1] } .

The final application of () is shown in Figure

FigureZlshows the final graph with a single node, where dap,cp =[-n+1 2]"
was used, as shown in Figure The final single indirect distance vector poly-
tope contains

o — 0
Va.,(AB,cD) +dAB,cD = COHV{ [ ln] ; [1] }

and
. -2
VGs,(op,aB) = daBcD = { [—2] } ’

ABcp< ) [TH?H:;]

Gs

Figure 21: Graph with AB and CD combined. Cf. Figure [[4
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Figure 22: Complete translation

The dependence space figure now contains all the distance vectors of the final
translation, which is shown in Figure The ordering vector in this figure is
7T=[—4 1], which is part of Po(Rq,) as shown in Figure ZIlon the previous
page.

6 The ordering phase

6.1 The ordering of the phases

In Section ], we proved that incremental translation is feasible when performed
in between a linear transformation and an ordering phase. Corollary 2l however,
shows that incremental translation can also be performed after the ordering
phase. In this section we will discuss the relative merits of these two approaches.

Incremental translation after ordering can be performed using the same al-
gorithms (i.e., algorithms [[l and B as translation before ordering. Rather than
using ([I¥) for choosing a valid relative offset, however, (%) should be used.
Also, it is not necessary to maintain the complete distance vector polytope D,
for each edge in G, but rather a single scalar is needed. This significantly sim-
plifies the operations in Algorithm Bl To see that only a single scalar is needed
for each edge, consider the set of constraints of the form 7)) and (28)). In both
cases, only the constraint based on the indirect distance vector § with minimal
time delay (770) is needed, since it is more restrictive than the constraints of
the same set for other indirect distance vectors. The indirect distance vector
with minimal time delay can only be the sum of direct distance vectors with
minimal time delays and hence only these direct distance vectors have to be
remembered. The downside is that we have to remember the indirect distance
vector with minimal time delay not only for each pair of nodes connected by a
path, but for each pair of nodes connected by a path and each possible length
of such a path, as constraints 7)) and (28)) depend on this length.

Figure 23 presents an overview of the differences between ordering-first and
translation-first (the final column is explained later). The feasibility criterion
for ordering-first is slightly more complicated, but, by lemmas B and B, feasi-
bility for translation-first implies feasibility for ordering-first. The differences
in (indirect) distance vectors has been discussed above. The feasible region for
(the time delay of) the relative offset is very simple for ordering-first: it is a
single interval (where one of the ends of the interval may extend to infinity). For
translation-first, the feasible region is a non-convex multi-dimensional region,
which requires the calculation of self-dependence cones which is not needed for
ordering-first. The self-dependence cone for the initial graph is still needed to
determine feasibility. Note that it may not be required to calculate the feasible
region for translation-first: an arbitrary valid relative offset can be obtained via
the technique in the proof of lemma Also, a suitable cost function may a
priori eliminate a large part of the search space.
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Translation first

Ordering first

Loop fusion

Feasibility

Distance vectors
Indirect distance vectors
Self-dependence cone

Legal relative offsets

Cost functions

N >2A0¢ Rg,
(Theorem H)
DG,e
VGa(phpQ)
required
Opypo & (RG + VG,(Pz,Pl)) U (_ (RG + VG,(PM&)))
(Equation (X))

Only geometrical

T € Po(Reg,) : ged@ =1
(Lemma [7)
min 7" Dg ¢
min 7V, (py po),i
not required
i — 78 < 7A <76 — Iy
(Equation (Z9)))

Geometrical + time related

Figure 23: Comparison of translation before or after ordering

0 ¢ Rg,

min 7" Dg,e
min ﬁTVG’(pl p2)
not required
—718; < 77a < A6
(Equation (&)

Geometrical + time related



Figure 24: Locality in space vs. locality in time.

As to cost functions, Danckaert et al. (2000) note that prior to ordering,
only geometrical features can be used in cost functions. This restriction makes
it hard to choose good relative offsets. For example, suppose we want to place
the target of a dependence as close as possible to the source and suppose that we
have to choose between positions 1 and 2 in Figure When only considering
geometrical features, 2 is the better choice since it is closer in space to the source
of the dependence. If, however, the ordering phase would choose the ordering
vector shown in the figure, then 1 is a lot closer in time than 2.

In general, if the translation step makes its choices oblivious of the following
ordering step, then this ordering step will have a hard time optimizing all the
dependences since it only has the freedom of selecting a single ordering vector for
all the statements in the common iteration space. In order to make any time-
related decisions, the translation step would have to estimate the position of
the ordering vector or at least some limited range for this position. By placing
the ordering step before the translation step, timing information is directly
available. The effect on the ordering step is that the ordering vector has to be
chosen based not on all the dependences, but only on the self-dependences.

Example 11 For an example of ordering before translation, we need only refer

to Section Pl as in building the equivalent affine mapping and ordering vector

combination, we chose the ordering vector before determining the translation.

As shown in example [[] the averaged self-dependence cone without linear

transformation is Rg, = (—00, —2/3]. The corresponding valid ordering poly-

hedron Po(Ra,) = (—o0, —3/2] does not contain any element with ged 1. This

explains why we had to scale the iteration domains by a factor k at least 2.

With k = 2, we have Rg; = (—00,—4/3] and —1 € Po(Rgy) = (—o0,—3/4],

which satisfies the requirements of lemma [

Note that the feasibility criterion mentioned in Figure B3 on the previous
page is a criterion for the feasibility of the combination of translation and order-
ing. If the ordering is performed prior to the translation, it must still ensure that
a valid translation is possible. According to lemma[d, the ordering vector has to
be chosen from the valid ordering polyhedron for the averaged self-dependence
cone for the initial graph and its ged has to be 1.

6.2 Loop fusion

As mentioned above, a drawback of ordering-first is that an indirect distance
vector has to be stored for each possible length of path between two nodes in
the dependence graph. This can be alleviated by relaxing constraint (g):

to
T >1 (32)

for self-dependence distance vectors in the initial graph and to

775> 0 (33)
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for additional self-dependence distance vectors in the derived dependence graphs.
As a result, the constraint on valid relative offsets 29 is relaxed to:

— #T6y < 7@ < 7Dy, (34)

Due to this simplification, though, some self-dependence distance vectors in
the final graph, which correspond to translated distance vectors in the original
graph, may have a time delay of 0, which is not allowed. To solve this, we need to
determine an ordering for depending operations that are scheduled at the same
time. Consider the graph consisting of all the edge in the dependence graph
with translated distance vectors of zero time delay. Each component in this
graph is a DAG (Directed Acyclic Graph), since the time delay over any circuit
in the dependence graph is at least 1. A valid execution order can therefore
be determined by a topological sort of the components of the graph. This is
in fact how loop fusion with loop bumping (Manjikian and Abdelrahman 1995}
Fraboulet_ef_al. 1999; [Song et al. 2001)) works, although they typically do not
explicitly address this issue.

One way of modeling the above construction is to extend the dimension of
the ordering and to apply an additional translation in the additional dimension.
If we determine a one-dimensional ordering 7 in the ordering step, as we have
done up to this point in this document, then the final (two-dimensional) schedule
becomes " .

Oy 70 [’;] Axi + [TET] ax+[ 0 ] (35)
0 0 ax,N+1
(compare with @)). As usual with multi-dimensional schedules, the iterations
are executed in lexicographical order.

Due to the relaxed constraint on self-dependences [B2), it is sufficient that
an ordering vector with ged 1 exist in the valid ordering polyhedron for the
self-dependence cone (rather than the averaged self-dependence cone). It is
therefore sufficient that the valid ordering polyhedron be non-empty. The case
for N > 2 derives from lemma [ and for N = 1, we know that either 1 or —1
is a member of Po(Rg,) if it non-empty since every distance vector is integer.
This explains the final column of Figure 23 on page

The feasibility criterion for the translation phase itself is in this case that
the ordering vector be chosen from the valid ordering polyhedron for the (non-
averaged) self-dependence cone. This simply means that ([B2) should hold for
all self-dependences.

6.3 Linear transformation

In Section Bl we argued that it is preferable to perform the ordering before
the translation, because it is possible, simpler and allows for more accurate
cost functions. Similar reasoning holds for the linear transformation phase. As
we show in the following lemma, the same effect of a change in ordering can
be affected by linearly transforming the common iteration space as a whole.
As with the translation phase, a pre-ordering linear transformation phase can
only use geometrical cost functions such as regularity (Verdoolaege et al. 2001)),
whereas a post-ordering linear transformation phase can also use time-related
cost functions such as locality (in time).

Lemma 10 Applying any ordering vector 7™ with gcd of its elements 1 is equiv-
alent to applying any other ordering vector ©'" with gcd of its elements 1 to a
unimodularly transformed common iteration space.

7T =RTU (36)
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Figure 25: Equivalent placement for ordering vector 77 =[1 0]

Proof Since the gcd of their elements is 1, both ordering vectors can be ex-
tended to unimodular matrices K and K' (Bik 1996)). K’ “'K can be used as
unimodular U in (B&]). O

In lemma [0, we only consider ordering vectors with gcd of the elements
1 since an ordering vector with a different gcd determines the same relative
ordering of the statement iterations as the ordering vector divided by its ged. If
the ged of the two ordering vectors are g and g’ respectively, then we can also
apply the transformation g/¢g'U to the common iteration space, but this may
map iteration points to non integer values.

Example 12 In section Bl we obtained the mapping shown in Figure on
page B8 and we choose the ordering vector #7 = [—4 1], also shown in the
same figure. Suppose we want an equivalent placement/ordering combination
where the ordering is given by #/7 = [1 0]. Following the proof of Lemma [T}
we unimodularly extend both ordering vectors and obtain

|41 r |10
K—[_3 1] and K—[O 1],

with the determinants of K and K' respectively —1 and 1. Since K’ is the
identity matrix, U = K K = K , which is the matrix with which we have
to transform all iteration domains in the common iteration space to obtain an
equivalent placement /ordering combination. For example, the iteration domain
of statement B in Figure B2 contains the three points [3 —1]7, [4 —1]7
and [5 —1]7, which are transformed to [—13 —10]", [-17 —13]" and
[-21 —16]" respectively. This alternative placement/ordering is shown in
Figure Note that, as guaranteed by Lemma [0 the effective execution
order of the statement instances is unaltered.
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6.4 Multi-dimensional ordering

So far, we have only considered one-dimensional orderings, which is what van
Swaaij (1992) uses. However, in determining a one-dimensional ordering, he first
builds a multi-dimensional ordering, which he transforms into a one-dimensional
ordering through loop coalescing. In a multi-dimensional ordering, the schedule
“time” is a vector and the execution order is determined by the lexicographical
order of these time vectors. Loop coalescing maintains this execution order.

Danckaert et al. (2000)) propose to apply conventional scheduling or space-
time mapping techniques (Feautrier 1992 [Lamport 1974 [Lengauer 1993) on the
common iteration space in the ordering phase. Two of the referred to techniques
consist of a one-dimensional schedule, the other of a multi-dimensional schedule.
Note that [Feautrier (1992) constructs a (piece-wise) affine schedule per state-
ment. Presumably what is meant is that the whole of all the iteration domains
in the common iteration space is seen as a single (compound) statement, i.e.,
that the same affine transformation is applied to all iteration domains. Other-
wise, the ordering phase would not use any of the information constructed in
the previous two phases, rendering them quite useless.

We are therefore justified in also considering multi-dimensional orderings. In
fact, as we show in the next lemma, the problems of finding a one-dimensional
or a multi-dimensional ordering are equivalent (for non-parametrized problems)
in the sense that any valid ordering vector (with gcd of its elements 1) can
be transformed into a valid (unimodular) multi-dimensional ordering and vice
versa. Again, it is sufficient to only consider ordering vectors with ged 1 and
unimodular multi-dimensional orderings as scaling does not affect the relative
execution order.

Lemma 11 Any valid ordering vector with gcd 1 is equivalent to a valid uni-
modular multi-dimensional ordering and vice versa.

Proof The unimodular extension (Bik 1996]) of the ordering vector is a valid
multi-dimensional ordering since its first row separates all the dependences.
Conversely, a unimodular ordering can be converted into an ordering vector
through loop coalescing. That is, let K be the multi-dimensional ordering and
let G* be the graph corresponding to the common iteration space. Let P* be
the union of all iteration domains in G* after ordering, i.e.,

pr=K |J P with Vg ={p}
PeP,
Let s; be the extent of the bounding box of P* in dimension 4, i.e.,
s; = max €;P* —min&7P* +1,
then 77 = ETK with
N
Bi= ]I s
j=i+1

is a valid ordering vector, since it preserves the execution order of K. The gcd
of 7 is 1 because the ged of 8is 1 (8y = 1) and because K is unimodular. O

With a multi-dimensional ordering, we can identify a loop with each di-
mension of the ordering to generate source code containing loop nests and cor-
responding to the transformed common iteration space (Quilleré et al. 2000;
Bastoul 2002)).

Example 13 The ordering vector shown in Figure on page ER is #7 =
[—4 1], An equivalent multi-dimensional ordering is

-1 0
n=[ )
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for (i = 0; i <= n ; ++1i) {
if (i <= 1)
c[n+2-i]
if (i <= 2)
al[2-i] = f4(c[n+2-i]); /* B %/
b[n-i] f2(al[2]); /*x C %/
c[n-il £f3(b[n-i]); /* D */

£10; /* A */

Listing 1: Target program

i.e., the outer loop corresponds to the first dimension and the inner loop to

the second dimension, with the outer loop executed in reversed order. The

generated code is shown in Listing [l Note that the j-loop is not explicit since

no statement has iterations with different j-values.

The use of multi-dimensional orderings also makes the equivalence between
ordering and linear transformation of the common iteration space more explicit.
The final schedule is

axtgl—) HAXZ+H6X, (37)

which clearly shows that replacing the multi-dimensional ordering II with IIU
is equivalent to transforming the common iteration space with U”. Combined
with the technique ([B3) from Section B2, adding an extra dimension to eliminate
the need to remember the circuit lengths, we obtain:

s II > I . 0
Ox :i— [6T:| Axi+ |:(—]'T:| ax + |:GX,N+1:| ,

or equivalently L. .
Ox : i MAxi" + TdY,

- [X 0 5 [7 I R 7%
X_[ﬁT 1], ) —[0] and aX_[ax,NH]'

6.5 No ordering substep

with

If we perform the ordering phase prior to linear transformation and translation,
as argued for in sections [EJland B3], we can simply choose the default ordering,
i.e., with the identity matrix as multi-dimensional ordering, essentially eliminat-
ing the ordering phase. This default ordering corresponds to a lexicographical
ordering on the iteration vectors in the common iteration space. Eliminating IT
from (B7), we obtain

Ox : Zl—) AX;-F ax,

which is exactly (multi-dimensional) affine-by-statement scheduling. Adding
the extra dimension, we obtain

oxt?:l—)fix?-i-(_i‘lx.

The feasibility criterion for the translation step (B2) in this case is that all
self-dependence distance vectors should be lexicographically strictly positive:

§ > 0.
Since the lexicographically smallest strictly positive value is €y, this is equiva-

lent to .
0 = én. (38)
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Figure 26: Initial dependence graph with dependence polytopes on the left and
with minimal distance vectors on the right (after reverse).

2—n 1-n
i ege e s
n n+1 Gz

G

Figure 27: Intermediate dependence graphs

Likewise, during loop fusion, additional self-dependence distance vectors should
be lexicographically positive

- —

0=0,

and the valid relative offsets constraint (B4l becomes
— 51 <8< 6. (39)

Note that in all these constraints, it is the minimal distance vector, i.e., the
lexicographically minimal element of V. for a given edge e, that determines
whether it holds. As such, there is no need to actually store V., or even D,.
Rather, we only need to store the minimal element.

Example 14 Once more we consider the example from Section Bl but this
time using the loop fusion technique from Section and without an ordering
step. Figure shows the initial dependence graph on the left. The graph
contains a single cycle, with indirect distance vectors in the range [—n —2, —2].
Since these are negative, (B8)) does not hold and a linear transformation needs
to be applied. In this case we can simply reverse all the iteration domains.
The resulting minimal distance “vectors” are shown in the same figure on the
right. The single minimal self-dependence distance vector is 2 and satisfies
(B8). Note, though, that it does not satisfy (ZH), as the length of the cycle is 3,
so this program cannot be fused without the relaxation discussed in Section B2

We combine the nodes in the same order as in sections [ and When
combining C and D, the constraint on the relative offset (BY) is

—-0<dcp <2

and we choose d¢,p = 0. The resulting dependence graph G is shown in
Figure Next, A and B are combined at an offset of @4, = 1, resulting
in G2 and finally AB and CD are combined at an offset of &das,cp = n — 1,
satisfying the constraint on the relative offset —(1 —n) < dap,cp < n+1. We
arbitrarily choose @4 = dapcp = 0 and obtain @ =1 and d¢ = dp =n — 1.

Figure P8 shows the dependence graph after translation. Some of the trans-
lated minimal distance vectors are zero and so a topological sort to determine
the offset in the innermost dimension is required, which is also shown in the
same figure. The resulting fused program is shown in Figure B9 with the
common iteration space on the left and generated code on the right. In the
iteration space, the horizontal axis represents the single dimension of the prob-
lem and the vertical axis represents the additional dimension that orders the
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Figure 28: Translated dependence graph

for (i = -1; 1 <= n-1; ++i) {
if (i <= 0)
c[n+1-i] = £1Q0);
if (1 <= 1)
al[1-i] = f4(c[n+1-i]);
b[n-1-i] £f2(al[2]);
c[n-1-i] £3(b[n-1-i]);

Figure 29: Complete fusion

statements inside the inner loop. The ordering of the iterations is equivalent

to the one shown in Figure 22 on page

To close this section, we wish to reconsider the motivation for using an
ordering phase. First note that both approaches (with or without ordering
phase) have the same set of solutions with respect to the final execution order of
the statement instances. They only differ in how they obtain such a solution. In
comparing his methodology to affine-by-statement scheduling (Feaufrier 1992;
Kelly and Pugh 1993} [Feautrier 1996), [Danckaert (2001) mentions the following
advantages of his approach:

e The complexity is reduced. In each phase, a cost function can
be used which is more simple than a combined cost function.

e It is a new approach compared to existing work. The latter has
not led to an automated loop transformation methodology.

He also mentions the following disadvantages:

e All transformations can be performed in many different ways,
by different combinations of placement and ordering. Future
work should investigate whether at least part of this redun-
dancy can be removed.

e Only heuristic (i.e., non time-related) cost functions are pos-
sible during the placement, such that potentially a placement
could be chosen which does not allow a good ordering (and final
solution) anymore.

The second advantage only means that it may be fruitful to consider a dif-
ferent approach. It does not mean that this different approach has immediately
led to an automated loop transformation methodology. In fact, this document
is part of an attempt to attain this goal. As to the claim that complexity is
reduced, it is based on the assumption that the ordering phase is orthogonal to
the placement phase (the combination of linear transformation and translation)
and that simpler cost functions can be used in both phases. However, no formal
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for (i = 0; i <= n ; ++1)

ali]l = fa(ali-11);
for (i = 0; i <= n ; ++1)

b[i]l] = fb(alil);
for (i = 0; i <= n ; ++1)

c[i] = fc(cl[i-1]1, b[i], b[n-il);
for (i = 0; i <= n ; ++1i)

d[i] = fd(alil);
for (i = 0; i <= n ; ++1)

e[i]l = fe(eli-1]1, d4[i], d[n-1i]);
for (i = 0; i <= n ; ++1)

f[i] = ff(alil);
for (i = 0; i <= n ; ++1i)

glil = fg(cl[i-1]1, £[i], f[n-il);
result = c[n] + el[n] + glnl;

Listing 2: Program with bad locality

proofs of these assumptions are given and the results from Section Bl rather
indicate the opposite, as we show that assuming a fixed ordering simplifies the
problem of finding a valid translation.

7 Optimality

Although the main focus of this document is the feasibility of (incremental)
translation, we will also consider some cost functions for optimality, mainly
locality, in this section. Throughout this section we assume that D, is the
multi-set of all distance vectors over an edge e, rather that just the set, i.e., the
number of occurrences of each distance vector is of importance.

Optimizing locality between two accesses to the same memory element can
have a positive effect on the number of accesses. Optimizing locality over (flow)
dependences, i.e., between a write and a read, reduces the life-times of array
elements, which can have an additional effect on the memory size. By reduc-
ing the distance between successive accesses to the same memory element, the
likelihood of that element residing in a register or a cache increases, reducing
the number of accesses to slower memories in the memory hierarchy. By reduc-
ing the maximal distance between a write and a read access, the array element
needs to be stored for a shorter amount of time, freeing up memory for other
elements of the same or other arrays, which in general reduces the total memory
requirements.

It should be noted that locality is not always good for memory size. Com-
pare, for example, the programs in listings ] and Bl The first has bad locality,
since the elements of a, calculated in the first loop, are used in the loop that
calculates £, but 4 loops separate these two loops. The program in Listing Bl is
maximally merged and values only need to be kept over a single loop. However,
the number of array elements that need to be stored is larger in the second pro-
gram, since three arrays: b, d and f are alive between the two loops, whereas
in the first program at most two arrays are simultaneously alive.

7.1 After ordering

If we assume a fixed ordering during translation, we can optimize locality in the
outer-most dimension first and then continue to inner dimensions. Consider the
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for (i = 0; i <= n ; ++i) {

alil fa(ali-11);
b[i] = fb(alil);
d[i] = fd(alil);
f[i] = ff(alil);
}
for (i = 0; i <= n ; ++i) {
c[i] = fc(cl[i-1]1, b[il, bln-il);
el[i]l = fe(eli-1]1, d[il, d[n-il);
glil = fg(cl[i-11, f[il, f[n-il);
}
result = c[n] + el[n] + gln];
Listing 3: Program with good locality
X
X
X X

Figure 30: Optimizing locality. (a) a dependence. (b) an illegal translation. (c)
optimal translation. (d) suboptimal in inner dimension. (e) suboptimal in outer
dimension. (f) minimal shift. (g) maximal shift
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example dependence in Figure Blh. The two polytopes are m x n and each of
the (m — 1)(n — 2) distance vectors is equal to 6 = (—1,2)7, as demonstrated in
the (illegal) translation in (b). The outer loop is drawn top to bottom and the
inner loop left to right. Figure Bk shows the optimal translation for this pair
of polytopes, with a relative offset of @ = (1,—2)*. To see that is important
to optimize the locality in the outer dimension first, compare (d) and (e). In
(d) the consumption polytope is shifted one to the right (the inner dimension)
compared to (c), which increases the number of live elements by 1, whereas in (e)
the consumption polytope is shifted one down (the outer dimension) compared
to (¢), which increases the number of live elements by n — 2.

In the case of a single uniform dependence, as in Figure B0, the optimal
translation is obtained by ensuring that the translated distance vector is equal
to the null vector, assuming that we use the technique in Section In any
case the translated distance vectors will have to be lexicographically positive
B3). If, in optimizing the offset in a certain dimension, all coefficients of some
translated distance vector are already made zero in the outer dimensions, the
coeflicient for the current dimension will be constrained and we can simply try
to minimize it in order to optimize locality. However, if all translated distance
vectors have a non-zero coefficient in one outer dimension, then there may be
no such constraint. Minimizing the coefficient would lead to a value of —oc.
Figure BI¥ shows that we need not consider such extreme values. The number
of live elements is the same as in (e) and further shifting to the left does not
change this value. Likewise, (g) shows the maximal shift in inner dimension for
the same shift in outer dimension that changes the number of live elements, and
any additional shift to the right should not incur any locality cost.

Another option, and the one taken by [Fraboulet et al. (1999), is to only
consider (uniform) dependences in inner dimensions with translated distance
vectors of all zeros in the outer dimensions. However, as can be seen from the
difference between figures Bk and Bk, it may still be useful to optimize the
inner dimensions in any case, even for uniform dependences, to which Fraboulet
et al. (1999) limit themselves. On the other hand, if the translated distance is
non-zero in an outer dimension, then either there is a constraint due to another
dependence in the same direction preventing the distance to become zero or
there is a dependence in the other direction, pulling the relative offset in the
opposite direction. In both cases, the dependence under consideration is not
(as) relevant and so probably should be removed. In Section [ we will briefly
return to this issue.

Summarizing this section, in determining a relative offset in step Hl of Algo-
rithm [l we work from the outermost dimension inward. For each dimension,
the coefficient of the relative offset is optimized by minimizing the sum of terms
for each dependence, where each term has the following form:

w (| = Bil+ = & = il+) - (40)

In this term, w is the weight of the dependence, z is the coefficient to be de-
termined and B; and ~; can be derived from the production and consumption
polytopes and the dependence function and may also depend on the coefficients
of the relative offset in outer dimensions for non-rectangular domains; | - |4 is
the function that maps a value to itself if it is positive and to zero otherwise
(Cf. Figure BI). The function in #0) is shown in Figure
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Figure 31: The function |- |+
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Figure 32: Locality cost function in each dimension for each dependence.

7.2 Before ordering
7.2.1 Distance length

If the ordering is not known prior to translation, then optimizing locality is
more difficult. A straightforward cost function is the sum of the lengths of all
translated distance vectors, i.e.,

Z ||5+&p1,p2||+ Z ||5_07P1,p2||7

0€D(py,pg) 0€D(p5,p1)

or equivalently

> 13]]- (41)

5 T T
6€D(p1 ,pg)UD(pz .P1)

To derive a linear cost function from @I, the 1-norm can be used, also known
as the Manhattan distance. This cost functions was already used by van Swaaij
(1992), but it suffers from the problems explained in Section Bl

Example 15 Consider the choice for the relative offset between A and B in

SectionBlafter C and D have already been joined. The choice @a,p = [—1 1]7
leads to two translated distance vectors [0 1]7, with combined length 2, which
is minimal. Another choice is &4 p = [—2 0]", indicated in Figure [[8 on

page 28l by a circle, which leads to two translated distance vectors [—1 0]7,
also with combined length 2. The first option is preferable however, since the
distance vectors obtained are identical to those generated by the dependence
between C and D. Therefore, an ordering vector that is optimal for the latter
is also optimal for the former. For the second option, this does not hold. Cost
function () does not capture this preference.

7.2.2 Deviation from dependence cone

We can improve on this cost function by including the dependence cone. If the
dependence cone increases during a translation step, the valid ordering polytope
decreases and, in general, this will lead to worse solutions. We therefore want
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Figure 33: Deviation from the dependence cone

to minimize the increase of the dependence cone. Suppose the dependence full
cone is given by the following equation:

Rg = {f € Z"|Fp > 6} :
The following cost function can then be used to measure the deviation from the

dependence cone:
> S Fa ol (42)

S‘E'D(q;l,pz)up(q;z,m)
where f 1.5 are the constraints defining the dependence full cone, i.e., the rows
of Fg. The effect of this cost function is illustrated in Figure The distance
vector 0 lies within the current dependence full cone and does not incur any
cost. The distance vector gg, however, violates constraint fro and therefore
does incur a cost, as indicated on the figure. Note that [@2) should be used in
conjunction with @I). A disadvantage of this cost function is that as soon as
the self-dependence cone is of “full” size, it has no effect.
Example 16 As in the previous example, we consider the choice &4, in
Section Bl The dependence full cone at this stage is

Tzclz{ffem[j g]fz[g]} (43)

Since the resulting translated distance vectors for both choices, [0 1]7 and
[-1 0]7, both satisfy the constraints, cost function @) does not help us in
this case. Suppose, however, that the dependence between D and B did not
exists and that there hence would not be any self-dependence. In this case, the
dependence full cone would be

B . 1 0
RG1=cone{[O]}= TeZ"||-1 0|&>
1

0 0

and cost function (@) would be able to differentiate between [0 1]7 and
[-1 0]7, since the latter does not satisfy the first constraint, whereas cost
function (I)) would still not be able to make any distinction.

7.2.3 Deviation from ideal distance vector

The final cost function we discuss attempts to estimate the ordering vector that
will be produced by the ordering phase and then to optimize the new translated
distance vectors with respect to this ordering vector. The cost function used in
determining the optimal ordering vector is assumed to be locality as well, i.e.,
the ordering vector 7 is selected that minimizes

Yo #5 with Vg ={p},

0€D(p,p)
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subject to . .
i) >1 Vo € D(p,p).

For estimating the optimal ordering vector at a certain stage in the transla-
tion phase, we can use the translated distance vectors that are already know at
that stage, i.e., the direct self-dependence distance vector. The ordering vector
minimizing the scalar product with the sum of those distance vector, is the same
as the one minimizing the scalar product with their average:

T T3

pEVe geD(p,p)

with n the number of distance vectors. Although 7 is optimal with respect to
the average distance vector, the average distance vector may not be optimal
with respect to @ since 7 is constrained and may not reach its unconstrained
optimum. We therefore proceed to construct an “ideal distance vector” and the
cost function will measure the deviation from this ideal distance vector.

The ideal distance vector should be part of the current self-dependence cone,
but it should be as close as possible to its border, since it is the border of the
self-dependence cone that determines the constraints on the ordering vector.
More precisely, the extremal rays of the self-dependence cone determine these
constraints, since any element of the self-dependence cone is a convex combi-
nation of its extremal rays and therefore so are the constraints. Our choice
for ideal distance vector is the extremal ray of the self-dependence cone that is
“closest” to average distance vector.

Let the dependence full cone be given by

Rg = {5:' € Z"|G g = 0, Fp@ > 6} ,
with FrZ > 0 an independent set of ¢ inequalities that does not entail any

implicit equalities. Furthermore, we assume, without loss of generality, that the
inequalities are ordered as follows:

Syl

fRd<fiid  Vi<ij.
Let s be the number of rows in Gg, i.e., the number of equalities defining the
self-dependence full cone, then by intersecting R with N —s—1 of its supporting
hyperplanes defined by its inequalities, we obtain a one-dimensional face of Rg,
i.e., one of its extremal rays. Let the ideal distance vector (direction) be this
extremal ray:

Rgm{fe Z”|}§.a:~'=o,v1<i<zv—s}

X

_ {:I:’e ZMGriE =0, [ @ =0,V1<i< N—s f5,&> 0} ,
where fﬁ? xL > 0 is one of the remaining inequalities, i.e., k > N —s.

We want each of the new translated distance vectors to be as close as possible
to this ideal distance vector, i.e., for each of the N —s—1 f},i, we want f}{igto be
as close to zero as possible. In the case of non-uniform or multiple dependences,
it will not be possible to make this scalar product zero for all distance vectors,
but if we cannot make it zero, we want to err on the positive side, since then, at
least, the distance vector will not extend the self-dependence cone to the wrong
side. That is, for each fR,i with ¢ < N — s, we want

fl{z(g'i_ &th) >0 Vge D(pl,pz)
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and

ie.,
|- £ T = : rfr 2. oru
Ri = max  —fpi0 < fpidp p, < min fpid=:fr;. (44)
9€D(py,ps) 9€D(py,p1)
For any fg,;, @4) will always have a solution for &, ,,. Otherwise, we can find

51 € D(p1,p2) and 52 € D(P2,;D1) such that
fis 01 > i :0a,
but then .. ..
f}{zél + f}%,z(SQ S 07
which contradicts the fact that 51 + 52 is a member of V(;,(pl,pl), which is a

subset of Rg.
The cost function that measures the deviation from the ideal distance vector
then consists of the following terms for each of the fr; with i < N —s:

wa|f1l2,i - f}{j&pl,pz|+ + wblf}{j&m:?z - (45)

and/or

walf}{j&Pl,Pz - f}%,i|+ + wb'f}%,i - fl%,jd‘P17P2|+7 (46)
with w, > wy, since a negative deviation for the scalar product is worse than a
positive deviation. Even if both D,, ,, and D,, ,, are non-empty, we may elect
to only use either (#H) or (#H), possibly based on the number of elements in
those two multi-sets, since the two terms will pull &, ,, in opposite directions.
For each of the equalities of R, a term of the form (#3l) or {@H) is added as well,
but then with w, = w;. Finally, for fg , the scalar product need not approach
zero, but should preferably be positive, so an additional term is required:

We Z |- fRT,k‘ﬂ+- (47)

5 T T
6€D(p1 ,Pz)UD(P2 P1)

Example 17 Consider again the choice for the relative offset between A and
B in Section [ after C' and D have already been joined. Each of the direct
self-dependence distance vectors is equal to [0 1]7, and therefore so is the
average distance vector. From (3] in example [[6 and because

[-1 0]d<[-1 2]3,

we know f;{l =[-1 0] and f;{k = f;{Q = [—-1 2]. The ideal distance
vector direction is:

{:E’e Z"| [:

= {Fez[-1
Further,

—

g]fz[g]}m{xem[q 0]7 = 0}
0]&=0,[-1 2]&>0}.

and fg ; is undefined. The cost function of the form (#&) is
wall = [=1 0]ap pol+ +we|[—1 0]dp;,po — 1+,

which evaluates to 0 for @p, p, = [—1 1]7 and to wp for @p, py, =[—2 0]7,
which are the two candidate relative offsets from example[[Al The cost function
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of the form (7)) evaluates to zero for both of these choices. In other words,
this cost (set of) cost function(s) correctly prefers [—1 1]".

Finally, we note that in any of the cost functions described in section[2 D,
can be replaced by V. to obtain alternative cost functions. As with D, V should
be a multi-set and it should only contain the distance vectors themselves rather
than their convex hull, i.e., conv should be dropped from ([H). Naturally, an
actual implementation need not necessarily maintain this set of distance vectors,
but can use some approximation.

7.2.4 Conclusion

In section [L2 we have discussed three (or six if you count the variants based
on the indirect distance vectors) locality cost functions. The first only consid-
ers the dependence distances and may result in distance vectors pointing in all
different directions (with the only restriction that a valid ordering should still
exist), leaving little room for the ordering phase to do any optimization. The
second tries to minimize the growth of the dependence cone in order to maximize
the freedom for the ordering phase. However, it does not discriminate between
different solutions that may lead to very different locality. The most promis-
ing cost function seems to be the third proposed cost function, which tries to
estimate the ordering vector that will be produced by the subsequent ordering
phase and optimizes the distance vectors with respect to this estimated ordering
vector. In sum, it appears that not only for feasibility, but also for optimality
it is advantageous to know the ordering vector prior to the translation phase.

8 Strategy

The algorithm for incremental translation (Algorithm [I) leaves two issues un-
specified: which two nodes to select in step Bl and which relative offset to select
in step Bl The second issue has been partly clarified in Section [ but there are
some additional considerations. We will not attempt to solve all of them here,
but merely mention some of them.

When selecting a valid relative offset, we have so far only considered re-
strictions that ensure that a valid ordering still exists. Additional restrictions
could be imposed, for example, ensuring that no two polytopes overlap in the
common iteration space, as done by van Swaaij (1992)). Allowing overlapping
polytopes slightly distorts the locality cost functions, since a dependence may
span more computations than indicated by the distance. On the other hand,
the locality cost functions are in themselves only heuristics, so this distortion
may not be that important. Additionally, overlapping polytopes may lead to
generated code that is more complicated than for non-overlapping polytopes.
In Section @ we will consider this issue in more detail for the approach without
an ordering step.

Not allowing overlapping polytopes leads to additional complexity during
the translation phase, both for calculating the extra constraint and because the
resulting search space will be more irregular and will in general lead to more
subspaces if divided in convex spaces, which may be required to solve linear
programs. Furthermore, the results from Section Bl would have to be extended
to ensure that a valid solution always exists.

Another difference with the translation phase of jvan Swaaij (1992), is that he
divides the search space, based on the non-overlappability, into convex regions
that fit the entire polytope to be placed. In contrast, in this document, we have
formulated the constraints in terms of the relative offsets of reference points of
(sets of) polytopes.
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for (i = 1; i <= n; ++i) {
ali]l = b[i-11; /* A x/
b[il] alil; /* B x/

Listing 4: Program with a loop-independent dependence

oL )

A

Figure 34: Dependence graph of the program in Listing H]

As to selecting two nodes to be combined, there are many possibilities. Ar-
guably the simplest is to select a single node in the original graph and to succes-
sively add other nodes to this growing node, but multiple “nuclei” are equally
possible. Although it is possible to combine two nodes that do not share a direct
dependence, it is better to only combine nodes that do share a direct depen-
dence, since more useful cost functions can be used in this case. Among those
pairs of nodes that share a direct dependence, the pair with the dependence
that is most “important” should be selected first, where importance can, for
example, be measured by the number of array elements involved. Finally, we
note that the nodes in the original graph need not represent single statements
but can be clusters with internal relative offsets that have been determined more
exhaustively.

9 Code Generation

In Section B2, we motivated the relaxation of constraint Z6) to B2) and the
accompanying addition of an extra dimension by referring to the fact that fewer
indirect distance vectors need to be stored and updated. In the absence of an
ordering step, an additional advantage of the technique in Section is that
the class of programs that can be handled is extended. (In the presence of an
ordering step, the same can be said if the problem dimension is one and for other
problem dimensions an ordering vector would have to be chosen that may lead
to very bad code.) The set of programs that can be handled additionally is a
subset of those that contain indirect self-dependences that are composed of one
or more loop-independent dependences in the inner loop. An example member
of this set is the program in Listing Bl with corresponding dependence graph
shown in Figure B4l The single indirect distance vector equals 1, which satisfies
B3), but does not satisfy the corresponding constraint without relaxation:

3 3= e, (48)

since the length of the cycle [ is 2 in this case. The cause of this non-compliance
is the existence of a loop-independent dependence between A and B in the inner
loop. Note that a different approach to handle these cases is to only add an
extra innermost dimension, since there will be no loop-independent dependences
in this newly created dimension. In other words, the indirect distance vectors
over a cycle that satisfy (BE]) will also satisfy (@R) in the enlarged space, since
eN = l€N+1 for any [.

A potential disadvantage of the technique in Section B2 is that it may intro-
duce additional overlapping polytopes in the common iteration space. During
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1; i <= n; ++1i)

alil f1(ali-11);
for (i = n+l; i <= 2*xn; ++1)
ali]l = £2(ali-11);

Listing 5: Non-overlapping iteration domains

—0—0—>0—>0>X>X>X>X>X

Figure 35: Non-overlapping iteration domains

code generation, this in turn will lead to extra conditionals or extra iterations
that are peeled off, depending on the code generation mode (Quilleré, Rajopad-
hye, and Wilde 2000). Consider, for example, the program in Listing B and the
compatible mapping to the common iteration space shown in Figure The
first iteration of the second loop depends on the final iteration of the first loop.
If, during translation, we adhere to the strict ordering constraint, we simply ob-
tain the mapping shown in Figure If, on the other hand, we allow distance
vectors to become zero and apply a topological sort in an extra dimension after-
wards, as proposed in Section B2 we obtain the mapping shown in Figure
The corresponding generated code is shown in Listing B Although we have
“increased locality” by reducing the dependence distance from 1 to 0 (in the di-
mension under consideration), the resulting code is in no ways better than the
original. Rather, it is worse since it is more irregular, making it more difficult
for subsequent optimization steps to perform their analysis and optimization.

Although in principal a more sophisticated code generation algorithm could
produce the code in Listing B from the mapping in the common iteration space
in Figure Bl this will become more difficult if multiple polytopes are involved,
especially if the dependence graph contains cycles. The problem of unwanted
overlapping iteration domains can more easily be handled during the translation
itself.

Before attempting to solve the problem, we need to identify the cases in
which it occurs. The unwanted overlap is overlap that does not exist if we
insist on a dependence distance of at least one in the inner dimension but does
exist if we allow a dependence distance of zero. This means that the width
of the overlap in the inner dimension will be exactly one. The overlap can be
avoided decrementing the minimal distance vector between the two nodes under
consideration by §= €y during a preprocessing step.

More specifically, assume that all Pps are singletons and let P, be the single
element, i.e., P, is the iteration space of the statement represented by p. Let

8,4 be the minimal (indirect) distance vector over the edge (p,q), i.e., bpq
is the lexicographically minimal element of V), ,). We examine each pair of
interdependent nodes (p,q) in the original dependence graph in turn. If the

final translation is able to fully optimize locality over this edge, then the overlap

*—0—0—0—0

X=>=X>X>X>X

Figure 36: Minimally overlapping iteration domains
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for (i = 1; i <= n-1; ++1i)
al[i]l = f1(ali-11);

aln] = f1(aln-11);

a[n+1] f2(alnl);

for (i = n+1; i <= 2%n-1; ++1i)
ali+1] = f2(al[il);

Listing 6: Minimally overlapping iteration domains

between the corresponding iteration domains will be given by
P, +3,,NP,. (49)

If this overlap has width one in the inner dimension, we ensure that the trans-
lated minimal distance vector is at least § = €n by decrementing 0,4 by &
(and adjusting all other minimal distance vectors accordingly) thus avoiding
the overlap. In the special case where the iteration domains completely overlap,
ie., P, + 0p,q = P,;, we do not change the minimal distance vector since this
kind of overlap does not carry any of the disadvantages mentioned above.
Note that we can only decrement the minimal distance vector (and thereby
avoid the overlap) if the following condition holds:
d;,q + dz,p 7 éN + 5. (50)
Otherwise, [BY)) will be violated in the initial graph after the preprocessing step.
This does not pose a problem, since, as explained before, (B) will only fail to
hold if the original program contains loop-independent dependences in the inner
loop. In these cases, the overlap will typically not be of width one in the inner
dimension.
Example 18 Listings Bland @show the code generated from two applications of
the loop fusion technique, as discussed in Section and without a prior linear
transformation, on a Durbin algorithm, taken from Quilleré and Rajopadhye
(2000) and reproduced in Listing [l The first code was obtained without the
preprocessing step of this section and the second code was obtained with the
preprocessing step. The code without preprocessing is much more irregular
that the code with preprocessing; it is longer and contains more and longer
loops.

The initial dependence graph contains six pairs of statements that have
their minimal distance vector changed by the preprocessing step because they
could, and in fact do, lead to unwanted overlap. Loop fusion after preprocessing
results in a common iteration space where only two iteration domains overlap,
viz. the two that correspond to the final loop in both listings. This is a desired
overlap, since the width in the inner dimension is larger than one. Moving
the iteration domains apart would effectively decrease locality and cause more
iterations to be peeled off.

Although the technique in this section originated as a solution to a problem
in the innermost dimension, introduced by relaxing the time-delay constraint,
it may also be used to solve a similar problem in outer dimensions. Consider,
for example, the program in Listing [l on page Figure BT on page Bl shows
the relative positioning of the two iteration domains in the program using loop
fusion and the technique to avoid unwanted overlap in the innermost dimension.
Without this avoidance technique, the second iteration domain would be placed
as indicated by the double line. Although we have removed the overlap in the
innermost dimension, the placement is still not optimal from the point of view
of code generation since their is still a minimal overlap in the outer dimension.
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system Durbin {N | N> 21}
(r : { i | 1<=i<=N } of real )
returns ( y { i | 1<=i<=N } of real );
var
acc { k,i | (i+1,2)<=k<=N; 0<=i} of real;
Y { k,i | i<=k<=N; 1<=i} of real;
B {k | i<=k<=N} of real;
let
y[il = YIN,il;
acclk,i] = case
{| 2<=k<=N; i=0} : 0I[];
{] i+1<=k<=N; 1<=i}
accl[k,i-1] + r[i] * Y[k-1,k-i];
esac;
Y[k,i] = case
{l k=1, i=1} : -r[1];
{l (2,i+1)<=k} : Y[k-1,i] + Y[k,k] * Y[k-1,k-i];
{| k=i; 2<=i<=N} : (-r[k] - acclk,k-1]) / BI[k];
esac;

B[k] = case
{1 k=1} : 1[];
{| 2<=k}:
B[k-1] * (1[] - Y[k-1,k-1] * Y[k-11[k-11);
esac;
tel;

Listing 7: An ALPHA program for Durbin’s algorithm

That is, their is a single value for the outer dimension that appears as the first
coordinate for iterations of both statements. This overlap will result in extra
conditionals or loop peelings in the outer dimension during code generation.

The detection of this situation is similar to the case for the innermost di-
mension: a shift in the kth dimension may be beneficial if the projection on the
outermost k dimensions of the overlap ([@d) has width 1 in the kth dimension,
provided the projections of the iteration domains themselves on the same space
have a width larger than 1 in the kth dimension. This kind of overlap typically
occurs with iteration domains that are connected through a non-uniform depen-
dence. This does not mean that the loops involved cannot be fused at all, since
the dependence may be (sufficiently) uniform in the outermost dimensions and
then these dimensions can still be merged.

To enforce a shift in the kth dimension, we cannot simply use § = € to
change the minimal distance vector, since this choice will not only constrain the
relative offset in kth dimension, but also, and arbitrarily so, in the inner dimen-
sions. For example, we would not be able to select the position as indicated by
the dashed frame in Figure B7 on page B with this choice. Formally, we can
use

N
F=&—o00 Y &
i=k+1
and adapt the loop fusion algorithm to deal with this situation specifically.
In fact, this is a situation where the relative offset of an outer dimension is
constrained without a constraint on the inner dimension(s), as alluded to in the

discussion of Figure Bl on page B8 in Section [l We can then use the minimal
shift in the inner dimensions.
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Y[01[0] = -r[0][0];
BL[OI[0] = 1;
B[11[0] = BLOI[0]1 * (1 - Y[OI[O1 * Y[OI1[01);

acc[0][0] = 0;
acc[0][1] = acc[0]1[0] + r[0]J[0] * Y[0][O];

Y[11[1] = (-r[1]1[0] - acc[0]1[1]) / B[1]1[0];
B[2]1[0] = B[11[0] * (1 - Y[11[1] * Y[11[1]);
Y[11[0] = Y[0I[0] + Y[11[1] = Y[0][0];
acc[1][0] = 0;

acc[1][1] = acc[11[0] + r[0]1[0] * Y[1]1[1];
acc[1][2] = acc[11[1] + r[1]1[0] * Y[1]1[1];
Y[2]1[2] = (-r[2][0] - acc[1]1[2]) / B[2]1[0];
B[3]1[0] = B[21[0] * (1 - Y[2]1[2] * Y[2]1[2]);

for (j = 1; j <= 2; j++) {

}

Y21 [j-11 = Y[11[j-11 + Y[21[2] = Y[1][-j+2];

for (i = 4; i <= 8; i++) {

acc[i-2][0] 0;
acc[i-2][1] acc[i-2][0] + r[0][0] * Y[i-2][i-2];
for (j = -6; j <= i-10; j++) {

acc[i-2]1[j+8] = acc[i-2][j+7] + r[j+7]1[0] * Y[i-2][i-2];
}
acc[i-2][i-1] = acc[i-2][i-2] + r[i-2]1[0] * Y[i-2][i-2];
Y[i-1]1[i-1] = (-r[i-1]1[0] - acc[i-2][i-1]) / B[i-11[0];
B[i]1[0] = B[i-11[0] * (1 - Y[i-11[i-1] * Y[i-1]1[i-1D);
for (j = 1; j <= i-1; j++) {

Y[i-11[j-11 = Y[i-21[j-1] + Y[i-11[i-1] * Y[i-2][i-j-1];
}

}
acc[7][0] = 0;
acc[7]1[1] = acc[7]1[0] + r[0]J[0] * Y[7]1[7];

for (j = -6; j <= -1; j++) {

¥

acc[71[j+8] = acc[71[j+71 + r[j+71[0]1 * Y[71[7]1;

acc[7]1[8] = acc[7]1[7] + r[7]1[0] * Y[71[7]1;

Y[8][8]
B[9] [0]

(-r[81[0]1 - accl[71[8]) / BI81[0]1;
B[81[0] * (1 - Y[8]1[8] * Y[8]1[8]);

for (j = 1; j <= 8; j++) {

¥

Y[81[j-11 = Y[71[j-11 + Y[81[8] = Y[7]1[-j+8];

acc[8][0] = 0;
acc[8][1] = acc[8]1[0] + r[0]J[0] * Y[8][8];
for (j = -6; j <= 0; j++) {

¥

acc[8][j+8] = acc[8][j+7] + r[j+71[0] * Y[8][8];

acc[8][9] = acc[8]1[8] + r[8]1[0] * Y[8][8];

Y[91[9] = (-r[9][0] - accl[8]1[9]) / B[9I[0];
y[ol[o]l = v[8][0] + Y[9][9] = Y[8][8];
yl[ol[o]l = Y[9][0];

for (j = 2; j <= 9; j++) {

}

Y[9l[j-1]
y[01[j-1]

Y[8][j-11 + Y[91[9] * Y[8][-j+9]1;
Y[91[j-1]1;

yl[01[9]1 = Y[91[9];

Listing 8: Durbin after fusion without preprocessing
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Y[0][0] = -r[o0][0];
BL[O][0] = 1;
B[1][0] = B[O0]J[0] * (1 - Y[0][0] * Y[0][0]);

for (i = 2; i <= 9; i++) {
acc[i-2][0] = 0;
for (j = -8; j <= i-10; j++) {
acc[i-2][j+9] = acc[i-2][j+8] + r[j+8]1[0] * Y[i-2][i-2];
}
Y[i-1][i-1] = (-r[i-1][0] - accl[i-2][i-11) / B[i-1]1[0];
B[il[0] = B[i-11[0] * (1 - Y[i-11[i-1] * Y[i-11[i-1]1);
for (j = 2; j <= 1; j++) {
Y[i-11[§-2] = Y[i-21[j-2] + Y[i-11[i-1] * Y[i-21[i-j]1;
}
}
acc[8][0] = 0;
for (j = -8; j <= 0; j++) {
acc[8][j+9] = acc[8]1[j+8] + r[j+81[0]1 = Y[8][8];
}
Y[91[9] = (-r[9]1[0] - acc[8]1[9]) / B[9]1[0];
for (j = 2; j <= 10; j++) {
Y[91[j-2]1 = Y[8][j-2] + Y[91[9] * Y[8][-j+10];
y[01[j-2]1 = Y[91[j-2];
}
y[01[9] = Y[9][9];

Listing 9: Durbin after fusion with preprocessing

for (i = 0; i <= n; ++1i)
for (j = 0; j <= n; ++j)
alil[j] = £(i,3);
for (i = 0; i <= n; ++1i)
b[i] = aln-i]l[n];

Listing 10: Program resulting in overlapping domains in outer dimensions

Figure 37: Overlapping domains in outer dimensions
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Note that there may be a trade-off between the generated code and local-
ity. The shifts for code generation do not change the relative ordering of the
iterations of the two statements involved, but as soon as a third iteration do-
main overlaps (possibly only in outer dimensions) with either of the two inter-
dependent iteration domains, then the shift will change the relative ordering of
the iterations of either or both of the two statements with respect to the third.
Therefore, it may also have an influence on locality, which is why we did not
just use § = €. If we only shift in the inner dimension, then the influence on
locality is minimal, since the increase or decrease in the number of iteration
that are executed between two iterations involved in a dependence is limited by
the number of iteration domains with which the two inter-dependent domains
overlap. If we also shift in outer dimensions, then the effect on locality can be
more profound. It may therefore be more prudent to consider these outer over-
laps during loop fusion itself rather than during a preprocessing step, although
it does mean that we may not be able to avoid as much overlap as we could
with this preprocessing step.

10 Related Work

Loop transformations have been investigated by many researchers. The general
case of affine transformations has also received much attention, but has mostly
been oriented toward parallelization. A notable exception to this is the research
by [Lim et al. (2001]), although it is based on their earlier parallelization research.
They first identify all available parallelism using the techniques of Lim and Lam
(1997), then they greedily combine components if they share reuse, after which
they apply array contraction and finally generalized blocking to further improve
locality.

The approach consisting of affine transformations and an additional ordering
phase was used by both jvan Swaaij (1992)) and [Danckaert (2001)). The former
provides algorithms for all three phases, whereas the latter concentrates on the
first, linear transformation phase. However, they do not provide any evidence
that their algorithms will always produce valid solutions.

Similar to affine transformations, loop fusion has also been the subject of
much research, although most of it is focused on “pure” loop fusion, where
sets of loops are identified that can be fused directly, without bumping any of
the loops. [Darte (1999)) provides an overview of this kind of loop fusion and
some complexity results. A few researchers have also considered loop fusion
combined with loop bumping, which is identical to our translation step after
ordering, notably Manjikian and Abdelrahman (1995)), [Fraboulet et al. (1999)
and [Song et al. (2001)).

Manjikian and Abdelrahman (1995)) only shift to allow loop fusion and not
to optimize locality, i.e., they only shift if the dependence distance would be
negative otherwise. Furthermore, they only consider uniform dependences and
acyclic dependence graphs. [Bouchebaba (2002)) optimizes for locality, but re-
quires perfectly nested loops of the same depth, uniform dependences, rectan-
gular iteration domains and a dependence graphs in the form of a chain. Deter-
mining the optimal relative offsets is trivial in this case and can also be obtained
using our general loop fusion algorithm and a simple locality cost function.

Fraboulet et al. (1999) perform loop fusion with loop shifting to optimize
a particular cost function which allows them to transform the problem into a
minimal-cut, maximal-flow algorithm, which can be efficiently solved. The cost
function minimizes the maximal dependence distance for all flow dependences
emanating from the same array element, i.e., they minimize the life-times of
array elements. They only consider uniform dependences.
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Song et al. (2001)) extend the work of [Fraboulet et al. (1999). Although they
do not explicitly impose a restriction to uniform dependences, their assumption
on the maximal dependence distances only allows for some exceptional cases
of non-uniform dependences. Although the authors claim that their technique
applies to imperfectly nested loops, they in fact rely on a preprocessing step
including loop peeling and loop partitioning to identify and massage the loop
nests that are to be fused. By contrast, our approach takes any program as
input, provided sufficient dependence analysis can be performed. Loop peeling
is the result of (the code generation after) the fusion, rather than a step that
must be performed to enable loop fusion.

Furthermore, although the authors claim their cost function minimizes the
temporary array storage, this only applies to the individual arrays. The total
storage space required at a given point in the program may actually increase
due to the fact that more temporary arrays are simultaneously alive, as shown
in Listing Bl The cost functions we propose in Section [d suffer from the same
short-sightedness, but they can more easily be extended to include such effects
since the algorithm does not depend on the cost function.

All the loop fusion with loop bumping techniques discussed in this section,
except for the work of [Bouchebaba (2002)), only apply to one dimension, which,
in the case of (Song et al. 2001)), can be the result of coalescing multiple dimen-
sions, and a heuristic is used for multiple dimensions.

11 Conclusions and Future Work

In the context of a three-phase approach for loop transformations, consisting of
a linear transformation, a translation and an ordering, we have derived a simple
criterion for the linear transformation steps that ensures that the following steps
can find a valid solution. Furthermore, we have proved that if this criterion is
satisfied, translation can be performed incrementally. However, the proofs show
that it is relatively complicated to ensure a valid translation in this context,
which has prompted us to reevaluate the appropriateness of an extra ordering
step. Without an ordering step and by adding an extra innermost dimension, we
obtain a translation step that performs general loop fusion with loop shifting.

In Section[d, we have considered several cost functions for optimizing locality:
one for an approach without an ordering step, which is a simple extension of
a well known one-dimensional cost function to multiple dimensions, and three
new cost function for an approach with an ordering step. Finally, we have
investigated some of the implications of loop fusion on code generation and
have presented a method for removing unwanted overlap of iteration domains.

Although we have discussed several cost functions, we have mainly focused
on the feasibility of the translation step. Further research is required to evaluate
the relative merits of different cost functions. This evaluation should also include
other, possibly non locality-related, cost functions. When using multiple cost
functions, it could be interesting to have the loop transformation step produce
not a single solution but a set of solutions which show the trade-off between the
different cost functions. If, on the other hand, the cost functions indicate that
there is little variance over a range of solutions, we may want to produce partial
scheduling information.

Since an approach without an ordering steps seems to be the most promising,
additional research is also required on the linear transformation step to take this
new context into account. The linear transformation step will also have to ensure
the feasibility criterion for the subsequent translation step.
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Car

Va.i

of Symbols

The function that maps a value to itself if it is positive and to zero
otherwise, page 39

The offset of an affine transformation for statement X, see equation (2),
page 3

The linear part of an affine transformation for statement X, see equa-
tion (2), page 3

The relative offset of p with respect to p;, see equation (14), page 13

The global dependence cone for dependence graph G and translation 7',
see equation (13), page 13

The set of distance vectors over an edge e, page 9

The set of distance vectors over an edge e translated by translation 7',
page 11

The Kronecker delta: §; ; equals 1 if i = 5 and 0 otherwise

Indicates a dependence. We say that i depends on i1 or that there is a
dependence between i; and iy, page 4

A dependence distance vector, see equation (11), page 9

A unit vector with e;; = 0 for ¢ # j and e;; =1

The n x n identity matrix

The dimension of the problem space, page 8

A node in the dependence graph, page 9

The set of iteration domains corresponding to node p, page 9
A path

An ordering vector, see equation (3), page 3

The valid ordering polyhedron for the set of dependence vectors D, see
equation (12), page 11

The self-dependence full cone of G, see equation (17), page 16

The self-dependence cone of G, see equation (16), page 16

The averaged self-dependence cone of G, see equation (25), page 23
A translation, page 10

A schedule for statement X, see equation (1), page 3

The indirect distance vector polytope defined over the paths between p;
and ps in G, see equation (15), page 15
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