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Abstract

Tabling avoids many of the shortcomings of SLD(NF') execution and provides a
more flexible and efficient execution mechanism for logic programs. In particular,
tabled execution of logic programs terminates more often than execution based
on SLD-resolution. One of the few works studying termination under a tabled
execution mechanism is that of Decorte et al. They introduce and characterise two
notions of universal termination of logic programs w.r.t. sets of queries executed
under SLG-resolution, using the left-to-right selection rule; namely the notion of
quasi-termination and the (stronger) notion of LG-termination.

This paper extends the results of Decorte et al in two ways: (1) we consider
a mix of tabled and Prolog execution, and (2) besides a characterisation of the
two notions of universal termination under such a mixed execution, we also give
modular termination conditions. From both practical and efficiency considerations,
it is important to allow tabled and non-tabled predicates to be freely intermixed.
This motivates the first extension. Concerning the second extension, it was already
noted in the literature in the context of termination under SLD-resolution (by
e.g. Apt and Pedreschi), that it is important for programming in the large to have
modular termination proofs, i.e. proofs that are capable of combining termination
proofs of separate programs to obtain termination proofs of combined programs.
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1 Introduction

The extension of SLD-resolution with a tabling mechanism [6, 18, 20], avoids many of the
shortcomings of SLD(NF) execution and provides a more flexible and often considerably more
efficient execution mechanism for logic programs. In particular, tabled execution terminates
more often than execution based on SLD. So, if a program and query can be proven terminating
under SLD-resolution (by one of the existing techniques surveyed in [7]), then they will also
trivially terminate under SLG-resolution, the resolution principle of tabulation [6]. However,
since there are programs and queries which terminate under SLG-resolution and not under
SLD-resolution, more effective proof techniques can be found. This paper is one of the few
works studying termination of tabled logic programs.

The ideas underlying tabling are very simple. Essentially, under tabled execution mecha-
nism, answers for selected tabled atoms are stored in a table. When a variant of such an atom
is recursively called, the selected atom is not resolved against program clauses, instead, all cor-
responding answers computed so far are looked up in the table and the corresponding answer
substitutions are applied to the atom. This process is repeated for all subsequent computed
answer substitutions that correspond to the atom.

We base our approach on the work of Decorte et al [10]. There, two notions of universal ter-
mination of a tabled logic program w.r.t. a set of queries executed under SLG-resolution using
the left-to-right selection rule (called LG-resolution in the sequel) are introduced and charac-
terised. Namely, the notion of quasi-termination and the (stronger) notion of LG-termination.
We extend the results of [10] in two ways: (1) we consider a mix of LG-resolution and LD-
resolution, i.e. a mix of tabled and Prolog execution, and (2) besides a characterisation of
the two notions of universal termination under such a mixed execution schema, we also give
modular termination conditions, i.e. conditions on two programs P and R, where P extends
R, ensuring termination of the union P U R. The motivation for extension (1) will be given
in the next section. There, examples from context-free grammar recognition and parsing are
given, which show that, from the point of view of efficiency, it is important to allow tabled
and non-tabled predicates to be freely intermixed. Extension (2) was already motivated in the
literature in the context of termination under SLD-resolution (see for instance [4]). Indeed,
it is important for programming in the large, to have modular termination proofs, i.e. proofs
that are capable of combining termination proofs of separate programs to obtain termination
proofs of combined programs.

The rest of the paper is structured as follows: In the next section we present examples
which motivate the need to freely mix tabled and Prolog execution. In Section 3, we introduce
some necessary concepts and present a definition of SLG-resolution. Section 4 introduces a
first notion of termination under tabled evaluation: quasi-termination. In addition, a char-
acterisation for quasi-termination is given which generalises the characterisation given in [10]
to the case where Prolog and tabled execution are intermixed. Then, a modular termination
condition is given for the quasi-termination of the union PUR of two programs P and R, where
P extends R. In Section 5, the stronger notion of LG-termination is defined and characterised,
and a method for obtaining modular proofs for LG-termination is presented. We conclude with
discussing related and future work. In appendix A, a modular proof for quasi-termination of
P U R is given which explicitly constructs an appropriate level mapping for P U R from level
mappings for P and R.



expr(St,S1), 81 =["+'|92], term(S52, So)
term(St, So)

term(St, S1),S1=["+'|92], primary(S2,So)
primary(Si, So)

Si=["("|91], expr(51,52),52=[")|90]

Si = [I|So], integer ()

expr(Si, So)
expr(Si, So)
term(St, So)
term(St, So)
primary(Si, So)
primary(Si, So)

TTTTTT

Figure 1: A tabled program recognizing simple arithmetic expressions.

2 Mixing Tabled and Prolog Execution: Motivating Examples

It has long been noted in the literature that tabled evaluation can be used for context-free
grammar recognition and parsing: tabling eliminates redundancy and handles grammars that
would otherwise infinitely loop under Prolog-style execution (e.g. left recursive ones). The
program of Fig. 1 where all predicates are tabled, provides such an example. This grammar,
recognizing arithmetic expressions containing additions and multiplications over the integers, is
left recursive — left recursion is used to give the arithmetic operators their proper associativity
— and would be non-terminating for Prolog-style execution. Under tabled execution, left
recursion is handled correctly. In fact, one only needs to table predicates expr/2 and term/2
to get the desired termination behaviour; we can and will safely drop the tabling of primary/2
in the sequel.

To see why a mix of tabled with Prolog execution is desirable in practice, suppose that we
want to extend the above recognition grammar to handle exponentiation. The most natural
way to do so is to introduce a new nonterminal, named factor, for handling exponentiation and
make it right recursive, since the exponentiation operator is right associative. The resulting
grammar is as below where only the predicates expr/2 and term/2 are tabled. Note that, at

expr(St,51),51=[+'|52], term(S2, So)
term(St, So)

term(S1i,51), 51 = ['«']52], factor(S2, S0)
factor(St, So)

primary(Si, S1),51 = [A'|S2], factor(S2,S0)
primary(Si, So)

Si=1["("|S1], expr(S1,52),52=1[)"]S0]

Si = [I|So], integer(I)

expr(Si, So)
expr(Si, So)
term(St, So)
term(St, So)
factor(St, So)
factor(St, So)
primary(Si, So)
primary(Si, So)

TTTTTTTT

least as far as termination is concerned, there is no need to table the new nonterminal. Indeed,
Prolog’s evaluation strategy handles right recursion in grammars finitely. In fact, Prolog-style
evaluation of right recursion is more efficient than its tabled-based evaluation: Prolog has linear
complexity for a simple right recursive grammar, but with tabling implemented as in XSB the
evaluation could be quadratic as calls need to be recorded in the tables using explicit copying.
Thus, it is important to allow tabled and non-tabled predicates to be freely intermixed, and
be able to choose the strategy that is most efficient for the situation at hand.

By using tabling in context-free grammars, one gets a recognition algorithm that is a variant
of Early’s algorithm (also known as active chart recognition algorithm) whose complexity is
polynomial in the size of the input expression/string [11]. However, often one wants to construct
the parse tree(s) for a given input string. The usual approach is to introduce an extra argument



— ,9),8 = [b]S0]
Si,So0) <« a( ,9),a(S, So)
— Si= [ |So]

s(S%, S0, PT) « a(Si,95),5=1[b|Y], PT = spt(Pa,b),
(Sz S, Pa)
P: a(Si, S0, PT) « a(S,9),a(5,So0), PT = apt(P1, P2),
( S P1),a(S, So, P2)
Si=

a(St, S0, PT) + [a]So], PT = a

Figure 2: A tabled program recognizing and parsing the language a™b.

to the nonterminals of the input grammar — representing the portion of the parse tree that
each rule generates — and naturally to also add the necessary code that constructs the parse
tree. This approach is straightforward, but as noticed in [21], using the same program for
recognition as well as parsing may be extremely unsatisfactory from a complexity standpoint:
in context-free grammars recognition is polynomial while parsing is exponential since there
can be exponentially many parse trees for a given input string. The obvious solution is to
use two interleaved versions of the grammar as in the example program of Fig. 2. Note that
only a/2, i.e. the recursive predicate of the ‘recognition’ part, R, of the program (consisting of
predicates s/2 and a/2), needs to be tabled. This action allows recognition to terminate and
to have polynomial complexity. Furthermore, the recognizer can now be used as a filter for the
parsing process in the following way: only after knowing that a particular part of the input
belongs to the grammar and having computed the exact substring that each nonterminal spans,
do we invoke the parsing routine on the nonterminal to construct its (possibly exponentially
many) parse trees. Doing so, avoids e.g. cases where it may take exponential time to fail
on an input string that does not belong in the given language: an example for the grammar
under consideration is the input string ¢”. On the other hand, tabling the ‘parsing’ part of
the program (consisting of predicates s/3 and a/3) does not affect the efficiency of the process
complexity-wise and incurs a small performance overhead due to the recording of calls and
their results in the tables. Finally, note that the construction is modular in the sense that the
‘parsing’ part of the program, P, depends on the ‘recognition’ part, R, but not vice versa —
we say that P extends R.

3 Preliminaries

We assume familiarity with the basic concepts of logic programming [16, 1]. Throughout the
paper, P will denote a definite logic program and we restrict ourselves in this class. By Predp,
we denote the set of predicates occurring in P, and by Defp we denote the set of predicates
defined in P (i.e. predicates occurring in the head of a clause of P). By Recp, resp. N Recp,
we denote the set of (directly or indirectly) recursive, resp. non-recursive, predicates of the
program P (so N Recp = Predp \ Recp). If A =p(t;,...,t,), then we denote by Rel(A) the
predicate symbol p of A; i.e. Rel(A) = p.

The extended Herbrand Universe, UE, and the extended Herbrand Base, Bg, associated
with a program P, were introduced in [12]. They are defined as follows. Let Termp and
Atomp denote the set of respectively all terms and atoms that can be constructed from the
alphabet underlying PP. The variant relation, denoted =2, defines an equivalence. Ug and Bg
are respectively the quotient sets T'ermp/ ~ and Atomp/ ~. For any term ¢ (or atom A), we



denote its class in UE (BE) as ¢ (A). However, when no confusion is possible, we omit the
tildes. If II C Predp, we denote with Bg the subset of Bg consisting of (equivalence classes of)
atoms based on the predicate symbols of II. So Bg can be seen as an abbreviation of Bgredp'

Let P be a program and p, ¢ two predicate symbols of P. We say that p refers to ¢ in P iff
there is a clause in P with p in the head and ¢ occurring in the body. We say that p depends
on ¢ in P, and write p O ¢, iff (p, ¢) is in the reflexive, transitive closure of the relation refers
to. Note that, by definition, each predicate depends on itself. We write p~qiff p J g, ¢ Jp
(p and ¢ are mutually recursive or p = ¢). The dependency graph G of a program P is a graph
where the nodes are labeled with the predicates of Predp. There is a directed arc from p to ¢ in
G iff p refers to q. Finally, we will say that a program P extends a program R iff no predicate
defined in P occurs in R.

In analogy with [2], we will refer to SLD-derivations (see [16]) following the left-to-right
selection rule as LD-derivations. Other concepts will adopt this naming accordingly.

Definition 3.1 (call set associated to S) Let P be a program and S C BE. By Call(P,S)
we denote the subset of Bg such that B € Call(P, S) whenever a representant of B is a selected
atom in an LD-derivation for some P U {+ A}, with A€ S.

In the sequel, with abuse of notation, we will write C'all(P,5) for a set S C Atomp, when
we mean the call set C'all(P, S) associated to S = {A| A€ S} C BE. Throughout the paper we
assume that in any derivation of a query w.r.t. a program, representants of equivalence classes
are systematically provided with fresh variables, to avoid the necessity of renaming apart. In
the sequel, we abbreviate computed answer substitution with c.a.s.

The concepts defined in the following Definitions 3.2, 3.3 and 3.4, will be used in the proofs
of theorems and propositions of this paper.

Definition 3.2 (direct descendant) Let P be a program and A, B € BE. We call B a direct
descendant of A iff

o there exists a clause H < By, ..., B, in P such that mgu(A, H) = 6 exists,

e there is an i € [1,n] such that < (By, ..., B;_1)0 has an LD-refutation with c.a.s. §;_4
and B ~ BZ»HOZ»_I.

Definition 3.3 (directed subsequence of an LD-derivation) Let P be a program and A €
Bg. Let < A = Go, Gy, ... be an LD-derivation of - A in P. A subsequence G, Gy, .. ., with
Gi; = Ai;, By, is called a directed subsequence iff for all j > 0, A is a direct descendant

of flij in the LD-derivation.

T+l

Definition 3.4 (call graph associated to S) Let P be a program and S C BE. The call
graph Call-Gr(P,S) associated to P and S is a graph such that:

o its set of nodes is C'all(P,S),

e there exists a directed arc from A to B iff B is a direct descendant of A.

In the next definition we define the notion of level mapping, useful in the context of termina-
tion proofs (see for instance the survey [7]). We also define the concept of finitely partitioning
level mapping, which was shown to be crucial in the context of a termination condition for
tabled logic programs (see [10]).



Definition 3.5 (level mapping) Let P be a program and L C BE.
A level mapping on L is a function |.| : L — IN.

~ With abuse of notation, we will write |A|, where A is a representant of Ae Bg, instead of
|Al.
Definition 3.6 (finitely partitioning level mapping) Let P be a program and C C L C
BE.
A level mapping |.| on L is finitely partitioning on C' iff for all n € IN : jj(||_1(n) NC) < oo,
where §§ is the cardinality function.

3.1 SLG-Resolution

We present a non-constructive definition of SLG-resolution that is sufficient for our purposes,
and refer to [5, 6, 18, 20] for more constructive formulations of (variants) of tabled resolution.
We refer to [10], where the same non-constructive definition of SLG-resolution is given in case
all predicates occurring in a program are tabled.

By fixing a tabling for a program P, we mean choosing a set of predicates of P which are
tabled. We denote this tabling as T'abp. The complement of this set (i.e. the set of predicates
which are not tabled w.r.t. that tabling) is denoted with NTabp = Predp \ Tabp.

Definition 3.7 (pseudo SLG-tree, pseudo LG-tree) Let P be a definite program, Tabp C
Predp, R a selection rule and A an atom. A pseudo SLG-tree w.r.t. Tabp for PU{+ A}
under R is a tree T4 such that:

1. the nodes of T4 are labeled with goals along with an indication of the selected atom ac-
cording to R,

2. the arcs are labeled with substitutions,
3. the root of T4 is + A,

4. the children of the root « A are obtained by resolution against all matching program
clauses in P, the arcs are labeled with the corresponding mgu used in the resolution step,

5. the children of a non-root node labeled with the goal Q where R(Q) = B are obtained as
follows:

(a) if Rel(B) € Tabp, then the (possibly infinitely many) children of the node can only
be obtained by resolving the selected atom B of the node with clauses of the form
B8 «— (not necessarily in P), the arcs are labeled with the corresponding mgu used
in the resolution step (i.e. §),

(b) if Rel(B) € NTabp, then the children of the node are obtained by resolution of
B against all matching program clauses in P, and the arcs are labeled with the
corresponding mgu used in the resolution step.

If R is the leftmost selection rule, T4 is called a pseudo LG-tree w.r.t. Tabp for PU{+ A}.
We say that a pseudo SLG-tree 74 w.r.t. Tabp for P U {« A} is smaller than another pseudo
SLG-tree T/A w.r.t. Tabp for PU{+ A} iff T/A can be obtained from T4 by attaching new sub-
branches to nodes in 4.

A (computed) answer clause of a pseudo SLG-tree T4 w.r.t. Tabp for PU{« A} is a clause of
the form A@ + where @ is the composition of the substitutions found on a branch of T4 whose
leaf is labeled with the empty query.



Intuitively, a pseudo SLG-tree (in an SLG-forest, see Definition 3.8 below) represents the
tabled computation (w.r.t. Tabp) of all answers for a given subgoal labeling the root node of
the tree. The trees in the above definition are called pseudo SLG-trees because there is no
condition yet on which clauses B < exactly are to be used for resolution in point 5a. These
clauses represent the answers found (possibly in another tree of the forest) for the selected
tabled atom. This interaction between the trees in an SLG-forest is captured in the following
definition.

Definition 3.8 (SLG-forest, LG-forest) Let P be a definite program, Tabp C Predp, R
be a selection rule and T' be a (possibly infinite) set of atoms such that no two different atoms
i T are variants of each other. F is an SLG-forest w.r.t. Tabp for P and T under R iff F is
a set of minimal pseudo SLG-trees {t4 | A € T} w.r.t. Tabp where

1. 74 is a pseudo SLG-tree w.r.t. Tabp for PU {+ A} under R,

2. every selected tabled atom B of each node in every T4 € F is a variant of an element B
of T, such that every clause resolved with B is a variant of an answer clause of 75 and
vice versa, for every answer clause of Tgr there is a variant of this answer clause which
s resolved with B.

Let S be a set of atoms. An SLG-forest for P and .S w.r.t. Tabp under R is an SLG-forest w.r.1.
Tabp for a minimal set T with S CT. If S = {A}, then we also talk about the SLG-forest for
PuU{« A}.

An LG-forest is an SLG-forest containing only pseudo LG-trees.

Point 2 of Definition 3.8, together with the imposed minimality of trees in a forest, now
uniquely determines these trees. So we can drop the designation “pseudo” and refer to (S)LG-
trees in an (S)LG-forest.

Note that, selected atoms which are not tabled (i.e. of which the predicate belongs to
NTabp) are resolved against program clauses, as in (S)LD-resolution. So, if Tabp = 0}, the
(S)LG-forest of P U {<— A} consists of one tree: the (S)LD-tree of P U {<— A}. As illustrated
in Section 2, it is important to allow tabled and non-tabled predicates to be freely intermixed,
and thus to choose the strategy that is most efficient for the situation at hand. We use the
following artificial tabled program to illustrate the concepts that we introduce.

Example 3.1 Let P be the following program, with Tabp = {member/2}.

intersection(Xs,Ys, Z) < member(Xs,Z), member(Ys,Z)
member([Z|Zs], Z) —
member([X|Zs], Z) — member(Zs, Z)

Let S = {intersection(Xs, Ys,a)}. Then, Call(P,S) = S U {member(Zs,a)} and the LG-
Jorest for P and S is shown in Fig. 3. Note that there is a finite number of LG-trees, all with
finite branches, but the trees have infinitely branching nodes.

Note that we can use the notions of LD-derivation and LD-computation (as they appear
in Definition 3.1 of the call set C'all(P,5)) even in the context of SLG-resolution, as the set of
call patterns and the set of computed answer substitutions are not influenced by tabling; see
e.g. [14, Theorem 2.1].

In [10, Proposition A.1], it was noted that the notion of a call graph (Definition 3.4) has
a particularly interesting property, which is useful in the study of termination under tabled
execution. We recall this proposition together with its proof.



<— intersection(Xs,Ys,a) <— member (Xs,a)

Xs:[anWs:[XP(s’]

<— member(Xs,a) , member(Ys,a) o <— member (Xs',a)
><s:[a|x1m,alx1s] ...... Xs :M[Xd){ ......
<— member(Ysa) <— member(Ysa) ... o o
Ys=[alYls] N N e Ys=[aYls] N\ N e
/ Ys[Y Y 1s] / Ys[Y,aY1s]
o \El a a \El a

Figure 3: The LG-forest for P U {« intersection(Xs,Ys, a)}.

Proposition 3.1 (call graph: paths and selected atoms) Let P be a program, Tabp C
Predp and S C Bg. Let p be any directed path in Call-Gr(P,S). Then there exists an LG-
derivation for some element of Call(P,S), such that all the nodes in p occur as selected atoms
in the derivation.

Proof By definition of Call-Gr(P,S), for every arc from A to B in Call-Gr(P,S), there
exists a sequence of consecutive LG-derivation steps, starting from < A and having a
variant of B as its selected atom at the end. Because (a variant of) B is selected at the
end-point, any two such derivation-step sequences, corresponding to consecutive arcs in
Call-Gr(P,S), can be composed to form a new sequence of LG-derivation steps. In this
sequence, all 3 nodes of the consecutive arcs remain selected atoms in the new sequence
of derivation steps. Transitively exploiting the above argument yields the result. O

Note that by definition of C'all-Gr(P,S) and Call(P,S), this also implies that there is a
sequence of derivation steps starting from P U {+ A}, with A € S, such that all nodes in the
given path p are selected atoms in the derivation sequence. We will use Proposition 3.1 in the
proofs of several termination conditions in this paper.

4 Quasi-Termination

A first basic notion of universal termination under tabled execution mechanism is quasi-
termination. It is defined as follows (see [10, Definition 3.1] for the case T'abp = Predp).

Definition 4.1 (quasi-termination) Let P be a program, Tabp C Predp and S C Bg.

P quasi-terminates w.r.t. Tabp and S iff for all A such that A € S, the LG-forest w.r.t. Tabp
for PU{+ A} consists of a finite number of LG-trees without infinite branches.

Also, P quasi-terminates w.r.t. S iff P quasi-terminates w.r.t. Predp and §.

Note that it is not required that the LG-trees are finitely branching in their nodes. In the
next section, we introduce and provide conditions for the stronger notion of LG-termination,
which requires that the LG-forest consists of a finite number of finite trees (i.e. trees with finite
branches and which are finitely branching).

Example 4.1 Recall P and S of Fxample 3.1. P quasi-terminates w.r.t. {member/2} and S.
Note that P does not LG-terminate w.r.t. {member/2} and S.



Many works (see [7] for a survey) address the problem of proving LD-termination: A
program P is said to be LD-terminating w.r.t. a set .S C Bg iff for all A such that A € S,
the LD-tree of P U {« A} is finite (see for instance [8]). In the next Lemma 4.1, we show
that the notion of LD-termination is stronger than the notion of quasi-termination. As shown
in Example 3.1, the notion of LD-termination is “strictly” stronger than the notion of quasi-
termination.

Lemma 4.1 Let P be a program, Tabp C Predp and S C Bg.
If P LD-terminates w.r.t. S, then P quasi-terminates w.r.t. Tabp and S.

Proof Let A be an atom such that A € S. Let F be the LG-forest w.r.t. Tabp for P U {+
A}. If P LD-terminates w.r.t. S, it is easy to see that Call(P,{A}) is finite. Hence,
Call(P,{A})N Bgabp is finite, and F consists of a finite number of LG-trees. Now we
prove that no tree in F has an infinite branch. Suppose this is not the case and there
is a tree in F with an infinite branch. Let H be the leftmost atom of a query labeling
a node in this infinite branch. Then, H has an infinite LD-derivation (just plug in, for
each tabled atom G in the infinite branch which is resolved with an answer, the branch
of the tree with root G which leads to this answer). This gives a contradiction. O

Note that by definition, P quasi-terminates w.r.t. Tabp = § and S iff P LD-terminates
w.r.t. S.

In [10] the special case where T'abp = Predp, i.e. all predicates occurring in P are tabled,
is considered. If Tabp = Predp, an LG-tree cannot have infinite branches. So, P quasi-
terminates w.r.t. a set S iff for all A such that A € S, the LG-forest for PU {+ A} consists of
a finite number of LG-trees. The following equivalence was proven in [10].

Lemma 4.2 [10, Lemma 3.1] Let P be a program and S C BE.
P quasi-terminates w.r.t. S iff for every A € S, Call(P,{A}) is finite.

Note that, in case the Herbrand Universe Ug associated to a program P is finite, P quasi-
terminates w.r.t. any set of queries §.

Lemma 4.2 is not true in case that the tabled predicates of a program are a strict subset of
the set of predicates occurring in the program. A counterexample for the if-direction is given
by the program P = {p «+ ¢,q < p}, the set S = {p} and the empty set of tabled predicates,
Tabp = (. The LG-forest consists of one tree, namely the LD-tree of P U {«+ p}, and thus
quasi-termination is the same as LD-termination. P doesn’t quasi-terminate w.r.t. Tabp and
S, whereas Call(P,{p}) = {p, ¢} is a finite set. Also the only if-direction of Lemma 4.2 does
not hold in case Tabp C Predp. A counterexample is given in the following example.

Example 4.2 Consider the following program P:

pla)
p(f(X)) « p(X),q(X)
q(X)

with set of tabled predicates Tabp = {p/1} and the set S = {p(X)}. The LG-forest is shown in
Figure 4. P quasi-terminates w.r.t. Tabp and S. There is only one LG-tree in the LG-forest
for P U {« p(X)} with no infinite branches (note that the LG-tree has an infinitely branching
node). But the set Call(P,{p(X)}) = {p(X),q(a),...,q(f*(a)),...} is infinite.



W,)

- = pX?) ., q(X")

x'=a / X'=f(a) X=(@) e
AN

=<—q@ =—qf@) = q@))

m} m} m}

Figure 4: The LG-forest for P U {«+ p(X)}.

Note however that, since quasi-termination requires that there are only finitely many LG-
trees in the LG-forest of a query, there can only be a finite number of tabled atoms in the call
set of that query. Hence, in case Tabp C Predp, we have the following result.

Lemma 4.3 Let P be a program, Tabp C Predp and S C Bg.
If P quasi-terminates w.r.t. Tabp and S, then, for every A € S, Call(P,{A}) ﬁB%abP is finite.

Proof Let A be an atom such that A € S. If P quasi-terminates w.r.t. Tabp and S, we know
that the LG-forest F w.r.t. Tabp of PU {+ A} consists of a finite number of LG-trees
without infinite branches. Consider the set C'all(P,{A})N Bgabp. Because F consists of

a finite number of trees and the root of the trees are exactly of the form «+ B where B €
Call(P,{A})N B/JE—“abFN this set is finite. O

Example 4.3 Recall the program P and the set S of Fxample 4.2. We already know that P
quasi-terminates w.r.t. Tabp and S. And indeed, Call(P, {p(X)})N Bgabp = {p(X)} is finite.

4.1 Characterisation of Quasi-Termination

In this subsection, we will give a condition for quasi-termination, called quasi-acceptability.
In case the tabling satisfies some property, quasi-accepta- bility is a necessary and sufficient
condition for quasi-termination; otherwise, it is a sufficient condition. We want to note that
the condition is adapted from the acceptability notion for LD-termination defined in [8], and
not from the more “standard” definition of acceptability by Apt and Pedreschi in [3]. The
reason for this choice is that the quasi-termination property of a tabled program and (set of)
goal(s) is not invariant under substitution. Consider the following example from [15].

Example 4.4 Let p/2 be a tabled predicate defined by the following clause.
p(f(X),Y) < p(X,Y)
Then, the query < p(X,Y) terminates while < p(X, X) does not.

The acceptability notion in [3] is expressed in terms of ground instances of clauses and
its associated notion of left-termination is expressed in terms of the set of all goals that are
bounded under the given level mapping. Such sets are closed under substitution. Because quasi-
termination lacks invariance under substitution, we need a stronger notion of acceptability,
capable of treating any set of interest S.
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In order to state a necessary and sufficient condition for quasi-termination, we need to make
an assumption on the set Tabp of tabled predicates of the program P. If the assumption is
satisfied, we are able to give a necessary and sufficient condition for quasi-termination. If the
assumption is not satisfied, the condition is still sufficient.

We first need the following notations. Let P be a program and let G'p be the dependency
graph of the predicates of P. For a tabling Tabp for P and predicates p,q € NTabp with
p~q,let Ci(p,q), C2(p,q) and Cs(p, q) denote the following cases:

C1(p, q): no cycle of directed arcs in G'p containing p and ¢ contains a predicate from Tabp.

Ca(p, q): all cycles of directed arcs in G'p containing p and ¢ contain at least one predicate
from Tabp.

Cs(p, q): there is a cycle of directed arcs in G'p containing p and ¢ which contains no predicate
from Tabp and there is a cycle of directed arcs in GGp containing p and ¢ which contains
a predicate from Tabp.

Note that C1(p,q), Ca(p,q) and Cs(p,q) depend on the program P (more precisely on the
dependency graph Gp of P) and on the tabling T'abp for P. When referring to one of these
three cases, it will always be clear from the context which program and tabling are under
consideration. Note that, given a program P and tabling T'abp, for all predicates p, ¢ € NTabp
with p ~ ¢, exactly one of the cases C'1(p, ¢q), C2(p, q) or Cs(p, ¢) hold.

We next define the notion of well-chosen tabling w.r.t. a program P. This is a tabling for
P such that the third case C'5 does never occur. When the tabling is well-chosen, we are able
to give a necessary and sufficient condition for quasi-termination.

Definition 4.2 (well-chosen tabling (w.r.t. a program)) Let P be a program. The tabling
Tabp is called well-chosen w.r.t. the program P iff for every p,q € NTabp such that p ~ q,
either C(p, q) or Cx(p, q) holds.

Note that, in case Tabp is well-chosen w.r.t. P, we have that, if p,q,r € NTabp and
p~q~rand Ci(p,q) (resp. Ca(p,q)) holds, then Cy(q,r) (resp. C2(q,r)) holds.

In particular, if NTabp C {p € Predp | p is a non-recursive or only directly recursive
predicate} or if NTabp = 0 (i.e. Tabp = Predp), then the tabling Tabp is well-chosen w.r.t.
P.

We next give a simple example of a program and tabling, which is not well-chosen w.r.t.
the program.

Example 4.5 Let P be the following propositional program:

R RN~
TTTT
SRS

with Tabp = {p}. This tabling is not well-chosen w.r.t. P.

We next introduce the notion of quasi-acceptability, which is a necessary and sufficient
condition for quasi-termination in case the tabling is well-chosen and which is a sufficient
condition for quasi-termination in general.
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Definition 4.3 (quasi-acceptability) Let P be a program, Tabp C Predp and S C BE. P
s quasi-acceptable w.r.t. Tabp and S iff

there is a level mapping |.| on BE such that for all A such that A€ S, || is finitely partitioning
on Call(P,{A})N Bgabp and such that

e for every atom A such that A € Call(P,5),
o for every clause H < By,..., B, in P, such that mgu(A, H) = 0 exists,

o for every 1 < i< n and for every LD-c.a.s. 8;_1 for < (By,...,B;_1)8:

|A] > |Bi66;_,|

and

|A| > |B;00,_1| if Rel(A) ~ Rel(B;) € NTabp and
Cy(Rel(A), Rel(B;)) does not hold.

Theorem 4.1 (characterisation of quasi-termination) Let P be a program, Tabp C Predp
and S C Bg.

If P is quasi-acceptable w.r.t. Tabp and S, then P quasi-terminates w.r.t. Tabp and 5.

If the tabling Tabp is well-chosen w.r.t. P, then also the converse holds, i.e. P is quasi-
acceptable w.r.t. Tabp and S iff P quasi-terminates w.r.t. Tabp and §.

Proof =-: Suppose that P is quasi-acceptable w.r.t. Tabp and S. We prove that P quasi-
terminates w.r.t. Tabp and S. Let A be an atom such that A € 5, let F be the LG-forest
of PU{« A}.

e F consists of a finite number of LG-trees, i.e. §(Call(P,{A})N BF,,,) < cc.

Due to the quasi-acceptability condition, any call in C'all(P,{A}) directly descend-
ing from A, say B, is such that |A| > |B|. The same holds recursively for the atoms
descending from B. Thus, the level mapping of any call, recursively descending
from A, is smaller than or equal to |A| € IN. Since [.| is finitely partitioning on

Call(P,{A})N BF,,,, we have that: HU,e) 4] =Y (n)NCall(P,{A})N Bf,;,) < .
Hence, §(Call(P,{A})N Bgabp) < 00, i.e. F consists of a finite number of trees.
e The LG-trees in F have finite branches.

Suppose there is a tree in F with an infinite branch. This infinite branch contains an
infinite directed subsequence Gg, G1, .. .. It is easy to see that the leftmost atoms in
the nodes of this infinite directed subsequence all are NT'abp-atoms (because T'abp-
atoms are resolved using answers). Thereisan € IN, such that each GG, ¢ > n, has as
leftmost atom A; and for all ¢, 7 > n, Rel(A;) ~ Rel(A;) and Cy(Rel(A;), Rel(A;))
doesn’t hold. Because of the quasi-acceptability condition, |A;| > |A;11], for all
¢ > n. This gives a contradiction.

<: Suppose that the tabling Tabp is well-chosen w.r.t. P and suppose that P quasi-
terminates w.r.t. S. We have to construct a level mapping |.| such that P is quasi-
acceptable w.r.t. Tabp, S and this level mapping |.|. We will only define |.| on elements
of Call(P,S). On elements of the complement of Call(P,S) in BE, |.| can be assigned
any value, as these elements don’t turn up in the quasi-acceptability condition.

In order to define |.| on Call(P,S), consider the C'all-Gr(P, S)-graph (Definition 3.4).
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Consider a strongly connected component C' in C'all-G'r(P, S).

Then, there is at least one Tabp-atom in €. To see this, suppose this is not the case.
Consider a cyclic path p in C'. This consists only of NTabp-atoms. But then, because
of Proposition 3.1, there is an infinite branch in a tree of the LG-forest of an element of
S. This gives a contradiction.

Also, there is only a finite number of Tabp-atoms in C'. To see this, suppose this is not
the case. Then there is an infinitely long path p through infinitely many Tabp-atoms of
C'. Because of Proposition 3.1, there is an infinite number of Tabp-atoms selected in a
derivation of an element of 5, i.e. there are infinitely many trees in the LG-forest of that
element of S. This gives a contradiction.

Note also that, for every two atoms in C' with predicates p,q € NTabp, p ~ ¢ and the
condition C'(p, ¢) does not hold (since there is at least one T'abp-atom in C'). Or, since
the tabling is well-chosen, the condition C3(p, ¢) holds.

Define C'G as the graph obtained from C'all-Gr (P, S) by replacing any strongly connected
component by a single contracting node and replacing any arc from C'all-G'r(P, S) point-
ing to (resp. from) any node in that strongly connected component by an arc to (resp.
from) that contracting node. C'G does not have any (non-trivial) strongly connected
components. Moreover, any strongly connected component from Call-Gr(P,S) that was
collapsed into a contracting node of C'G’ necessarily contains at least one and at most a
finite number of Tabp-atoms.

Note now that each path in C'G which is not cyclic (not that there are only trivial cycles
in CG) is finite. This also follows directly from Proposition 3.1.

Note that it is possible that CG has an infinitely branching (possibly contracting) node.
Let A be an atom in that infinitely branching node. It follows from Lemma 4.3 that,
because P quasi-terminates w.r.t. S, §({B | B is a descendant of A in CG} N Bgabp) <
00. L

We now construct CG from C'G starting from the top nodes N; downwards as follows:

e replace all direct descendants of N; in C'G, by a single contracting node Ny,

e replace any arc from C'G pointing to (resp. from) any node in that (possibly infinite)
set of direct descendants by an arc to (resp. from) that contracting node Ng,

e repeat this for the nodes Ns.

This process stops because, as we already noted, each path in C'G' which is not cyclic is
finite. It is easy to see that ﬁﬁa graph in which each node has at most one direct
descendant. Also, each node in C'G consists of a (possibly infinite) set of nodes of Call-
Graph(P,S) which contains only finitely many T'abp-atoms.

We define the level mapping |.| as follows. Consider the layers of cG (there are only a
finite number of layers). Let layer-0 be the set of leaves in CG. We assign to these nodes
a number in IN, such that all nodes get a different number. Then, we move up to the

next layer in C'G. This layer, layer-1, consists of all nodes IV such that the path starting
from N has length 1. We assign to each such node N a natural number, such that the
number assigned to N is strictly larger than the number assigned to its descendant (in the
previous step). We continue this process layer by layer. The value of the level mapping |.|
on elements of C'all(P,5) is defined as follows: all calls contained in the node N receive
the number assigned to the node V.

We prove that, P is quasi-acceptable w.r.t. Tabp, S and this level mapping |.|.
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e for every A € 5, |.| is finitely partitioning on B/JE—:{IbP NCall(P,{A}).
Note that |.| is even finitely partitioning on Bgabp NCall(P,S). This is because each

(contracting) node of C'Gi contains only a finite number of T'abp-atoms and because
of the construction of |.|.

e Let A be an atom such that A € Call(P,S),let H < By,..., B, be a clause in P,
such that mgu(A, H) = 0 exists, let 6;,_1 be a LD-c.a.s. for < (By,..., B;_1)6:

— then |A| > |Bi002'_1|.
This is because there is a directed arc from A to B;86,_; in Call-Graph(P,S)
and because of the construction of |.|.

— then |A| > |B;66;_1| if Rel(A) ~ Rel(B;) € NTabp and Cy(Rel(A), Rel(B;))
does not hold (i.e. Cy(Rel(A), Rel(B;)) holds).
There is a directed arc in Call-G'raph(P,S) from A to B;#60,_,. Note that A
and B;06; 1 don’t belong to the same strongly connected component of Call-
Graph(P,S). This is because Cy(Rel(A), Rel(B;)) holds. So, A and B;00;_,
belong to a different layer and B;0#6;_; is a direct descendant of A. Hence,
because of the construction of |.|, |A| > |B;060;_1].

We illustrate the intuition behind Theorem 4.1 in the following example.

Example 4.6 Consider the following two propositional programs P and P':

p < q ) p <~ q
P:<{ g « r P:¢ q « r
r o~ q r o~ p

with Tabp = Tabp = {p} and S = {p}. The LG-forests for P U {+ p} and P' U {« p} are
shown in Figure 5. P does not quasi-terminate w.r.t. {p}, whereas P’ does quasi-terminate

<p <p
<q <q
&r &r
<q <p
P P

Figure 5: The LG-forests for P U {— p} and for P' U {+ p}
w.r.t. {p}.

14



This can be proven by Theorem 4.1. Note that for both programs, the tablings are well-chosen.
Also note that, because the programs are propositional, every level mapping is finitely parti-
tioning on the whole Herbrand base (assuming that there are only finitely many proposition
symbols).

Let’s first consider program P. Notice that for this program and tabling {p} the condition
C4(q,r) holds. Also note that there is no level mapping |.| such that |q| > |r| and |r| > |q| holds.
Hence, the condition in Theorem 4.1 can not be satisfied and P does not quasi-terminate w.r.t.
{p}.

Consider next program P'. Notice that for this program and tabling {p} the condition Ca(q, )
holds. Let |.| be the following level mapping |p| = |q| |r| = 0. With this level mapping, P’
satisfies the condition of Theorem 4.1 and hence, P’ quasi-terminates w.r.t. {p}.

4.2 Modular Proofs for Quasi-Termination

In this subsection, we present modular proofs for quasi-termination of the union P U R of
two programs P and R, where P extends R (recall that a program P extends a program
R iff no predicate defined in P occurs in R). In order to fix a notation, for Predpyr =
Tabpur U NTabpyr, let

Tabp = Tabpur N Predp , NTabp = NTabpurN Predp,
Tabp = TabpurN Predg , NTabr = NTabpyr N Predg.

So the tabling of the union P U R determines the tabling of the components P and R. Note
that Tabp also contains predicates which are tabled in P U R but defined in R.

The first Proposition 4.1 proves the quasi-termination of the program P U R, where P
extends R, by imposing conditions on the two parts P and R. The following two propositions
consider special cases of this first proposition. In Proposition 4.2 we consider the case in which
all defined predicates in P are tabled and in Proposition 4.3 we consider the case in which
both programs extend each other. That is, no predicate defined in one program depends on
a predicate defined in the other program. The case where no defined predicate symbol in P
is tabled, does not lead to a simpler modular termination condition, than the condition of
Proposition 4.1.

Proposition 4.1 Suppose P and R are two programs, such that P extends R. Let S C BguR.
If

e R quasi-terminates w.r.t. Tabr and Call(PU R, S),

e there is a level mapping |.| on Bg such that for all A such that A € S, || is finitely
partitioning on C'all(PU R,{A})N Bgabp, and such that

— for every atom A such that A € Call(PUR, S),
— for every clause H < By,..., B, in P such that mgu(A, H) = 6 exists,
— for every 1 < i < n and for every LD-c.a.s. ;1 in PU R for < (By,...,B;_1)8:

|A] > |Bi66;—1 |

and

|A| > |B;600;,_1| if Rel(A) ~ Rel(B;) € NTabp and
Cy(Rel(A), Rel(B;)) does not hold
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then, PU R quasi-terminates w.r.t. Tabpygr and S.

Proof Let A be an atom such that A € S. Let F be the LG-forest w.r.t. Tabpyg of PURU{«+
A}. We prove that F consists of a finite number of LG-trees without infinite branches.
If A is defined in R, this follows directly from the fact that P extends R and that R
quasi-terminates w.r.t. Tabr and Call(PUR, S).

So, suppose A is defined in P. Because of the second condition in the proposition
statement, every call directly descending from A, say B, is such that |B| < |A|. This
holds recursively for atoms descending from A using clauses of P. Because |.| is finitely
partitioning on Bgabp NCall(PU R,{A}), the set of tabled atoms, descending from A,
using clauses of P is finite. For atoms (', defined in R and descending from A using clauses
of P, we know that §(C'all(PUR,{C})NBf,, ) < co. So, {(Call(PUR,{A})NBf,, . ) <
00.

We now prove that there is no tree in F with an infinite branch. Suppose this is not
the case, and there is a tree in F with an infinite branch. Because, R quasi-terminates
w.r.t. Tabg and Call(PU R, S), and because P extends R, this infinite branch contains
an infinite directed subsequence Go, Gy, .. ., with leftmost atoms Ag, 4y, ..., belonging to
B]%TabpﬂDefp' This infinite directed subsequence has a tail, such that for all 7 such that
G; belongs to this tail, Rel(A;) ~ Rel(A;41) and Cy(Rel(A;), Rel(A;41)) does not hold.
But because of the condition in the proposition statement, |A;| > |A;41] and this gives a
contradiction. |

Example 4.7 Recall the program of Frample 3.1. We write this program as the union of two
programs P U R, where P extends R:

P: { intersection(Xs,Ys, Z) < member(Xs,Z), member(Ys,Z)

R member([Z|Zs]|, 7)) <«
’ member([X|Zs], Z) < member(Zs,Z)

with Tabpur = {member/2} and S = {intersection(Xs,Ys,a)}. Then, Call(PU R,S) =
S U {member(Xs,a)}. As we already noted in Example 4.1, P U R quasi-terminates w.r.t.
Tabpur and S (the LG-forest for PU R and S is shown in Figure 3). We can prove this in a
modular way, by using Proposition 4.1:

e R quasi-terminates w.r.t. {member/2} and Call(PU R, S).

To prove that R quasi-terminates w.r.t. {member/2} and {member(Xs,a)}, we can apply
Theorem 4.1. It can be easily verified that R is quasi-acceptable w.r.t. {member/2},
{member(Xs,a)} and the trivial level mapping (mapping everything to 0). (Note that all
level mappings are finitely partitioning on the set C'all(R, {member(Xs,a)}) N BTEabR =
{member(Xs,a)}, as this is a finite set.)

o Let |.| be the trivial level mapping (mapping everything to 0). As we already noted
above, |.| is finitely partitioning on Call(P U R,S) N Bgember/Q = {member(Xs,a)}.
We consider the clause of P. It is easy to see that |intersection(Xs,Ys,a)] = 0 >
0 = |member(Xs,a)|, and |intersection(Xs,Ys,a)l =0 > 0 = |member(Ys,a)| (note
that the computed answer substitutions of the first body atom do not instantiate the second
body atom). So, the second condition of Proposition 4.1 is also satisfied.

Hence we can conclude that P U R quasi-terminates w.r.t. S.
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The next proposition considers the special case of two programs P and R, such that P
extends R and such that all the defined predicates in P are tabled.

Proposition 4.2 Suppose P and R are two programs, such that P extends R, and such that
Defp C Tabp. Let S C BE p. If

e R quasi-terminates w.r.t. Tabr and Call(PU R, S),

e there is a level mapping |.| on Bg such that for all A such that A € S, || is finitely
partitioning on C'all(PU R,{A})N Bgabp, and such that

— for every atom A such that A € Call(PUR, S)
— for every clause H < By,..., B, in P such that mgu(A, H) = 6 exists,
— for every 1 < i < n and for every LD-c.a.s. ;1 in PU R for < (By,...,B;_1)8:

|A| > [B60,;_|
then, PU R quasi-terminates w.r.t. Tabpygr and S.

Proof This is a direct corollary of Proposition 4.1 (every recursive predicate in P is defined
in P and hence tabled). O

Finally, we consider the case of two programs P, and P, extending each other.

Proposition 4.3 Let P, P, be two programs such that P, extends Py and P, extends Py. Let
S C B1€1UP2' Suppose that

o P quasi-terminates w.r.t. Tabp, and SN Bgl,
o P, quasi-terminates w.r.t. Tabp, and SN B]%,
then P, U P, quasi-terminates w.r.t. Tabp,up, and S.

Proof Because P; extends P and P, extends Pp, Call(PLU P2, S)N Bl}% = Call(P, SN Bl}%)
for + = 1,2. The proposition follows by definition of quasi-termination. O

Note that all the above modular termination conditions prove the quasi-termination of
P U R without constructing a level mapping |.| such that P U R is quasi-acceptable w.r.t. this
level mapping |.|. We refer to the Appendix A where modular termination conditions for quasi-
termination are given which construct (from simpler level mappings) a level mapping such that
P U R is quasi-acceptable w.r.t. this level mapping.

5 LG-Termination

The notion of quasi-termination only partially corresponds to our intuitive notion of a ter-
minating execution of a query against a tabled program. This notion only requires that the
LG-forest consists of only a finite number of LG-trees, without infinite branches, yet these trees
can have infinitely branching nodes. In order to capture this source of non-termination for a
tabled computation, the following stronger notion is introduced (see [10, Definition 4.1] for the
special case where T'abp = Predp).
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Definition 5.1 (LG-termination) Let P be a program, Tabp C Predp and S C BE.

P LG-terminates w.r.t. Tabp and S iff for every atom A such that A € S, the LG-forest w.r.1.
Tabp for PU {«+ A} consists of a finite number of finite LG-trees.

Also, P LG-terminates w.r.t. S iff P LG-terminates w.r.t. Predp and S.

Example 5.1 As we already noted before, the program P of Fxample 3.1 doesn’t LG-terminate
w.r.t. {member/2} and {intersection(Xs,Ys,a)}.

Obviously, the notion of LG-termination is stronger than the notion of quasi-termination.
Also, LD-termination implies LG-termination.

Lemma 5.1 Let P be a program, Tabp C Predp and S C Bg.
If P LG-terminates w.r.t. Tabp and S, then P quasi-terminates w.r.t. Tabp and §.
If P LD-terminates w.r.t. S, then P LG-terminates w.r.t. Tabp and S.

Proof The first statement is trivial by definition. For the second statement, this is a corollary
of the following Proposition 5.1 with T'ab; = () and T'aby = Tabp. |

Consider two tablings for a program P; one with set of tabled predicates equal to T'ab; C
Predp, the other with set of tabled predicates equal to Taby C Predp. Suppose Taby C Tab,
(hence NTab; DO NTaby). The next proposition studies the relationship between the LG-
termination of P w.r.t. these two tablings.

Proposition 5.1 Let P be a program. Let Predp = Taby U NTaby and Predp = Taby U
NTaby. Suppose Taby C Taby. Let S C Bg.
If P LG-terminates w.r.t. Taby and S, then P LG-terminates w.r.t. Taby and §.

Proof Let A be an atom such that A € S. Let F; be the LG-forest w.r.t. Tab; of PU{+ A}
and let F3 be the LG-forest w.r.t. T'aby of PU{+ A}. We know that F consists of a finite
number of finite LG-trees. So, §Call(P,{A}) < oo, hence, #(Call(P,{A})N Bgabz)) < o0
and F, consists of a finite number of LG-trees. We prove that the LG-trees of Fy are
finite. Since each LG-tree in F5 can be extended to obtain an LG-tree in F1, this follows
from the finiteness of the LG-trees in Fy. |

Note that this proposition does not hold for quasi-termination as is shown in the following
example.

Example 5.2 Recall from Frample 4.2 the following program P:

pla)
p(f(X)) « p(X),q(X)
q(X)

with S = {p(X)}. Let Taby = {p/1} (as in Example 4.2) and Taby = {p/1,q/1}. Then, P
quasi-terminates w.r.t. Taby and S (the LG-forest in this case was shown in Figure 4). But,
as is shown in Figure 6, P doesn’t quasi-terminate w.r.t. Taby and §.

The following lemma relates the notions of quasi-termination and LG-termination in a more
detailed way. By definition, quasi-termination only corresponds to part of the LG-termination
notion; it fails to capture non-termination caused by an infinitely branching node in an LG-
tree. Note that if an LG-forest contains a tree with an infinitely branching node, then there is
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Figure 6: The LG-forest for P U {« p(X)} w.r.t. T'aby

an LG-tree in the forest which is infinitely branching in a node which contains a goal with a
recursive, tabled atom at the leftmost position. This observation leads to the following lemma.
Denote the set of tabled, recursive predicates in a program P with TRp:

TRp =Tabp N Recp.

Lemma 5.2 Let P be a program, Tabp C Predp and S C Bg.
P LG-terminates w.r.t. Tabp and S iff P quasi-terminates w.r.t. Tabp and S and for all A € S
the set of (LD-)computed answers for atoms in Call(P,{A})N BgRP is finite.

Proof =: Suppose P LG-terminates w.r.t. Tabp and S. It is trivial to see that P quasi-
terminates w.r.t. Tabp and S. It is also easy to see that, since, for every A such that
A € S, the LG-forest for PU {« A} consists of a finite number of finite trees, the set of
computed answers for atoms in C'all(P,{A}) is finite.
<: Suppose that P quasi-terminates w.r.t. Tabp and S and for all A € S the set of
(LD-)computed answers for atoms in C'all(P,{A}) N BgRP is finite. We prove that P
LG-terminates w.r.t. Tabp and S. Let A be an atom such that A € S. We already know
that the LG-forest F of PU{«+ A} consists of a finite number of LG-trees without infinite
branches. We prove by contradiction that these LG-trees are finitely branching. Suppose
there is an LG-tree in F which is infinitely branching. Then, there is an LG-tree in F
with an infinitely branching node, which contains a query which has a tabled, recursive
atom on the leftmost position. That is, there is an atom in Call(P,{A})N BgRP which
has infinitely many computed answers. This gives a contradiction. |

It follows from the proof that, if P LG-terminates w.r.t. Tabp and S, the set of computed
answers for atoms in C'all(P, {A}) is finite for all A € S.

5.1 Characterisation of LG-Termination

In this subsection, we give a characterisation of LG-termination. First (Theorem 5.1), we will
characterise LG-termination of a program P in terms of quasi-termination of the program P,
which is obtained by applying the answer-transformation (Definition 5.2) on P. However, we
will also characterise LG-termination in a more direct way (Theorem 5.2).

Lemma 5.2 of the previous subsection gives the intuition behind the answer-transformation
of the following Definition 5.2. The answer-transfor- mation forms the basis of the characterisa-
tion of LG-termination in Theorem 5.1; LG-termination of a program P will be shown equiva-
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lent with quasi-termination of the program P?, obtained by applying the answer-transformation
to P.

Definition 5.2 (a(nswer)-transformation) Let P be a program. The a-transformation is

defined as follows:
e Fora clause C' = H + By,..., B, in P, we define
C*=H+ By,Bj,...,B,, B}

with BF defined as follows (suppose B; = p(t1,...,t,)):

if p~ Rel(H) and p € Tabp, then B = p*(t1,...,t,), where p*/n is a new predicate,
else B = 1.

Let TRy = {p*/n | p/n € TRp} (recall that TRp = Tabp N Recp ).
e For the program P, we define

pP* = {C*|CePU
{p"(X1,...,X,) « | p*/n € TR%}.

o The set of tabled predicates of the program P® is defined as

Tabpe = Tabp U TR?D.

It is easy to see that Call(P,S) = Call(P*,S)N BE. Also, if we denote with cas(P, {p(f)})
the set of computed answer substitutions of PU{« p(f)}, then cas(P, {p(t)}) = cas(P*,{p(?)})
for all p(f) € BE. It is important to note that, if we have a query p(f) € Bfp, to the program
P, then p(t)o is a computed answer if p*(f)o € Call(P* {p(f)}). This is in fact the main
purpose of the transformation.

We want to mention that a similar transformation, namely the solution-transformation, is
introduced in [10, Definition 4.2] in order to relate the concepts of LG-termination and quasi-
termination. But, as opposed to the answer-transformation, the solution-transformation intro-
duces much more “overhead” in the sense that a clause C' = H « By,..., B, is transformed
into a clause Cyoy = H < By, sol(B1), ..., By, sol(B,) where sol/1 is a new tabled predicate.
Notice that in contrast, the answer-transformation only keeps track of the computed answers
of recursive, tabled body atoms (and not of all body atoms).

Example 5.3 Recall the program P of Frample 3.1, with Tabp = {member/2}.
The a-transformation of P is the following program P®:

intersection(Xs,Ys, 7)
member([Z|Zs], Z)
member([X|Zs], Z)
member®(L, Z)

— member(Xs, Z), member(Ys,Z)
F
— member(Zs, Z), member®(Zs, Z)
F
with Tabpa = {member /2, member®/2}.
The following theorem is a generalisation of [10, Theorem 4.1] (there, the previously men-

tioned solution-transformation of [10, Definition 4.2] is used to relate LG-termination and
quasi-termination in case T'abp = Predp).
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Theorem 5.1 (characterisation of LG-termination in terms of quasi-termination)
Let P be a program, Tabp C Predp and S C Bg.
P LG-terminates w.r.t. Tabp and S iff P* quasi-terminates w.r.t. Tabpe and 5.

Proof <«: Suppose P? is quasi-terminating w.r.t. Tabps and S. Let A be an atom such that

A€ S. Let F be the LG-forest w.r.t. Tabp of P U {+ A}. We prove that F consists of
a finite number of finite LG-trees.
We know that the LG-forest F* w.r.t. Tabpa of P* U {+ A} is a finite set of LG-trees,
without infinite branches. It is easy to see that hence, F consists also of a finite number
of trees without infinite branches. We prove that the LG-trees in F are finitely branching.
Suppose this is not the case, i.e. there is an LG-tree in F which is infinitely branching.
Then, there is an LG-tree T in F which is infinitely branching in a non-root node, which
is a goal with leftmost atom p(t1,...,t,), with p € T'Rp, which is directly descending
from an atom ¢(sq,...,s,), with p >~ ¢, via a recursive clause C' = q(u1,...,Uy)
cplvr, ..o, vn), ... Let T be the LG-tree in F* corresponding to 7. Note that the
clause C'* instead of C'is used in 7. Because of this, the atom on the right of p(¢y,...,t,)
in the infinitely branching node is p*(¢1,...,t,). Thus, F* consists of a infinite number
of LG-trees (there are an infinite number of LG-trees with predicate p® in the root). But
this gives a contradiction.
=: Suppose P is LG-terminating w.r.t. Tabp and S. Reasoning the other way around,
we can prove that P® is quasi-terminating w.r.t. Tabpa and S. O

Example 5.4 Recall Example 5.3. The LG-forest of P U {« intersection(Xs,Ys,a)} w.r.t.
Tabp was shown in Figure 3. Note that the trees are infinitely branching; P doesn’t LG-
terminate w.r.t. Tabp and {intersection(Xs,Ys,a)}.

In Figure 7, the LG-forest of the program P* and {intersection(Xs,Ys,a)} w.r.t. Tabpa is
shown. Note that there are infinitely many LG-trees in the forest; P* doesn’t quasi-terminate

w.r.t. Tabpa and {intersection(Xs,Ys,a)}.

<— intersection(Xs,Ys,a)

<— member(Xs,a) , member(Ys,a)

Xs=[aX1s] Xs=[X,aX1s]

<— member(Ysa) <— member(Ysa)

Ys=[aY1ls] \ N e Ys=[aY1ls] N\ N\ e
o \ o o \

o o e

<— member@ ([aX1s],a)

o

<— member (Xs,a)
Xs=[a]X1s] Xs=[X|Xs']

o <— member (Xs',a), member (Xs ,a)

Xs :M[X'MS]

<— member@ ([a]X1s],a) <— membe ([X,a]X15],a)

<— member ([X,a|X19],a)

o

Figure 7: The LG-forest for P* U {« intersection(Xs,Ys, a)}.

Theorem 5.1 provides us with a characterisation of LG-termination of a program in terms
of quasi-termination. That is, to prove LG-termination of P w.r.t. Tabp and S, we have to
prove quasi-termination of P?%, the a-transformation of the program P, w.r.t. T'abpa and S. To
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prove quasi-termination, it is sufficient (and also necessary in case the tabling is well-chosen!)
to prove the quasi-acceptability of P* w.r.t. Tabps and S. However, the condition of quasi-
acceptability on P® can be weakened; i.e. some of the decreases “|A| > |B;06;_1|" need not be
checked because they can always be fulfilled. In particular, we only have to require the non-
strict decrease for recursive, tabled body atoms B; (to obtain an LG-forest with only finitely
many LG-trees) or for body atoms B; of the form p®(ty,...,¢,) (to obtain LG-trees which are
finitely branching); the conditions on non-tabled predicates remain the same. The following
notion of LG-acceptability gives this optimised condition for LG-termination of a program. So,
instead of proving quasi-acceptability of the program P?, we can prove LG-acceptability of P
(and this is a less strong condition).

Definition 5.3 (LG-acceptability) Let P be a program, Tabp C Predp and S C BE. P is
LG-acceptable w.r.t. Tabp and S iff

there is a level mapping |.| on Bga such that for all A such that A € S, |.| is finitely partitioning
on Call(P*,{A})N BnguTR%, and such that

e for every atom A such that A € Call(P*,S),
o for every clause H < By,..., B, in P*, such that mgu(A, H) = 6 exists,
o for every B; such that Rel(B;) ~ Rel(H) or Rel(B;) € TR%,

e for every LD-c.a.s. 0,_1 in P* for < (By,...,B;_1)0:

|A] > |Bi66;_,|

and

|A| > |B;00,_1| if Rel(A) ~ Rel(B;) € NTabp and
Cy(Rel(A), Rel(B;)) does not hold.

Theorem 5.2 (characterisation of LG-termination) Let P be a program, Tabp C Predp
and S C Bg.

If P is LG-acceptable w.r.t. Tabp and S, then P LG-terminates w.r.t. Tabp and 5.

If the tabling Tabp is well-chosen w.r.t. P, then also the converse holds, i.e. P is LG-acceptable
w.r.t. Tabp and S iff P LG-terminates w.r.t. Tabp and S.

Proof =: Suppose that P is LG-acceptable w.r.t. Tabp and S. We prove that P LG-
terminates w.r.t. Tabp and S.
Let A be an atom such that A € S. Let F be the LG-forest w.r.t. Tabp of PU {+ A}.
We prove that F consists of a finite number of finite LG-trees.

e The LG-trees in F are finitely branching.

Suppose this is not the case, i.e. there is an LG-tree in F which is infinitely branch-
ing. Then, there is an LG-tree T in F which is infinitely branching in a non-root
node, which is a query with leftmost atom p(t1,...,¢,), with p € TRp, which is
directly descending from an atom ¢(si,...,Ss,), with p ~ ¢, via a recursive clause
C = qlur,...,up) < ...,p(v1,...,0,),.... Now, consider the LG-forest F* of
P*U{+ A}. Let T be the LG-tree in F* corresponding to T'. Note that the clause
C® instead of C' is used in 7. Because of this, the atom on the right of p(¢1,...,t,)

Inhote that if Tabp is well-chosen w.r.t. P, then also Tabpa is well-chosen w.r.t. P¢.
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in the infinitely branching node is p*(¢1,...,t,). Thus, F* consists of a infinite
number of LG-trees (there are an infinite number of LG-trees with predicate p® in

the root). But, all these p®-atoms directly descend from the node ¢(sy,...,s,,) via
the clause C* in P® and hence, because of the LG-acceptability condition, their
value under the level mapping |.| is smaller or equal to |¢(si,...,sy)|.- Because |.|

is finitely partitioning on C'all(P*,{A})N BgR%’7 this gives a contradiction.
e F consists of a finite number of LG-trees, i.e. §(Call(P,{A})N Bgabp) < o0,

Suppose this is not the case. A first possible reason for an infinite number of LG-
trees in F is an infinitely branching LG-tree in F. But we already proved that this
does not occur. The other possibility is that there exists an infinite LD-derivation
of + A in P which contains an infinite directed subsequence, such that this infinite
directed subsequence has a tail G, G 41, ... with G; =« A;; B;, ¢« > n, such that
{A; |i>mn} C Bgabp is an infinite set and Rel(A;) >~ Rel(A;441) for all ¢ > n. So,
{Ai|i > n} C B, Since A; € Call(P,{A})NBfp, C Call(P* {A})NBfp,rps
and since |.| is finitely partitioning on this set and |A;| > |A;41| for all ¢ > n (by
the LG-acceptability condition), this gives a contradiction.

e The LG-trees in F have finite branches.

The same argumentation as in the proof of Theorem 4.1 can be applied here.

<: Suppose that the tabling Tabp is well-chosen w.r.t. P and suppose that P LG-
terminates w.r.t. Tabp and S. We prove that there exists a level mapping |.| such that
P is LG-acceptable w.r.t. Tabp, S and this level mapping |.|.

Since P LG-terminates w.r.t. Tabp and S, we know by Theorem 5.1 that P* quasi-
terminates w.r.t. Tabpa and 5. Note that, since Tabp is well-chosen w.r.t. P, Tabpa
is well-chosen w.r.t. P*. By Theorem 4.1, there exists a level mapping |.| such that P*
is quasi-acceptable w.r.t. Tabpa, S and this level mapping |.|. It is straightforward to
verify that P is LG-acceptable w.r.t. Tabp, S and this level mapping |.| restricted to
Bg. (Note that, as we already discussed in the beginning of this subsection, the level
mapping obtained in this way satisfies more conditions than required by the notion of
LG-acceptability.) O

Example 5.5 Recall the part of the grammar program (Section 2) which recognizes the lan-
qguage a”b:

s(9t,50) <+ a(S%,5),5=1[b50]
R: a(Si,S0) «+ a(Si,5),a(S,S0)
a(Si,50) « Si=[a|So]

with Tabr = {a/2}. We show that R LG-terminates w.r.t. {a/2} and S = {s(si,So)}
where st is a ground list consisting of atoms and So is a variable. Consider the following
a-transformation, R*, of R (T'abra ={a/2,a"%/2}):

s(9t,50) <+ a(S5,9),5=[b]50]
Ra a(Si,50)  « a(S,9),a%(S1,5),a(S,50),a%(S, So)
' a(Si,50) « Si=/[a|lY]
a*(S1i,50)

When applying Theorem 5.2, we only have to consider the second clause of R*. Note that,
for all a(t1,t2) € Call(R* {s(st,50)}), t1 is a sublist of si and t2 is a variable. Also, for
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all a®(vl,v2) € Call(R*,{s(s7,50)}), vl is a sublist of si and v2 is a (strict) sublist of v1.
Consider the trivial level mapping |.| (mapping everything to 0) on Call(R* {s(st,50)}) N
B{E;/z,aa/z}' Since this set is finite, |.| is obviously finitely partitioning on this set. R and S,
together with |.|, satisfy the conditions of Theorem 5.2. Hence, R LG-terminates w.r.t. {a/2}
and S.

5.2 Modular Proofs for LG-Termination

Similarly to Section 4.2, we want to be able to obtain modular termination proofs for LG-
termination of the union P U R of two programs P and R, where P extends R. Note that,
because of Theorem 5.1, and because (P U R)* = P*U R® (if P extends R), we can use
the modular proofs for quasi-termination of Section 4.2. However, as we already noted in
Section 5.1, we can give optimised conditions which require less checking for decreases between
the values under the level mapping of the head and body atoms. Again we put for Predpyr =
Tabpup U NTabpyg

Tabp = Tabpur N Predp , NTabp = NTabpurN Predp,
Tabp = TabpurN Predg , NTabr = NTabpyr N Predg.

The following propositions give modular conditions for LG-termination of PU R without using
Theorem 5.1.

Proposition 5.2 Let P and R be two programs, such that P extends R. Let S C BguR' If

o R LG-terminates w.r.t. Tabr and Call(PUR,S),

e there is a level mapping |.| on Bga such that for all A such that A € S, |.| is finitely
partitioning on C'all(P*U R, {A})N BnguTR%, and such that

— for every atom A such that A € Call(P*U R, S),

— for every clause H < By, ..., B, in P* such that mgu(A, H) = exists,
— for every B; such that Rel(B;) ~ Rel(H) or Rel(B;) € TR},

— for every LD-c.a.s. 0,_1 in P*UR for < (By1,...,B;_1)8:

|A] > |Bi66;—1 |

and

|A| > |B;00,_1| if Rel(A) ~ Rel(B;) € NTabp and
Cy(Rel(A), Rel(B;)) does not hold

then P U R LG-terminates w.r.t. Tabpyr and S.

Proof Let A be an atom such that A € S. Let F be the LG-forest w.r.t. Tabpyg of PURU{«+
A}. We prove that F consists of a finite number of finite LG-trees.
If A is defined in R, this follows from the fact that R LG-terminates w.r.t. Tabp and
Call(PUR, S). So, suppose that A is defined in P. The proof that F is finitely branching,
F consists of a finite number of LG-trees and F contains no trees with infinite branches
is a simple adaptation of the proof of the if-direction of Theorem 5.2 (the adaptation is
similar to the adaptation needed to transform the proof of the if-direction of Theorem 4.1
into a proof of Proposition 4.1). O
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Next, we consider three special cases of Proposition 5.2. In Proposition 5.3, we consider
the case in which no defined predicate in P is tabled. In Proposition 5.4, we consider the case
in which all defined predicates in P are tabled. Finally, in Proposition 5.5, we consider the
case of two programs extending each other.

Proposition 5.3 Let P and R be two programs, such that P extends R and such that De fp C
NTabp. Let S C BE 5. If

o R LG-terminates w.r.t. Tabr and Call(PUR,S),

o there is a level mapping |.| on BE such that

— for every atom A such that A € Call(PUR, S),

— for every clause H < By,..., B, in P such that mgu(A, H) = 6 exists,
— for every B; such that Rel(B;) ~ Rel(A),

— for every LD-c.a.s. 0;_1 in PUR for < (By,...,B;_1)0:

|A| > |B¢002'_1|
then P U R LG-terminates w.r.t. Tabpyr and S.

Proof Because no defined predicate in P is tabled, P* = P. Also, for all p,q € NTabpnDefp
with p ~ ¢, C1(p, q) holds. The proposition follows then from Proposition 5.2. O

Example 5.6 Recall program R of Example 5.5. Let P be the following program which parses
the language a™b (see also Section 2):

s(9t, So, P)
a(Si, So, P)

a(St,9),S8 =[b|So], P = spt(Pa,b),a(St, S, Pa)
a(St,9),a(S,So0), P = apt(P1, P2),a(St, S, P1),
a(9, So, P2)

a(Si, S0, P) « Si=]Ja|So],P=ua

F
F

As already noted, P extends R and the only tabled predicate in P U R is a/2 — see Section 2
for why this tabling is sufficient.

Let S = {s(si, So, P)} where st is a ground list consisting of atoms, and So, P are distinct
variables. We show, by using Proposition 5.3, that P U R LG-terminates w.r.t. {a/2} and S.

e R LG-terminates w.r.t. {a/2} and Call(PUR,S).

Note that, if a(t1,t2) € Call(PUR, S), then either t1 is a sublist of si and t2 is a variable,
or t1 and t2 are both sublists of si. In Fxample 5.5, we proved that R LG-terminates
w.r.t. this first kind of queries. To prove that R LG-terminates w.r.t. the second kind of
queries, we can again apply Theorem 5.2. Since the proof is similar to the one given in
FEzxample 5.5, we omit it here.

e Note first that, if a(t1,t2, P) € Call(PU R, S), then t2 is a (strict) sublist of t1, t1 is a
sublist of si and P is a variable. Let |.| be the following level mapping on Call(PUR, S)N
Bﬁ/?)}: la(t1,t2, P)| = || t1 ||, — || t2 ||;, where || ||; is the list-length norm. Because of
the remark above, |.| is well-defined. Note that we only have to consider the recursive
clause for a/3 in the analysis.
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— Consider the fourth body atom in the recursive clause for a/3. If this clause is called
with a(ti, to, P), with to a (strict) sublist of ti, then the fourth body atom is called as
a(ti,t, P1) where to is a (strict) sublist of t and t is a (strict) sublist of ti. Hence,
Jalti,to, P)| = || 4 [ — || to I, > |t l,— || ¢ |, = lazi, t, P1)].

— Consider the last body atom. If the recursive clause is called with a(ti,to, P), with
to a (strict) sublist of ti, then the last body atom is called as a(t,to, P2) where
to is a (strict) sublist of t and t is a (strict) sublist of ti. Hence, |a(ti,to, P)| =
[tifly = [l to fl; > 1[I, =V to [l; = la(t, o, P2)].

We conclude that P U R and S satisfy the condition of Proposition 5.3, so PU R LG-
terminates w.r.t. {a/2} and S.

In the next proposition, a modular termination proof for the LG-termination of the union
P U R is given, where P extends R and all defined predicates in P are tabled.

Proposition 5.4 Let P and R be two programs, such that P extends R and such that De fp C
Tabp. Let S C BE . If

o R LG-terminates w.r.t. Tabr and Call(PUR,S),

e there is a level mapping |.| on BE. such that for all A such that A €S, || is finitely
partitioning on C'all(P*U R, {A})N BnguTR%, and such that

— for every atom A such that A € Call(P*U R, S),

— for every clause H « By, ..., B, in P* such that mgu(A, H) = exists,
— for every B; such that Rel(B;) ~ Rel(H) or Rel(B;) € TR},

— for every LD-c.a.s. 0,_1 in P*UR for < (By1,...,B;_1)8:

|Al > | Bi60;_1|
then P U R LG-terminates w.r.t. Tabpyr and S.

Proof This is a direct corollary of Proposition 5.2 (every recursive predicate in P is defined
in P and hence tabled). O

Finally, we consider the case of two programs P, and P, extending each other.

Proposition 5.5 Let P, Py be two programs such that P, extends Py and P, extends Py. Let
SCBEp,- If

o P LG-terminates w.r.t. Tabp, and SN Bgl,
o P, LG-terminates w.r.t. Tabp, and SN B]%,
then Py U Py, LG-terminates w.r.t. Tabp,up, and S.

Proof Because P extends P, and P extends Py, Call(PU P, 5) ﬁBEl, = Call(F;, SﬁB]}%)7
for ¢ = 1,2. The proposition follows then by definition of LG-termination. O
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6 Related Papers and Future Work

Our work is based on, and significantly extends, the results of [10]. In [10], the two notions of
(universal) termination under tabled execution, namely quasi-termination and LG-termination,
are introduced and characterised. As opposed to [10], where it is assumed that all predicates in
the program are tabled, we here consider programs with a mix of tabled and Prolog execution,
thereby providing a termination framework for ‘real’ tabled programs. We further extend
the applicability of this framework by presenting modular termination conditions: conditions
ensuring termination of the union P U R of two programs P and R, where P extends R.

Termination proofs for (S)LD-resolution (such as e.g. those surveyed in [7]) are sufficient to
prove termination under a tabled execution mechanism, but, since there are quasi-terminating
and LG-terminating programs, which are not LD-terminating, more effective proof techniques
can and need to be found. Besides [10], there are only relatively few works studying termination
under tabling. In the context of well-moded programs, [17] presents a sufficient condition for a
program to have the bounded term-size property, which implies LG-termination. [13] provides
another sufficient condition for quasi-termination in the context of functional programming. In
parallel with the work reported on in this paper, an orthogonal extension of the work of [10]
was investigated in [19]. Namely, in [19] the constraint-based approach of [9] for automatically
proving LD-termination was extended to the case of quasi-termination and LG-termination.
More specifically, in the context of simply moded, well-typed programs and queries, sufficient
conditions for quasi-termination and LG-termination (in the case that T'abp = Predp) are
given. These conditions allow reasoning fully at the clause level, contrary to those in the
current paper which are stated for sets of calls. An integration of these two extensions of [10]
is straightforward.

A topic for future research is to extend our results to normal logic programs executed under
a mix of Prolog and tabled execution. Another, with an arguably more practical flavour, is
to investigate how the termination conditions presented here can form the basis of a compiler
that automatically decides on — or at least guides a programmer in choosing — a tabling (i.e.
a set of tabled predicates) for an input program such that quasi-termination of the program is
ensured.
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A Construction of the Level Mapping in a Modular Termina-
tion Proof

In this appendix, we present modular proofs for the quasi-termination of the program P U R,
where P extends R, by constructing a level mapping such that PU R is quasi-acceptable w.r.t.
this level mapping (see Definition 4.3 and Theorem 4.1). These modular termination conditions
are of a similar nature as the ones in [4], where modular proofs are given for SLD-termination
(i.e. termination under SLD-resolution w.r.t. all selection rules) and LD-termination. First,
we give some properties of finitely partitioning level mappings.

Lemma A.1 o Let P be a program and L C Bg. Let f,g: L — IN be level mappings. If
f is finitely partitioning on C C L, then f+g: L - IN: A— (f+¢)(A) = f(A) + g(A4)
s finitely partitioning on C.

o Let P, Py be two programs and Ly C Bgl, Ly C Bl}%' Let fi: L4 =N and fy : Ly — N
be level mappings. If f1, resp. fo, are finitely partitioning on C; C Ly, resp. Cy C Lo,
then m(f1, f2) : L1 U Ly — IN :

mm(fl (A), fQ(A)) s Ae€ L1 N L2
A= m(fi, f2)(A) =1 fi(4) , A€\ Ly
f2(A) , A€ L\ Ly

s finitely partitioning on Cy U (.
Proof e Let n € IN. We prove that £((f + ¢g) ' (n) N C) < oo.

(f+g)Hn)nC {AeC | (f+g)(A

)
{AECIf(A)<n}
Uocmen{A €C | f(A

= n}
) =m}

i

and this last set is finite.

e Let n € IN. We prove that #(m(f1, f2)"1(n) N (C1UCy)) < oo

m(fi, f2)7Hn) N (CLUCY)

= {AEClUC2|m( 7f)( ):n}
{AeCi\Cy | fi(A) =n}U
{AeC\Cy | fa(A) =njuU
{A e CinCy | min(fi(A), fo(A)) = n}

It is obvious that the first two sets in the union are finite (fy and f; are finitely
partitioning on Cf, resp. Cy). The third set {A € C1NCy | min(f1(A), f2(A)) =n}
is finite, because it is a subset of the finite set {A € C1NCy | fi(A) = n} U
{A eCinNCy | fQ(A) = n}

a

We next give a modular termination condition for the quasi-termination of P U R where
P extends R, by constructing a level mapping, from simpler ones, such that P U R is quasi-
acceptable w.r.t. this level mapping. Notice that we consider the same case as in Proposition 4.1.

Proposition A.1 Let P, R be two programs such that P extends R. Let S C BpuR If
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1. R is quasi-acceptable w.r.t. Tabr, Call(PU R,S) and the level mapping lr, defined on
Bg and finitely partitioning on Call(PU R, S)N BIEabR?

2. there is a level mapping lp defined on Bg \ Bg and finitely partitioning on Call(P U
R, 5N B?abp\TabR such that

o for every atom A such that A € Cal(PUR,S),
o for every clause H < By,..., B, in P, such that mgu(A, H) = 0 exists,

o for every 1 < i < n such that B; € Bg \ Blg and for every LD-c.a.s. 8;_1 in PUR
for < (By,...,B;_1)0:

lp(A) > 1p(B;00;_1)

and

lp(A) > lp(BiOOi_l) if Rel(A) ~ Rel(Bi) € NTabp and
Cy(Rel(A), Rel(B;)) does not hold,

3. there exists a level mapping || . ||p on BE\ BE such that

o for every atom A such that A € Call(PUR,S),
o for every clause H < By,..., B, in P, such that mgu(A, H) = 0 exists,
o for every 1 <i<n and every LD-c.a.s. 6;—y in PUR for < (By,...,B;_1)0:

|| A ||P> || B;600,_, ||p , B;00;,_ € B]]g \ Blg
- ZR(BZ'OOi_l) , B;00;,_ € Blg

then, for the following level mapping | defined on BguR and finitely partitioning on Call(P U
R,S)N B%

Tabpyur
= [P ALl i A€ BEVBE,
[r(A) if A e BE,

P U R is quasi-acceptable w.r.t. Tabpygr, S, and the level mapping . Hence, P U R quasi-
terminates w.r.t. Tabpyr and S.

Proof Because of Lemma A.1, [ is finitely partitioning on Call(PU R,S) N BIE@bPUR' We
prove that P U R is quasi-acceptable w.r.t. Tabpugr, S and the level mapping [ (see
Definition 4.3).

Let A be an atom such that A € Call(PUR,S). Let H + By, ..., B, be aclause of PUR
such that mgu(A, H) = 6 exists. Let #;_1 be an LD-c.a.s. in PUR for < (By,..., B;_1)#6.
There are two cases to consider:

o Ais defined in R, [(A) = [Rr(A).
Then, because of condition 1 in the proposition statement, (r(A) > (r(B;00;-1)
(note that because P extends R, for aclause H < By, ..., B, in R and mgu(A, H) =
6, an LD-c.a.s. in PU R for < (By,...,B;_1)0 is the same as an LD-c.a.s. for «
(Bi,...,B;—1)0 in R only). Since A, B;08;_1 € B, [(A) = [r(A) > [p(B;00;_;) =
[(B;00;_1). In case Rel(A) ~ Rel(B;) € NTabr and Cy(Rel(A), Rel(B;)) doesn’t
hold, Z(A) = ZR(A) > ZR(BZ'OOi_l) = l(BiOOi_l).
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o Ais defined in P, I[(A) =1p(A)+ || A ||p.

— B; € Blgv l(BiOOi_l) = ZR(BZ'OOi_l).
Because of condition 3 in the proposition statement, || A ||p > [r(B;686;_1).
Hence, Z(A) = lp(A)—I— || A ||p > ZR(BZ'OOi_l) = l(BiOOi_l).
Note that in this case we always have that Rel(A) # Rel(B;) (because P extends
R).

— B; € B]]g \ B]%? l(BiOOi_l) = lp(BiOOi_l)—l— || B;600,_, ||p
Because of condition 2 in the proposition statement, (p(A) > [p(B;06;—1). And
because of condition 3, || A ||p > || Bi#8;,—1 ||p. Hence, (p(A)+ || A ||p
> Ip(Bi#8;_1)+ || Bi#0;—1 ||p. In case Rel(A) ~ Rel(B;) € NTabp and
Cy(Rel(A), Rel(B;)) doesn’t hold, we have that Ip(A) > [p(B;#6,_1), hence
lp(A)+ || Allp > Ip(Bib6i—1)+ || Bifbi—1 ||p.

In each case, we conclude that [(A) > {(B;060;_1) and that, in case Rel(A) ~ Rel(B;) €
NTabpyr and Cy(Rel(A), Rel(B;)) doesn’t hold, [(A) > [(B;06;_1). 0

The next proposition considers the special case in which two programs P, and P, extend
each other (this is the same case as considered in Proposition 4.3).

Proposition A.2 Let P, P, be programs such that P, extends Py and P, extends Py. Let
S C BJ}%UPQ' Suppose that

1. Py is quasi-acceptable w.r.t. Tabp,, SﬁBgl and a level mapping l; on Bgl which is finitely
partitioning on C'all(Py, SN Bgl) N Bgabp ,
1

2. Py is quasi-acceptable w.r.t. Tabp,, SDB]% and a level mapping ls on Bg2 which is finitely
partitioning on Call(Pz, SN Bl}%) N Bgabp ,
2

then m(ly,13) (see Lemma A.1) is a finitely partitioning level mapping on Call(PyU Py, S) N
%abp up, s and Py U Py is quasi-acceptable w.r.t. Tabpup,, S and m(ly,lz). Hence, Py U Py
1 2
quasi-terminates w.r.t. Tabp yp, and S.

Proof Note that, because P extends P, and vice versa, Call(PyU Py, S) ﬁBEl, = Call(P;, SN
B}%)7 i € {1,2}. By Lemma A.1, m(ly,l2) is finitely partitioning on Call(P, U P, S)N
Bgabplupz)‘ Also, if H « By,...,B, is a clause in P, and mgu(A, H) = 6, then an
LD-c.a.s. in P; for <~ (By,...,B;-1)0 is an LD-c.a.s. in P, U FP; ({¢,7} = {1,2}) for
— (B1,...,B;_1)8 and vice versa. Then it directly follows that P, UP; is quasi-acceptable
w.r.t. Tabp,up,, S and m(ly,(3). O

Modular proofs for the LG-termination of P U R, which construct an appropriate level

mapping such that PU R is LG-acceptable w.r.t. this level mapping, can be found in the same
way as in the above Propositions A.1 and A.2 for quasi-termination. We omit the details here.
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