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Modular Termination Proofs for Prologwith TablingSo�e Verbaeten Konstantinos Sagonas Danny De S
hreyeReport CW279, September 1999Department of Computer S
ien
e, K.U.LeuvenAbstra
tTabling avoids many of the short
omings of SLD(NF) exe
ution and provides amore 
exible and eÆ
ient exe
ution me
hanism for logi
 programs. In parti
ular,tabled exe
ution of logi
 programs terminates more often than exe
ution basedon SLD-resolution. One of the few works studying termination under a tabledexe
ution me
hanism is that of De
orte et al. They introdu
e and 
hara
terise twonotions of universal termination of logi
 programs w.r.t. sets of queries exe
utedunder SLG-resolution, using the left-to-right sele
tion rule; namely the notion ofquasi-termination and the (stronger) notion of LG-termination.This paper extends the results of De
orte et al in two ways: (1) we 
onsidera mix of tabled and Prolog exe
ution, and (2) besides a 
hara
terisation of thetwo notions of universal termination under su
h a mixed exe
ution, we also givemodular termination 
onditions. From both pra
ti
al and eÆ
ien
y 
onsiderations,it is important to allow tabled and non-tabled predi
ates to be freely intermixed.This motivates the �rst extension. Con
erning the se
ond extension, it was alreadynoted in the literature in the 
ontext of termination under SLD-resolution (bye.g. Apt and Pedres
hi), that it is important for programming in the large to havemodular termination proofs, i.e. proofs that are 
apable of 
ombining terminationproofs of separate programs to obtain termination proofs of 
ombined programs.Keywords : Logi
 Programming, Termination AnalysisCR Subje
t Classi�
ation : I.2.3, I.2.2, F.3.1



1 Introdu
tionThe extension of SLD-resolution with a tabling me
hanism [6, 18, 20℄, avoids many of theshort
omings of SLD(NF) exe
ution and provides a more 
exible and often 
onsiderably moreeÆ
ient exe
ution me
hanism for logi
 programs. In parti
ular, tabled exe
ution terminatesmore often than exe
ution based on SLD. So, if a program and query 
an be proven terminatingunder SLD-resolution (by one of the existing te
hniques surveyed in [7℄), then they will alsotrivially terminate under SLG-resolution, the resolution prin
iple of tabulation [6℄. However,sin
e there are programs and queries whi
h terminate under SLG-resolution and not underSLD-resolution, more e�e
tive proof te
hniques 
an be found. This paper is one of the fewworks studying termination of tabled logi
 programs.The ideas underlying tabling are very simple. Essentially, under tabled exe
ution me
ha-nism, answers for sele
ted tabled atoms are stored in a table. When a variant of su
h an atomis re
ursively 
alled, the sele
ted atom is not resolved against program 
lauses, instead, all 
or-responding answers 
omputed so far are looked up in the table and the 
orresponding answersubstitutions are applied to the atom. This pro
ess is repeated for all subsequent 
omputedanswer substitutions that 
orrespond to the atom.We base our approa
h on the work of De
orte et al [10℄. There, two notions of universal ter-mination of a tabled logi
 program w.r.t. a set of queries exe
uted under SLG-resolution usingthe left-to-right sele
tion rule (
alled LG-resolution in the sequel) are introdu
ed and 
hara
-terised. Namely, the notion of quasi-termination and the (stronger) notion of LG-termination.We extend the results of [10℄ in two ways: (1) we 
onsider a mix of LG-resolution and LD-resolution, i.e. a mix of tabled and Prolog exe
ution, and (2) besides a 
hara
terisation ofthe two notions of universal termination under su
h a mixed exe
ution s
hema, we also givemodular termination 
onditions, i.e. 
onditions on two programs P and R, where P extendsR, ensuring termination of the union P [ R. The motivation for extension (1) will be givenin the next se
tion. There, examples from 
ontext-free grammar re
ognition and parsing aregiven, whi
h show that, from the point of view of eÆ
ien
y, it is important to allow tabledand non-tabled predi
ates to be freely intermixed. Extension (2) was already motivated in theliterature in the 
ontext of termination under SLD-resolution (see for instan
e [4℄). Indeed,it is important for programming in the large, to have modular termination proofs, i.e. proofsthat are 
apable of 
ombining termination proofs of separate programs to obtain terminationproofs of 
ombined programs.The rest of the paper is stru
tured as follows: In the next se
tion we present exampleswhi
h motivate the need to freely mix tabled and Prolog exe
ution. In Se
tion 3, we introdu
esome ne
essary 
on
epts and present a de�nition of SLG-resolution. Se
tion 4 introdu
es a�rst notion of termination under tabled evaluation: quasi-termination. In addition, a 
har-a
terisation for quasi-termination is given whi
h generalises the 
hara
terisation given in [10℄to the 
ase where Prolog and tabled exe
ution are intermixed. Then, a modular termination
ondition is given for the quasi-termination of the union P [R of two programs P and R, whereP extends R. In Se
tion 5, the stronger notion of LG-termination is de�ned and 
hara
terised,and a method for obtaining modular proofs for LG-termination is presented. We 
on
lude withdis
ussing related and future work. In appendix A, a modular proof for quasi-termination ofP [ R is given whi
h expli
itly 
onstru
ts an appropriate level mapping for P [ R from levelmappings for P and R. 2



expr(Si; So)  expr(Si; S1); S1 = [0+0jS2℄; term(S2; So)expr(Si; So)  term(Si; So)term(Si; So)  term(Si; S1); S1 = [0�0jS2℄; primary(S2; So)term(Si; So)  primary(Si; So)primary(Si; So)  Si = [0(0jS1℄; expr(S1; S2); S2 = [0)0jSo℄primary(Si; So)  Si = [I jSo℄; integer(I)Figure 1: A tabled program re
ognizing simple arithmeti
 expressions.2 Mixing Tabled and Prolog Exe
ution: Motivating ExamplesIt has long been noted in the literature that tabled evaluation 
an be used for 
ontext-freegrammar re
ognition and parsing: tabling eliminates redundan
y and handles grammars thatwould otherwise in�nitely loop under Prolog-style exe
ution (e.g. left re
ursive ones). Theprogram of Fig. 1 where all predi
ates are tabled, provides su
h an example. This grammar,re
ognizing arithmeti
 expressions 
ontaining additions and multipli
ations over the integers, isleft re
ursive | left re
ursion is used to give the arithmeti
 operators their proper asso
iativity| and would be non-terminating for Prolog-style exe
ution. Under tabled exe
ution, leftre
ursion is handled 
orre
tly. In fa
t, one only needs to table predi
ates expr=2 and term=2to get the desired termination behaviour; we 
an and will safely drop the tabling of primary=2in the sequel.To see why a mix of tabled with Prolog exe
ution is desirable in pra
ti
e, suppose that wewant to extend the above re
ognition grammar to handle exponentiation. The most naturalway to do so is to introdu
e a new nonterminal, named fa
tor, for handling exponentiation andmake it right re
ursive, sin
e the exponentiation operator is right asso
iative. The resultinggrammar is as below where only the predi
ates expr=2 and term=2 are tabled. Note that, atexpr(Si; So)  expr(Si; S1); S1 = [0+0jS2℄; term(S2; So)expr(Si; So)  term(Si; So)term(Si; So)  term(Si; S1); S1 = [0�0jS2℄; fa
tor(S2; So)term(Si; So)  fa
tor(Si; So)fa
tor(Si; So)  primary(Si; S1); S1 = [0^0jS2℄; fa
tor(S2; So)fa
tor(Si; So)  primary(Si; So)primary(Si; So)  Si = [0(0jS1℄; expr(S1; S2); S2 = [0)0jSo℄primary(Si; So)  Si = [I jSo℄; integer(I)least as far as termination is 
on
erned, there is no need to table the new nonterminal. Indeed,Prolog's evaluation strategy handles right re
ursion in grammars �nitely. In fa
t, Prolog-styleevaluation of right re
ursion is more eÆ
ient than its tabled-based evaluation: Prolog has linear
omplexity for a simple right re
ursive grammar, but with tabling implemented as in XSB theevaluation 
ould be quadrati
 as 
alls need to be re
orded in the tables using expli
it 
opying.Thus, it is important to allow tabled and non-tabled predi
ates to be freely intermixed, andbe able to 
hoose the strategy that is most eÆ
ient for the situation at hand.By using tabling in 
ontext-free grammars, one gets a re
ognition algorithm that is a variantof Early's algorithm (also known as a
tive 
hart re
ognition algorithm) whose 
omplexity ispolynomial in the size of the input expression/string [11℄. However, often one wants to 
onstru
tthe parse tree(s) for a given input string. The usual approa
h is to introdu
e an extra argument3



R : 8><>: s(Si; So)  a(Si; S); S = [bjSo℄a(Si; So)  a(Si; S); a(S;So)a(Si; So)  Si = [ajSo℄P : 8>>>>><>>>>>: s(Si; So; PT )  a(Si; S); S = [bjSo℄; PT = spt(Pa; b);a(Si; S; Pa)a(Si; So;PT )  a(Si; S); a(S;So); PT = apt(P1; P2);a(Si; S; P1); a(S;So;P2)a(Si; So;PT )  Si = [ajSo℄; PT = aFigure 2: A tabled program re
ognizing and parsing the language anb.to the nonterminals of the input grammar | representing the portion of the parse tree thatea
h rule generates | and naturally to also add the ne
essary 
ode that 
onstru
ts the parsetree. This approa
h is straightforward, but as noti
ed in [21℄, using the same program forre
ognition as well as parsing may be extremely unsatisfa
tory from a 
omplexity standpoint:in 
ontext-free grammars re
ognition is polynomial while parsing is exponential sin
e there
an be exponentially many parse trees for a given input string. The obvious solution is touse two interleaved versions of the grammar as in the example program of Fig. 2. Note thatonly a=2, i.e. the re
ursive predi
ate of the `re
ognition' part, R, of the program (
onsisting ofpredi
ates s=2 and a=2), needs to be tabled. This a
tion allows re
ognition to terminate andto have polynomial 
omplexity. Furthermore, the re
ognizer 
an now be used as a �lter for theparsing pro
ess in the following way: only after knowing that a parti
ular part of the inputbelongs to the grammar and having 
omputed the exa
t substring that ea
h nonterminal spans,do we invoke the parsing routine on the nonterminal to 
onstru
t its (possibly exponentiallymany) parse trees. Doing so, avoids e.g. 
ases where it may take exponential time to failon an input string that does not belong in the given language: an example for the grammarunder 
onsideration is the input string an. On the other hand, tabling the `parsing' part ofthe program (
onsisting of predi
ates s=3 and a=3) does not a�e
t the eÆ
ien
y of the pro
ess
omplexity-wise and in
urs a small performan
e overhead due to the re
ording of 
alls andtheir results in the tables. Finally, note that the 
onstru
tion is modular in the sense that the`parsing' part of the program, P , depends on the `re
ognition' part, R, but not vi
e versa |we say that P extends R.3 PreliminariesWe assume familiarity with the basi
 
on
epts of logi
 programming [16, 1℄. Throughout thepaper, P will denote a de�nite logi
 program and we restri
t ourselves in this 
lass. By PredP ,we denote the set of predi
ates o

urring in P , and by DefP we denote the set of predi
atesde�ned in P (i.e. predi
ates o

urring in the head of a 
lause of P ). By Re
P , resp. NRe
P ,we denote the set of (dire
tly or indire
tly) re
ursive, resp. non-re
ursive, predi
ates of theprogram P (so NRe
P = PredP nRe
P ). If A = p(t1; : : : ; tn), then we denote by Rel(A) thepredi
ate symbol p of A; i.e. Rel(A) = p.The extended Herbrand Universe, UEP , and the extended Herbrand Base, BEP , asso
iatedwith a program P , were introdu
ed in [12℄. They are de�ned as follows. Let TermP andAtomP denote the set of respe
tively all terms and atoms that 
an be 
onstru
ted from thealphabet underlying P . The variant relation, denoted �, de�nes an equivalen
e. UEP and BEPare respe
tively the quotient sets TermP = � and AtomP = �. For any term t (or atom A), we4



denote its 
lass in UEP (BEP ) as ~t ( ~A). However, when no 
onfusion is possible, we omit thetildes. If � � PredP , we denote with BE� the subset of BEP 
onsisting of (equivalen
e 
lasses of)atoms based on the predi
ate symbols of �. So BEP 
an be seen as an abbreviation of BEPredP .Let P be a program and p; q two predi
ate symbols of P . We say that p refers to q in P i�there is a 
lause in P with p in the head and q o

urring in the body. We say that p dependson q in P , and write p w q, i� (p; q) is in the re
exive, transitive 
losure of the relation refersto. Note that, by de�nition, ea
h predi
ate depends on itself. We write p ' q i� p w q, q w p(p and q are mutually re
ursive or p = q). The dependen
y graph G of a program P is a graphwhere the nodes are labeled with the predi
ates of PredP . There is a dire
ted ar
 from p to q inG i� p refers to q. Finally, we will say that a program P extends a program R i� no predi
atede�ned in P o

urs in R.In analogy with [2℄, we will refer to SLD-derivations (see [16℄) following the left-to-rightsele
tion rule as LD-derivations. Other 
on
epts will adopt this naming a

ordingly.De�nition 3.1 (
all set asso
iated to S) Let P be a program and S � BEP . By Call(P; S)we denote the subset of BEP su
h that B 2 Call(P; S) whenever a representant of B is a sele
tedatom in an LD-derivation for some P [ f Ag, with ~A 2 S.In the sequel, with abuse of notation, we will write Call(P; S) for a set S � AtomP , whenwe mean the 
all set Call(P; ~S) asso
iated to ~S = f ~A j A 2 Sg � BEP . Throughout the paper weassume that in any derivation of a query w.r.t. a program, representants of equivalen
e 
lassesare systemati
ally provided with fresh variables, to avoid the ne
essity of renaming apart. Inthe sequel, we abbreviate 
omputed answer substitution with 
.a.s.The 
on
epts de�ned in the following De�nitions 3.2, 3.3 and 3.4, will be used in the proofsof theorems and propositions of this paper.De�nition 3.2 (dire
t des
endant) Let P be a program and ~A; ~B 2 BEP . We 
all ~B a dire
tdes
endant of ~A i�� there exists a 
lause H  B1; : : : ; Bn in P su
h that mgu(A;H) = � exists,� there is an i 2 [1; n℄ su
h that  (B1; : : : ; Bi�1)� has an LD-refutation with 
.a.s. �i�1and B � Bi��i�1.De�nition 3.3 (dire
ted subsequen
e of an LD-derivation) Let P be a program and ~A 2BEP . Let A = G0; G1; : : : be an LD-derivation of A in P . A subsequen
e Gi0 ; Gi1 ; : : :, withGij = Aij ;Bij, is 
alled a dire
ted subsequen
e i� for all j � 0, ~Aij+1 is a dire
t des
endantof ~Aij in the LD-derivation.De�nition 3.4 (
all graph asso
iated to S) Let P be a program and S � BEP . The 
allgraph Call-Gr(P; S) asso
iated to P and S is a graph su
h that:� its set of nodes is Call(P; S),� there exists a dire
ted ar
 from ~A to ~B i� ~B is a dire
t des
endant of ~A.In the next de�nition we de�ne the notion of level mapping, useful in the 
ontext of termina-tion proofs (see for instan
e the survey [7℄). We also de�ne the 
on
ept of �nitely partitioninglevel mapping, whi
h was shown to be 
ru
ial in the 
ontext of a termination 
ondition fortabled logi
 programs (see [10℄). 5



De�nition 3.5 (level mapping) Let P be a program and L � BEP .A level mapping on L is a fun
tion j:j : L! IN.With abuse of notation, we will write jAj, where A is a representant of ~A 2 BEP , instead ofj ~Aj.De�nition 3.6 (�nitely partitioning level mapping) Let P be a program and C � L �BEP .A level mapping j:j on L is �nitely partitioning on C i� for all n 2 IN : ℄(j:j�1(n) \ C) < 1,where ℄ is the 
ardinality fun
tion.3.1 SLG-ResolutionWe present a non-
onstru
tive de�nition of SLG-resolution that is suÆ
ient for our purposes,and refer to [5, 6, 18, 20℄ for more 
onstru
tive formulations of (variants) of tabled resolution.We refer to [10℄, where the same non-
onstru
tive de�nition of SLG-resolution is given in 
aseall predi
ates o

urring in a program are tabled.By �xing a tabling for a program P , we mean 
hoosing a set of predi
ates of P whi
h aretabled. We denote this tabling as TabP . The 
omplement of this set (i.e. the set of predi
ateswhi
h are not tabled w.r.t. that tabling) is denoted with NTabP = PredP n TabP .De�nition 3.7 (pseudo SLG-tree, pseudo LG-tree) Let P be a de�nite program, TabP �PredP , R a sele
tion rule and A an atom. A pseudo SLG-tree w.r.t. TabP for P [ f Agunder R is a tree �A su
h that:1. the nodes of �A are labeled with goals along with an indi
ation of the sele
ted atom a
-
ording to R,2. the ar
s are labeled with substitutions,3. the root of �A is  A,4. the 
hildren of the root  A are obtained by resolution against all mat
hing program
lauses in P , the ar
s are labeled with the 
orresponding mgu used in the resolution step,5. the 
hildren of a non-root node labeled with the goal Q where R(Q) = B are obtained asfollows:(a) if Rel(B) 2 TabP , then the (possibly in�nitely many) 
hildren of the node 
an onlybe obtained by resolving the sele
ted atom B of the node with 
lauses of the formB�  (not ne
essarily in P ), the ar
s are labeled with the 
orresponding mgu usedin the resolution step (i.e. �),(b) if Rel(B) 2 NTabP , then the 
hildren of the node are obtained by resolution ofB against all mat
hing program 
lauses in P , and the ar
s are labeled with the
orresponding mgu used in the resolution step.If R is the leftmost sele
tion rule, �A is 
alled a pseudo LG-tree w.r.t. TabP for P [ f Ag.We say that a pseudo SLG-tree �A w.r.t. TabP for P [ f Ag is smaller than another pseudoSLG-tree � 0A w.r.t. TabP for P [ f Ag i� � 0A 
an be obtained from �A by atta
hing new sub-bran
hes to nodes in �A.A (
omputed) answer 
lause of a pseudo SLG-tree �A w.r.t. TabP for P [f Ag is a 
lause ofthe form A�  where � is the 
omposition of the substitutions found on a bran
h of �A whoseleaf is labeled with the empty query. 6



Intuitively, a pseudo SLG-tree (in an SLG-forest, see De�nition 3.8 below) represents thetabled 
omputation (w.r.t. TabP ) of all answers for a given subgoal labeling the root node ofthe tree. The trees in the above de�nition are 
alled pseudo SLG-trees be
ause there is no
ondition yet on whi
h 
lauses B�  exa
tly are to be used for resolution in point 5a. These
lauses represent the answers found (possibly in another tree of the forest) for the sele
tedtabled atom. This intera
tion between the trees in an SLG-forest is 
aptured in the followingde�nition.De�nition 3.8 (SLG-forest, LG-forest) Let P be a de�nite program, TabP � PredP , Rbe a sele
tion rule and T be a (possibly in�nite) set of atoms su
h that no two di�erent atomsin T are variants of ea
h other. F is an SLG-forest w.r.t. TabP for P and T under R i� F isa set of minimal pseudo SLG-trees f�A j A 2 Tg w.r.t. TabP where1. �A is a pseudo SLG-tree w.r.t. TabP for P [ f Ag under R,2. every sele
ted tabled atom B of ea
h node in every �A 2 F is a variant of an element B0of T , su
h that every 
lause resolved with B is a variant of an answer 
lause of �B0 andvi
e versa, for every answer 
lause of �B0 there is a variant of this answer 
lause whi
his resolved with B.Let S be a set of atoms. An SLG-forest for P and S w.r.t. TabP under R is an SLG-forest w.r.t.TabP for a minimal set T with S � T . If S = fAg, then we also talk about the SLG-forest forP [ f Ag.An LG-forest is an SLG-forest 
ontaining only pseudo LG-trees.Point 2 of De�nition 3.8, together with the imposed minimality of trees in a forest, nowuniquely determines these trees. So we 
an drop the designation \pseudo" and refer to (S)LG-trees in an (S)LG-forest.Note that, sele
ted atoms whi
h are not tabled (i.e. of whi
h the predi
ate belongs toNTabP ) are resolved against program 
lauses, as in (S)LD-resolution. So, if TabP = ;, the(S)LG-forest of P [ f Ag 
onsists of one tree: the (S)LD-tree of P [ f Ag. As illustratedin Se
tion 2, it is important to allow tabled and non-tabled predi
ates to be freely intermixed,and thus to 
hoose the strategy that is most eÆ
ient for the situation at hand. We use thefollowing arti�
ial tabled program to illustrate the 
on
epts that we introdu
e.Example 3.1 Let P be the following program, with TabP = fmember=2g.8><>: interse
tion(Xs; Y s; Z)  member(Xs; Z); member(Ys; Z)member([ZjZs℄; Z)  member([X jZs℄; Z)  member(Zs; Z)Let S = finterse
tion(Xs ;Ys; a)g. Then, Call(P; S) = S [ fmember(Zs ; a)g and the LG-forest for P and S is shown in Fig. 3. Note that there is a �nite number of LG-trees, all with�nite bran
hes, but the trees have in�nitely bran
hing nodes.Note that we 
an use the notions of LD-derivation and LD-
omputation (as they appearin De�nition 3.1 of the 
all set Call(P; S)) even in the 
ontext of SLG-resolution, as the set of
all patterns and the set of 
omputed answer substitutions are not in
uen
ed by tabling; seee.g. [14, Theorem 2.1℄.In [10, Proposition A.1℄, it was noted that the notion of a 
all graph (De�nition 3.4) hasa parti
ularly interesting property, whi
h is useful in the study of termination under tabledexe
ution. We re
all this proposition together with its proof.7



intersection(Xs,Ys,a)

member(Xs,a) , member(Ys,a)

member(Ys,a) member(Ys,a)

......

Ys=[a|Y1s]

Xs=[X,a|X1s]Xs=[a|X1s]

......
Ys=[Y,a|Y1s]

......
Ys=[Y,a|Y1s]

Ys=[a|Y1s]

member(Xs,a)

member(Xs’,a)

Xs=[a|X1s] Xs=[X|Xs’]

Xs’=[a|X1s] Xs’=[X,a|X1s] ......

......Figure 3: The LG-forest for P [ f interse
tion(Xs; Y s; a)g.Proposition 3.1 (
all graph: paths and sele
ted atoms) Let P be a program, TabP �PredP and S � BEP . Let p be any dire
ted path in Call-Gr(P; S). Then there exists an LG-derivation for some element of Call(P; S), su
h that all the nodes in p o

ur as sele
ted atomsin the derivation.Proof By de�nition of Call-Gr(P; S), for every ar
 from ~A to ~B in Call-Gr(P; S), thereexists a sequen
e of 
onse
utive LG-derivation steps, starting from  A and having avariant of B as its sele
ted atom at the end. Be
ause (a variant of) B is sele
ted at theend-point, any two su
h derivation-step sequen
es, 
orresponding to 
onse
utive ar
s inCall-Gr(P; S), 
an be 
omposed to form a new sequen
e of LG-derivation steps. In thissequen
e, all 3 nodes of the 
onse
utive ar
s remain sele
ted atoms in the new sequen
eof derivation steps. Transitively exploiting the above argument yields the result. 2Note that by de�nition of Call-Gr(P; S) and Call(P; S), this also implies that there is asequen
e of derivation steps starting from P [ f Ag, with ~A 2 S, su
h that all nodes in thegiven path p are sele
ted atoms in the derivation sequen
e. We will use Proposition 3.1 in theproofs of several termination 
onditions in this paper.4 Quasi-TerminationA �rst basi
 notion of universal termination under tabled exe
ution me
hanism is quasi-termination. It is de�ned as follows (see [10, De�nition 3.1℄ for the 
ase TabP = PredP ).De�nition 4.1 (quasi-termination) Let P be a program, TabP � PredP and S � BEP .P quasi-terminates w.r.t. TabP and S i� for all A su
h that ~A 2 S, the LG-forest w.r.t. TabPfor P [ f Ag 
onsists of a �nite number of LG-trees without in�nite bran
hes.Also, P quasi-terminates w.r.t. S i� P quasi-terminates w.r.t. PredP and S.Note that it is not required that the LG-trees are �nitely bran
hing in their nodes. In thenext se
tion, we introdu
e and provide 
onditions for the stronger notion of LG-termination,whi
h requires that the LG-forest 
onsists of a �nite number of �nite trees (i.e. trees with �nitebran
hes and whi
h are �nitely bran
hing).Example 4.1 Re
all P and S of Example 3.1. P quasi-terminates w.r.t. fmember=2g and S.Note that P does not LG-terminate w.r.t. fmember=2g and S.8



Many works (see [7℄ for a survey) address the problem of proving LD-termination: Aprogram P is said to be LD-terminating w.r.t. a set S � BEP i� for all A su
h that ~A 2 S,the LD-tree of P [ f Ag is �nite (see for instan
e [8℄). In the next Lemma 4.1, we showthat the notion of LD-termination is stronger than the notion of quasi-termination. As shownin Example 3.1, the notion of LD-termination is \stri
tly" stronger than the notion of quasi-termination.Lemma 4.1 Let P be a program, TabP � PredP and S � BEP .If P LD-terminates w.r.t. S, then P quasi-terminates w.r.t. TabP and S.Proof Let A be an atom su
h that ~A 2 S. Let F be the LG-forest w.r.t. TabP for P [ f Ag. If P LD-terminates w.r.t. S, it is easy to see that Call(P; fAg) is �nite. Hen
e,Call(P; fAg) \ BETabP is �nite, and F 
onsists of a �nite number of LG-trees. Now weprove that no tree in F has an in�nite bran
h. Suppose this is not the 
ase and thereis a tree in F with an in�nite bran
h. Let H be the leftmost atom of a query labelinga node in this in�nite bran
h. Then, H has an in�nite LD-derivation (just plug in, forea
h tabled atom G in the in�nite bran
h whi
h is resolved with an answer, the bran
hof the tree with root G whi
h leads to this answer). This gives a 
ontradi
tion. 2Note that by de�nition, P quasi-terminates w.r.t. TabP = ; and S i� P LD-terminatesw.r.t. S.In [10℄ the spe
ial 
ase where TabP = PredP , i.e. all predi
ates o

urring in P are tabled,is 
onsidered. If TabP = PredP , an LG-tree 
annot have in�nite bran
hes. So, P quasi-terminates w.r.t. a set S i� for all A su
h that ~A 2 S, the LG-forest for P [ f Ag 
onsists ofa �nite number of LG-trees. The following equivalen
e was proven in [10℄.Lemma 4.2 [10, Lemma 3.1℄ Let P be a program and S � BEP .P quasi-terminates w.r.t. S i� for every A 2 S, Call(P; fAg) is �nite.Note that, in 
ase the Herbrand Universe UEP asso
iated to a program P is �nite, P quasi-terminates w.r.t. any set of queries S.Lemma 4.2 is not true in 
ase that the tabled predi
ates of a program are a stri
t subset ofthe set of predi
ates o

urring in the program. A 
ounterexample for the if-dire
tion is givenby the program P = fp q; q  pg, the set S = fpg and the empty set of tabled predi
ates,TabP = ;. The LG-forest 
onsists of one tree, namely the LD-tree of P [ f pg, and thusquasi-termination is the same as LD-termination. P doesn't quasi-terminate w.r.t. TabP andS, whereas Call(P; fpg) = fp; qg is a �nite set. Also the only if-dire
tion of Lemma 4.2 doesnot hold in 
ase TabP � PredP . A 
ounterexample is given in the following example.Example 4.2 Consider the following program P :8><>: p(a)p(f(X))  p(X); q(X)q(X)with set of tabled predi
ates TabP = fp=1g and the set S = fp(X)g. The LG-forest is shown inFigure 4. P quasi-terminates w.r.t. TabP and S. There is only one LG-tree in the LG-forestfor P [ f p(X)g with no in�nite bran
hes (note that the LG-tree has an in�nitely bran
hingnode). But the set Call(P; fp(X)g) = fp(X); q(a); : : : ; q(fn(a)); : : :g is in�nite.9



p(X)

p(X’) ,  q(X’)

 q(a) q(f(a)) q(f(f(a)))

X=f(X’)       X=a

       X’=a       X’=f(a)        X’=f(f(a)) ......Figure 4: The LG-forest for P [ f p(X)g.Note however that, sin
e quasi-termination requires that there are only �nitely many LG-trees in the LG-forest of a query, there 
an only be a �nite number of tabled atoms in the 
allset of that query. Hen
e, in 
ase TabP � PredP , we have the following result.Lemma 4.3 Let P be a program, TabP � PredP and S � BEP .If P quasi-terminates w.r.t. TabP and S, then, for every A 2 S, Call(P; fAg)\BETabP is �nite.Proof Let A be an atom su
h that ~A 2 S. If P quasi-terminates w.r.t. TabP and S, we knowthat the LG-forest F w.r.t. TabP of P [ f Ag 
onsists of a �nite number of LG-treeswithout in�nite bran
hes. Consider the set Call(P; fAg)\BETabP . Be
ause F 
onsists ofa �nite number of trees and the root of the trees are exa
tly of the form B where ~B 2Call(P; fAg)\ BETabP , this set is �nite. 2Example 4.3 Re
all the program P and the set S of Example 4.2. We already know that Pquasi-terminates w.r.t. TabP and S. And indeed, Call(P; fp(X)g)\BETabP = fp(X)g is �nite.4.1 Chara
terisation of Quasi-TerminationIn this subse
tion, we will give a 
ondition for quasi-termination, 
alled quasi-a

eptability.In 
ase the tabling satis�es some property, quasi-a

epta- bility is a ne
essary and suÆ
ient
ondition for quasi-termination; otherwise, it is a suÆ
ient 
ondition. We want to note thatthe 
ondition is adapted from the a

eptability notion for LD-termination de�ned in [8℄, andnot from the more \standard" de�nition of a

eptability by Apt and Pedres
hi in [3℄. Thereason for this 
hoi
e is that the quasi-termination property of a tabled program and (set of)goal(s) is not invariant under substitution. Consider the following example from [15℄.Example 4.4 Let p=2 be a tabled predi
ate de�ned by the following 
lause.p(f(X); Y ) p(X; Y )Then, the query  p(X; Y ) terminates while  p(X;X) does not.The a

eptability notion in [3℄ is expressed in terms of ground instan
es of 
lauses andits asso
iated notion of left-termination is expressed in terms of the set of all goals that arebounded under the given level mapping. Su
h sets are 
losed under substitution. Be
ause quasi-termination la
ks invarian
e under substitution, we need a stronger notion of a

eptability,
apable of treating any set of interest S. 10



In order to state a ne
essary and suÆ
ient 
ondition for quasi-termination, we need to makean assumption on the set TabP of tabled predi
ates of the program P . If the assumption issatis�ed, we are able to give a ne
essary and suÆ
ient 
ondition for quasi-termination. If theassumption is not satis�ed, the 
ondition is still suÆ
ient.We �rst need the following notations. Let P be a program and let GP be the dependen
ygraph of the predi
ates of P . For a tabling TabP for P and predi
ates p; q 2 NTabP withp ' q, let C1(p; q); C2(p; q) and C3(p; q) denote the following 
ases:C1(p; q): no 
y
le of dire
ted ar
s in GP 
ontaining p and q 
ontains a predi
ate from TabP .C2(p; q): all 
y
les of dire
ted ar
s in GP 
ontaining p and q 
ontain at least one predi
atefrom TabP .C3(p; q): there is a 
y
le of dire
ted ar
s in GP 
ontaining p and q whi
h 
ontains no predi
atefrom TabP and there is a 
y
le of dire
ted ar
s in GP 
ontaining p and q whi
h 
ontainsa predi
ate from TabP .Note that C1(p; q); C2(p; q) and C3(p; q) depend on the program P (more pre
isely on thedependen
y graph GP of P ) and on the tabling TabP for P . When referring to one of thesethree 
ases, it will always be 
lear from the 
ontext whi
h program and tabling are under
onsideration. Note that, given a program P and tabling TabP , for all predi
ates p; q 2 NTabPwith p ' q, exa
tly one of the 
ases C1(p; q); C2(p; q) or C3(p; q) hold.We next de�ne the notion of well-
hosen tabling w.r.t. a program P . This is a tabling forP su
h that the third 
ase C3 does never o

ur. When the tabling is well-
hosen, we are ableto give a ne
essary and suÆ
ient 
ondition for quasi-termination.De�nition 4.2 (well-
hosen tabling (w.r.t. a program)) Let P be a program. The tablingTabP is 
alled well-
hosen w.r.t. the program P i� for every p; q 2 NTabP su
h that p ' q,either C1(p; q) or C2(p; q) holds.Note that, in 
ase TabP is well-
hosen w.r.t. P , we have that, if p; q; r 2 NTabP andp ' q ' r and C1(p; q) (resp. C2(p; q)) holds, then C1(q; r) (resp. C2(q; r)) holds.In parti
ular, if NTabP � fp 2 PredP j p is a non-re
ursive or only dire
tly re
ursivepredi
ateg or if NTabP = ; (i.e. TabP = PredP ), then the tabling TabP is well-
hosen w.r.t.P . We next give a simple example of a program and tabling, whi
h is not well-
hosen w.r.t.the program.Example 4.5 Let P be the following propositional program:8>>><>>>: p  qq  rr  pr  qwith TabP = fpg. This tabling is not well-
hosen w.r.t. P .We next introdu
e the notion of quasi-a

eptability, whi
h is a ne
essary and suÆ
ient
ondition for quasi-termination in 
ase the tabling is well-
hosen and whi
h is a suÆ
ient
ondition for quasi-termination in general. 11



De�nition 4.3 (quasi-a

eptability) Let P be a program, TabP � PredP and S � BEP . Pis quasi-a

eptable w.r.t. TabP and S i�there is a level mapping j:j on BEP su
h that for all A su
h that ~A 2 S, j:j is �nitely partitioningon Call(P; fAg)\ BETabP and su
h that� for every atom A su
h that ~A 2 Call(P; S),� for every 
lause H  B1; : : : ; Bn in P , su
h that mgu(A;H) = � exists,� for every 1 � i � n and for every LD-
.a.s. �i�1 for  (B1; : : : ; Bi�1)�:jAj � jBi��i�1jandjAj > jBi��i�1j if Rel(A) ' Rel(Bi) 2 NTabP andC2(Rel(A); Rel(Bi)) does not hold:Theorem 4.1 (
hara
terisation of quasi-termination) Let P be a program, TabP � PredPand S � BEP .If P is quasi-a

eptable w.r.t. TabP and S, then P quasi-terminates w.r.t. TabP and S.If the tabling TabP is well-
hosen w.r.t. P , then also the 
onverse holds, i.e. P is quasi-a

eptable w.r.t. TabP and S i� P quasi-terminates w.r.t. TabP and S.Proof ): Suppose that P is quasi-a

eptable w.r.t. TabP and S. We prove that P quasi-terminates w.r.t. TabP and S. Let A be an atom su
h that ~A 2 S, let F be the LG-forestof P [ f Ag.� F 
onsists of a �nite number of LG-trees, i.e. ℄(Call(P; fAg)\BETabP ) <1.Due to the quasi-a

eptability 
ondition, any 
all in Call(P; fAg) dire
tly des
end-ing from A, say B, is su
h that jAj � jBj. The same holds re
ursively for the atomsdes
ending from B. Thus, the level mapping of any 
all, re
ursively des
endingfrom A, is smaller than or equal to jAj 2 IN. Sin
e j:j is �nitely partitioning onCall(P; fAg)\BETabP , we have that: ℄(Sn�jAj l�1(n)\Call(P; fAg)\BETabP ) <1.Hen
e, ℄(Call(P; fAg)\ BETabP ) <1, i.e. F 
onsists of a �nite number of trees.� The LG-trees in F have �nite bran
hes.Suppose there is a tree in F with an in�nite bran
h. This in�nite bran
h 
ontains anin�nite dire
ted subsequen
e G0; G1; : : :. It is easy to see that the leftmost atoms inthe nodes of this in�nite dire
ted subsequen
e all are NTabP -atoms (be
ause TabP -atoms are resolved using answers). There is a n 2 IN, su
h that ea
h Gi, i � n, has asleftmost atom Ai and for all i; j � n, Rel(Ai) ' Rel(Aj) and C2(Rel(Ai); Rel(Aj))doesn't hold. Be
ause of the quasi-a

eptability 
ondition, jAij > jAi+1j, for alli � n. This gives a 
ontradi
tion.(: Suppose that the tabling TabP is well-
hosen w.r.t. P and suppose that P quasi-terminates w.r.t. S. We have to 
onstru
t a level mapping j:j su
h that P is quasi-a

eptable w.r.t. TabP , S and this level mapping j:j. We will only de�ne j:j on elementsof Call(P; S). On elements of the 
omplement of Call(P; S) in BEP , j:j 
an be assignedany value, as these elements don't turn up in the quasi-a

eptability 
ondition.In order to de�ne j:j on Call(P; S), 
onsider the Call-Gr(P; S)-graph (De�nition 3.4).12



Consider a strongly 
onne
ted 
omponent C in Call-Gr(P; S).Then, there is at least one TabP -atom in C. To see this, suppose this is not the 
ase.Consider a 
y
li
 path p in C. This 
onsists only of NTabP -atoms. But then, be
auseof Proposition 3.1, there is an in�nite bran
h in a tree of the LG-forest of an element ofS. This gives a 
ontradi
tion.Also, there is only a �nite number of TabP -atoms in C. To see this, suppose this is notthe 
ase. Then there is an in�nitely long path p through in�nitely many TabP -atoms ofC. Be
ause of Proposition 3.1, there is an in�nite number of TabP -atoms sele
ted in aderivation of an element of S, i.e. there are in�nitely many trees in the LG-forest of thatelement of S. This gives a 
ontradi
tion.Note also that, for every two atoms in C with predi
ates p; q 2 NTabP , p ' q and the
ondition C1(p; q) does not hold (sin
e there is at least one TabP -atom in C). Or, sin
ethe tabling is well-
hosen, the 
ondition C2(p; q) holds.De�ne CG as the graph obtained from Call-Gr(P; S) by repla
ing any strongly 
onne
ted
omponent by a single 
ontra
ting node and repla
ing any ar
 from Call-Gr(P; S) point-ing to (resp. from) any node in that strongly 
onne
ted 
omponent by an ar
 to (resp.from) that 
ontra
ting node. CG does not have any (non-trivial) strongly 
onne
ted
omponents. Moreover, any strongly 
onne
ted 
omponent from Call-Gr(P; S) that was
ollapsed into a 
ontra
ting node of CG ne
essarily 
ontains at least one and at most a�nite number of TabP -atoms.Note now that ea
h path in CG whi
h is not 
y
li
 (not that there are only trivial 
y
lesin CG) is �nite. This also follows dire
tly from Proposition 3.1.Note that it is possible that CG has an in�nitely bran
hing (possibly 
ontra
ting) node.Let A be an atom in that in�nitely bran
hing node. It follows from Lemma 4.3 that,be
ause P quasi-terminates w.r.t. S, ℄(fB j B is a des
endant of A in CGg \ BETabP ) <1.We now 
onstru
t CG from CG starting from the top nodes N1 downwards as follows:� repla
e all dire
t des
endants of N1 in CG, by a single 
ontra
ting node N2,� repla
e any ar
 from CG pointing to (resp. from) any node in that (possibly in�nite)set of dire
t des
endants by an ar
 to (resp. from) that 
ontra
ting node N2,� repeat this for the nodes N2.This pro
ess stops be
ause, as we already noted, ea
h path in CG whi
h is not 
y
li
 is�nite. It is easy to see that CG is a graph in whi
h ea
h node has at most one dire
tdes
endant. Also, ea
h node in CG 
onsists of a (possibly in�nite) set of nodes of Call-Graph(P; S) whi
h 
ontains only �nitely many TabP -atoms.We de�ne the level mapping j:j as follows. Consider the layers of CG (there are only a�nite number of layers). Let layer-0 be the set of leaves in CG. We assign to these nodesa number in IN, su
h that all nodes get a di�erent number. Then, we move up to thenext layer in CG. This layer, layer-1, 
onsists of all nodes N su
h that the path startingfrom N has length 1. We assign to ea
h su
h node N a natural number, su
h that thenumber assigned toN is stri
tly larger than the number assigned to its des
endant (in theprevious step). We 
ontinue this pro
ess layer by layer. The value of the level mapping j:jon elements of Call(P; S) is de�ned as follows: all 
alls 
ontained in the node N re
eivethe number assigned to the node N .We prove that, P is quasi-a

eptable w.r.t. TabP , S and this level mapping j:j.13



� for every A 2 S, j:j is �nitely partitioning on BETabP \ Call(P; fAg).Note that j:j is even �nitely partitioning on BETabP \Call(P; S). This is be
ause ea
h(
ontra
ting) node of CG 
ontains only a �nite number of TabP -atoms and be
auseof the 
onstru
tion of j:j.� Let A be an atom su
h that ~A 2 Call(P; S), let H  B1; : : : ; Bn be a 
lause in P ,su
h that mgu(A;H) = � exists, let �i�1 be a LD-
.a.s. for  (B1; : : : ; Bi�1)�:{ then jAj � jBi��i�1j.This is be
ause there is a dire
ted ar
 from A to Bi��i�1 in Call-Graph(P; S)and be
ause of the 
onstru
tion of j:j.{ then jAj > jBi��i�1j if Rel(A) ' Rel(Bi) 2 NTabP and C2(Rel(A); Rel(Bi))does not hold (i.e. C1(Rel(A); Rel(Bi)) holds).There is a dire
ted ar
 in Call-Graph(P; S) from A to Bi��i�1. Note that Aand Bi��i�1 don't belong to the same strongly 
onne
ted 
omponent of Call-Graph(P; S). This is be
ause C1(Rel(A); Rel(Bi)) holds. So, A and Bi��i�1belong to a di�erent layer and Bi��i�1 is a dire
t des
endant of A. Hen
e,be
ause of the 
onstru
tion of j:j, jAj > jBi��i�1j. 2We illustrate the intuition behind Theorem 4.1 in the following example.Example 4.6 Consider the following two propositional programs P and P 0:P : 8><>: p  qq  rr  q P 0 : 8><>: p  qq  rr  pwith TabP = TabP 0 = fpg and S = fpg. The LG-forests for P [ f pg and P 0 [ f pg areshown in Figure 5. P does not quasi-terminate w.r.t. fpg, whereas P 0 does quasi-terminate
....
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P P’Figure 5: The LG-forests for P [ f pg and for P 0 [ f pgw.r.t. fpg. 14



This 
an be proven by Theorem 4.1. Note that for both programs, the tablings are well-
hosen.Also note that, be
ause the programs are propositional, every level mapping is �nitely parti-tioning on the whole Herbrand base (assuming that there are only �nitely many propositionsymbols).Let's �rst 
onsider program P . Noti
e that for this program and tabling fpg the 
onditionC1(q; r) holds. Also note that there is no level mapping j:j su
h that jqj > jrj and jrj > jqj holds.Hen
e, the 
ondition in Theorem 4.1 
an not be satis�ed and P does not quasi-terminate w.r.t.fpg.Consider next program P 0 . Noti
e that for this program and tabling fpg the 
ondition C2(q; r)holds. Let j:j be the following level mapping jpj = jqj = jrj = 0. With this level mapping, P 0satis�es the 
ondition of Theorem 4.1 and hen
e, P 0 quasi-terminates w.r.t. fpg.4.2 Modular Proofs for Quasi-TerminationIn this subse
tion, we present modular proofs for quasi-termination of the union P [ R oftwo programs P and R, where P extends R (re
all that a program P extends a programR i� no predi
ate de�ned in P o

urs in R). In order to �x a notation, for PredP[R =TabP[R tNTabP[R, letTabP = TabP[R \ PredP ; NTabP = NTabP[R \ PredP ;TabR = TabP[R \ PredR ; NTabR = NTabP[R \ PredR:So the tabling of the union P [ R determines the tabling of the 
omponents P and R. Notethat TabP also 
ontains predi
ates whi
h are tabled in P [ R but de�ned in R.The �rst Proposition 4.1 proves the quasi-termination of the program P [ R, where Pextends R, by imposing 
onditions on the two parts P and R. The following two propositions
onsider spe
ial 
ases of this �rst proposition. In Proposition 4.2 we 
onsider the 
ase in whi
hall de�ned predi
ates in P are tabled and in Proposition 4.3 we 
onsider the 
ase in whi
hboth programs extend ea
h other. That is, no predi
ate de�ned in one program depends ona predi
ate de�ned in the other program. The 
ase where no de�ned predi
ate symbol in Pis tabled, does not lead to a simpler modular termination 
ondition, than the 
ondition ofProposition 4.1.Proposition 4.1 Suppose P and R are two programs, su
h that P extends R. Let S � BEP[R.If � R quasi-terminates w.r.t. TabR and Call(P [ R; S),� there is a level mapping j:j on BEP su
h that for all A su
h that ~A 2 S, j:j is �nitelypartitioning on Call(P [ R; fAg)\ BETabP , and su
h that{ for every atom A su
h that ~A 2 Call(P [R; S),{ for every 
lause H  B1; : : : ; Bn in P su
h that mgu(A;H) = � exists,{ for every 1 � i � n and for every LD-
.a.s. �i�1 in P [ R for  (B1; : : : ; Bi�1)�:jAj � jBi��i�1jandjAj > jBi��i�1j if Rel(A) ' Rel(Bi) 2 NTabP andC2(Rel(A); Rel(Bi)) does not hold15



then, P [ R quasi-terminates w.r.t. TabP[R and S.Proof Let A be an atom su
h that ~A 2 S. Let F be the LG-forest w.r.t. TabP[R of P[R[f Ag. We prove that F 
onsists of a �nite number of LG-trees without in�nite bran
hes.If A is de�ned in R, this follows dire
tly from the fa
t that P extends R and that Rquasi-terminates w.r.t. TabR and Call(P [R; S).So, suppose A is de�ned in P . Be
ause of the se
ond 
ondition in the propositionstatement, every 
all dire
tly des
ending from A, say B, is su
h that jBj � jAj. Thisholds re
ursively for atoms des
ending from A using 
lauses of P . Be
ause j:j is �nitelypartitioning on BETabP \ Call(P [ R; fAg), the set of tabled atoms, des
ending from A,using 
lauses of P is �nite. For atoms C, de�ned in R and des
ending fromA using 
lausesof P , we know that ℄(Call(P[R; fCg)\BETabR) <1. So, ℄(Call(P[R; fAg)\BETabP[R) <1.We now prove that there is no tree in F with an in�nite bran
h. Suppose this is notthe 
ase, and there is a tree in F with an in�nite bran
h. Be
ause, R quasi-terminatesw.r.t. TabR and Call(P [R; S), and be
ause P extends R, this in�nite bran
h 
ontainsan in�nite dire
ted subsequen
e G0; G1; : : :, with leftmost atoms A0; A1; : : :, belonging toBENTabP\DefP . This in�nite dire
ted subsequen
e has a tail, su
h that for all i su
h thatGi belongs to this tail, Rel(Ai) ' Rel(Ai+1) and C2(Rel(Ai); Rel(Ai+1)) does not hold.But be
ause of the 
ondition in the proposition statement, jAij > jAi+1j and this gives a
ontradi
tion. 2Example 4.7 Re
all the program of Example 3.1. We write this program as the union of twoprograms P [ R, where P extends R:P : n interse
tion(Xs; Y s; Z)  member(Xs; Z); member(Y s; Z)R : ( member([ZjZs℄; Z)  member([X jZs℄; Z)  member(Zs; Z)with TabP[R = fmember=2g and S = finterse
tion(Xs; Y s; a)g. Then, Call(P [ R; S) =S [ fmember(Xs; a)g. As we already noted in Example 4.1, P [ R quasi-terminates w.r.t.TabP[R and S (the LG-forest for P [ R and S is shown in Figure 3). We 
an prove this in amodular way, by using Proposition 4.1:� R quasi-terminates w.r.t. fmember=2g and Call(P [ R; S).To prove that R quasi-terminates w.r.t. fmember=2g and fmember(Xs; a)g, we 
an applyTheorem 4.1. It 
an be easily veri�ed that R is quasi-a

eptable w.r.t. fmember=2g,fmember(Xs; a)g and the trivial level mapping (mapping everything to 0). (Note that alllevel mappings are �nitely partitioning on the set Call(R; fmember(Xs; a)g) \ BETabR =fmember(Xs; a)g, as this is a �nite set.)� Let j:j be the trivial level mapping (mapping everything to 0). As we already notedabove, j:j is �nitely partitioning on Call(P [ R; S) \ BEmember=2 = fmember(Xs; a)g.We 
onsider the 
lause of P . It is easy to see that jinterse
tion(Xs; Y s; a)j = 0 �0 = jmember(Xs; a)j, and jinterse
tion(Xs; Y s; a)j = 0 � 0 = jmember(Y s; a)j (notethat the 
omputed answer substitutions of the �rst body atom do not instantiate the se
ondbody atom). So, the se
ond 
ondition of Proposition 4.1 is also satis�ed.Hen
e we 
an 
on
lude that P [ R quasi-terminates w.r.t. S.16



The next proposition 
onsiders the spe
ial 
ase of two programs P and R, su
h that Pextends R and su
h that all the de�ned predi
ates in P are tabled.Proposition 4.2 Suppose P and R are two programs, su
h that P extends R, and su
h thatDefP � TabP . Let S � BEP[R. If� R quasi-terminates w.r.t. TabR and Call(P [ R; S),� there is a level mapping j:j on BEP su
h that for all A su
h that ~A 2 S, j:j is �nitelypartitioning on Call(P [ R; fAg)\ BETabP , and su
h that{ for every atom A su
h that ~A 2 Call(P [R; S){ for every 
lause H  B1; : : : ; Bn in P su
h that mgu(A;H) = � exists,{ for every 1 � i � n and for every LD-
.a.s. �i�1 in P [ R for  (B1; : : : ; Bi�1)�:jAj � jB��i�1 jthen, P [ R quasi-terminates w.r.t. TabP[R and S.Proof This is a dire
t 
orollary of Proposition 4.1 (every re
ursive predi
ate in P is de�nedin P and hen
e tabled). 2Finally, we 
onsider the 
ase of two programs P1 and P2 extending ea
h other.Proposition 4.3 Let P1; P2 be two programs su
h that P1 extends P2 and P2 extends P1. LetS � BEP1[P2. Suppose that� P1 quasi-terminates w.r.t. TabP1 and S \BEP1 ,� P2 quasi-terminates w.r.t. TabP2 and S \BEP2 ,then P1 [ P2 quasi-terminates w.r.t. TabP1[P2 and S.Proof Be
ause P1 extends P2 and P2 extends P1, Call(P1[ P2; S)\BEPi = Call(Pi; S \BEPi)for i = 1; 2. The proposition follows by de�nition of quasi-termination. 2Note that all the above modular termination 
onditions prove the quasi-termination ofP [R without 
onstru
ting a level mapping j:j su
h that P [R is quasi-a

eptable w.r.t. thislevel mapping j:j. We refer to the Appendix A where modular termination 
onditions for quasi-termination are given whi
h 
onstru
t (from simpler level mappings) a level mapping su
h thatP [ R is quasi-a

eptable w.r.t. this level mapping.5 LG-TerminationThe notion of quasi-termination only partially 
orresponds to our intuitive notion of a ter-minating exe
ution of a query against a tabled program. This notion only requires that theLG-forest 
onsists of only a �nite number of LG-trees, without in�nite bran
hes, yet these trees
an have in�nitely bran
hing nodes. In order to 
apture this sour
e of non-termination for atabled 
omputation, the following stronger notion is introdu
ed (see [10, De�nition 4.1℄ for thespe
ial 
ase where TabP = PredP ). 17



De�nition 5.1 (LG-termination) Let P be a program, TabP � PredP and S � BEP .P LG-terminates w.r.t. TabP and S i� for every atom A su
h that ~A 2 S, the LG-forest w.r.t.TabP for P [ f Ag 
onsists of a �nite number of �nite LG-trees.Also, P LG-terminates w.r.t. S i� P LG-terminates w.r.t. PredP and S.Example 5.1 As we already noted before, the program P of Example 3.1 doesn't LG-terminatew.r.t. fmember=2g and finterse
tion(Xs; Y s; a)g.Obviously, the notion of LG-termination is stronger than the notion of quasi-termination.Also, LD-termination implies LG-termination.Lemma 5.1 Let P be a program, TabP � PredP and S � BEP .If P LG-terminates w.r.t. TabP and S, then P quasi-terminates w.r.t. TabP and S.If P LD-terminates w.r.t. S, then P LG-terminates w.r.t. TabP and S.Proof The �rst statement is trivial by de�nition. For the se
ond statement, this is a 
orollaryof the following Proposition 5.1 with Tab1 = ; and Tab2 = TabP . 2Consider two tablings for a program P ; one with set of tabled predi
ates equal to Tab1 �PredP , the other with set of tabled predi
ates equal to Tab2 � PredP . Suppose Tab1 � Tab2(hen
e NTab1 � NTab2). The next proposition studies the relationship between the LG-termination of P w.r.t. these two tablings.Proposition 5.1 Let P be a program. Let PredP = Tab1 t NTab1 and PredP = Tab2 tNTab2. Suppose Tab1 � Tab2. Let S � BEP .If P LG-terminates w.r.t. Tab1 and S, then P LG-terminates w.r.t. Tab2 and S.Proof Let A be an atom su
h that ~A 2 S. Let F1 be the LG-forest w.r.t. Tab1 of P [f Agand let F2 be the LG-forest w.r.t.Tab2 of P[f Ag. We know that F1 
onsists of a �nitenumber of �nite LG-trees. So, ℄Call(P; fAg)< 1, hen
e, ℄(Call(P; fAg)\ BETab2) < 1and F2 
onsists of a �nite number of LG-trees. We prove that the LG-trees of F2 are�nite. Sin
e ea
h LG-tree in F2 
an be extended to obtain an LG-tree in F1, this followsfrom the �niteness of the LG-trees in F1. 2Note that this proposition does not hold for quasi-termination as is shown in the followingexample.Example 5.2 Re
all from Example 4.2 the following program P :8><>: p(a)p(f(X))  p(X); q(X)q(X)with S = fp(X)g. Let Tab1 = fp=1g (as in Example 4.2) and Tab2 = fp=1; q=1g. Then, Pquasi-terminates w.r.t. Tab1 and S (the LG-forest in this 
ase was shown in Figure 4). But,as is shown in Figure 6, P doesn't quasi-terminate w.r.t. Tab2 and S.The following lemma relates the notions of quasi-termination and LG-termination in a moredetailed way. By de�nition, quasi-termination only 
orresponds to part of the LG-terminationnotion; it fails to 
apture non-termination 
aused by an in�nitely bran
hing node in an LG-tree. Note that if an LG-forest 
ontains a tree with an in�nitely bran
hing node, then there is18



p(X)

p(X’) ,  q(X’)

 q(a) q(f(a)) q(f(f(a)))

X=f(X’)       X=a

       X’=a       X’=f(a)        X’=f(f(a)) ......

......q(f(a))q(a) q(f(f(a)))

Figure 6: The LG-forest for P [ f p(X)g w.r.t. Tab2an LG-tree in the forest whi
h is in�nitely bran
hing in a node whi
h 
ontains a goal with are
ursive, tabled atom at the leftmost position. This observation leads to the following lemma.Denote the set of tabled, re
ursive predi
ates in a program P with TRP :TRP = TabP \Re
P :Lemma 5.2 Let P be a program, TabP � PredP and S � BEP .P LG-terminates w.r.t. TabP and S i� P quasi-terminates w.r.t. TabP and S and for all A 2 Sthe set of (LD-)
omputed answers for atoms in Call(P; fAg)\BETRP is �nite.Proof ): Suppose P LG-terminates w.r.t. TabP and S. It is trivial to see that P quasi-terminates w.r.t. TabP and S. It is also easy to see that, sin
e, for every A su
h that~A 2 S, the LG-forest for P [ f Ag 
onsists of a �nite number of �nite trees, the set of
omputed answers for atoms in Call(P; fAg) is �nite.(: Suppose that P quasi-terminates w.r.t. TabP and S and for all A 2 S the set of(LD-)
omputed answers for atoms in Call(P; fAg) \ BETRP is �nite. We prove that PLG-terminates w.r.t. TabP and S. Let A be an atom su
h that ~A 2 S. We already knowthat the LG-forest F of P [f Ag 
onsists of a �nite number of LG-trees without in�nitebran
hes. We prove by 
ontradi
tion that these LG-trees are �nitely bran
hing. Supposethere is an LG-tree in F whi
h is in�nitely bran
hing. Then, there is an LG-tree in Fwith an in�nitely bran
hing node, whi
h 
ontains a query whi
h has a tabled, re
ursiveatom on the leftmost position. That is, there is an atom in Call(P; fAg)\BETRP whi
hhas in�nitely many 
omputed answers. This gives a 
ontradi
tion. 2It follows from the proof that, if P LG-terminates w.r.t. TabP and S, the set of 
omputedanswers for atoms in Call(P; fAg) is �nite for all A 2 S.5.1 Chara
terisation of LG-TerminationIn this subse
tion, we give a 
hara
terisation of LG-termination. First (Theorem 5.1), we will
hara
terise LG-termination of a program P in terms of quasi-termination of the program P a,whi
h is obtained by applying the answer-transformation (De�nition 5.2) on P . However, wewill also 
hara
terise LG-termination in a more dire
t way (Theorem 5.2).Lemma 5.2 of the previous subse
tion gives the intuition behind the answer-transformationof the following De�nition 5.2. The answer-transfor- mation forms the basis of the 
hara
terisa-tion of LG-termination in Theorem 5.1; LG-termination of a program P will be shown equiva-19



lent with quasi-termination of the program P a, obtained by applying the answer-transformationto P .De�nition 5.2 (a(nswer)-transformation) Let P be a program. The a-transformation isde�ned as follows:� For a 
lause C = H  B1; : : : ; Bn in P , we de�neCa = H  B1; B�1; : : : ; Bn; B�nwith B�i de�ned as follows (suppose Bi = p(t1; : : : ; tn)):if p ' Rel(H) and p 2 TabP , then B�i = pa(t1; : : : ; tn), where pa=n is a new predi
ate,else B�i = ;.Let TRaP = fpa=n j p=n 2 TRP g (re
all that TRP = TabP \Re
P ).� For the program P , we de�neP a = fCa j C 2 Pg[fpa(X1; : : : ; Xn) j pa=n 2 TRaP g:� The set of tabled predi
ates of the program P a is de�ned asTabPa = TabP [ TRaP :It is easy to see that Call(P; S) = Call(P a; S)\BEP . Also, if we denote with 
as(P; fp(t)g)the set of 
omputed answer substitutions of P [f p(t)g, then 
as(P; fp(t)g) = 
as(P a; fp(t)g)for all p(t) 2 BEP . It is important to note that, if we have a query p(t) 2 BETRP to the programP , then p(t)� is a 
omputed answer if pa(t)� 2 Call(P a; fp(t)g). This is in fa
t the mainpurpose of the transformation.We want to mention that a similar transformation, namely the solution-transformation, isintrodu
ed in [10, De�nition 4.2℄ in order to relate the 
on
epts of LG-termination and quasi-termination. But, as opposed to the answer-transformation, the solution-transformation intro-du
es mu
h more \overhead" in the sense that a 
lause C = H  B1; : : : ; Bn is transformedinto a 
lause Csol = H  B1; sol(B1); : : : ; Bn; sol(Bn) where sol=1 is a new tabled predi
ate.Noti
e that in 
ontrast, the answer-transformation only keeps tra
k of the 
omputed answersof re
ursive, tabled body atoms (and not of all body atoms).Example 5.3 Re
all the program P of Example 3.1, with TabP = fmember=2g.The a-transformation of P is the following program P a:8>>><>>>: interse
tion(Xs; Y s; Z)  member(Xs; Z); member(Ys; Z)member([ZjZs℄; Z)  member([X jZs℄; Z)  member(Zs; Z); membera(Zs; Z)membera(L; Z)  with TabPa = fmember=2; membera=2g.The following theorem is a generalisation of [10, Theorem 4.1℄ (there, the previously men-tioned solution-transformation of [10, De�nition 4.2℄ is used to relate LG-termination andquasi-termination in 
ase TabP = PredP ). 20



Theorem 5.1 (
hara
terisation of LG-termination in terms of quasi-termination)Let P be a program, TabP � PredP and S � BEP .P LG-terminates w.r.t. TabP and S i� P a quasi-terminates w.r.t. TabPa and S.Proof (: Suppose P a is quasi-terminating w.r.t. TabPa and S. Let A be an atom su
h that~A 2 S. Let F be the LG-forest w.r.t. TabP of P [ f Ag. We prove that F 
onsists ofa �nite number of �nite LG-trees.We know that the LG-forest Fa w.r.t. TabPa of P a [ f Ag is a �nite set of LG-trees,without in�nite bran
hes. It is easy to see that hen
e, F 
onsists also of a �nite numberof trees without in�nite bran
hes. We prove that the LG-trees in F are �nitely bran
hing.Suppose this is not the 
ase, i.e. there is an LG-tree in F whi
h is in�nitely bran
hing.Then, there is an LG-tree T in F whi
h is in�nitely bran
hing in a non-root node, whi
his a goal with leftmost atom p(t1; : : : ; tn), with p 2 TRP , whi
h is dire
tly des
endingfrom an atom q(s1; : : : ; sm), with p ' q, via a re
ursive 
lause C = q(u1; : : : ; um)  : : : ; p(v1; : : : ; vn); : : :. Let T a be the LG-tree in Fa 
orresponding to T . Note that the
lause Ca instead of C is used in T a. Be
ause of this, the atom on the right of p(t1; : : : ; tn)in the in�nitely bran
hing node is pa(t1; : : : ; tn). Thus, Fa 
onsists of a in�nite numberof LG-trees (there are an in�nite number of LG-trees with predi
ate pa in the root). Butthis gives a 
ontradi
tion.): Suppose P is LG-terminating w.r.t. TabP and S. Reasoning the other way around,we 
an prove that P a is quasi-terminating w.r.t. TabPa and S. 2Example 5.4 Re
all Example 5.3. The LG-forest of P [ f interse
tion(Xs; Y s; a)g w.r.t.TabP was shown in Figure 3. Note that the trees are in�nitely bran
hing; P doesn't LG-terminate w.r.t. TabP and finterse
tion(Xs; Y s; a)g.In Figure 7, the LG-forest of the program P a and finterse
tion(Xs; Y s; a)g w.r.t. TabPa isshown. Note that there are in�nitely many LG-trees in the forest; P a doesn't quasi-terminatew.r.t. TabPa and finterse
tion(Xs; Y s; a)g.
intersection(Xs,Ys,a)

member(Xs,a) , member(Ys,a)

member(Ys,a) member(Ys,a)

......

Ys=[a|Y1s]

Xs=[X,a|X1s]Xs=[a|X1s]

......
Ys=[Y,a|Y1s]

......
Ys=[Y,a|Y1s]

Ys=[a|Y1s]

......

member(Xs,a)

member(Xs’,a)

Xs=[a|X1s] Xs=[X|Xs’]

Xs’=[a|X1s] Xs’=[X,a|X1s] ......

, 

member  ([a|X1s],a)

member  (Xs’,a)

member  ([X,a|X1s],a)a

a

a ......

......member  ([a|X1s],a) member  ([X,a|X1s],a)a aFigure 7: The LG-forest for P a [ f interse
tion(Xs; Y s; a)g.Theorem 5.1 provides us with a 
hara
terisation of LG-termination of a program in termsof quasi-termination. That is, to prove LG-termination of P w.r.t. TabP and S, we have toprove quasi-termination of P a, the a-transformation of the program P , w.r.t. TabPa and S. To21



prove quasi-termination, it is suÆ
ient (and also ne
essary in 
ase the tabling is well-
hosen1)to prove the quasi-a

eptability of P a w.r.t. TabPa and S. However, the 
ondition of quasi-a

eptability on P a 
an be weakened; i.e. some of the de
reases \jAj � jBi��i�1j" need not be
he
ked be
ause they 
an always be ful�lled. In parti
ular, we only have to require the non-stri
t de
rease for re
ursive, tabled body atoms Bi (to obtain an LG-forest with only �nitelymany LG-trees) or for body atoms Bi of the form pa(t1; : : : ; tn) (to obtain LG-trees whi
h are�nitely bran
hing); the 
onditions on non-tabled predi
ates remain the same. The followingnotion of LG-a

eptability gives this optimised 
ondition for LG-termination of a program. So,instead of proving quasi-a

eptability of the program P a, we 
an prove LG-a

eptability of P(and this is a less strong 
ondition).De�nition 5.3 (LG-a

eptability) Let P be a program, TabP � PredP and S � BEP . P isLG-a

eptable w.r.t. TabP and S i�there is a level mapping j:j on BEPa su
h that for all A su
h that ~A 2 S, j:j is �nitely partitioningon Call(P a; fAg)\ BETRP[TRaP , and su
h that� for every atom A su
h that ~A 2 Call(P a; S),� for every 
lause H  B1; : : : ; Bn in P a, su
h that mgu(A;H) = � exists,� for every Bi su
h that Rel(Bi) ' Rel(H) or Rel(Bi) 2 TRaP ,� for every LD-
.a.s. �i�1 in P a for  (B1; : : : ; Bi�1)�:jAj � jBi��i�1jandjAj > jBi��i�1j if Rel(A) ' Rel(Bi) 2 NTabP andC2(Rel(A); Rel(Bi)) does not hold:Theorem 5.2 (
hara
terisation of LG-termination) Let P be a program, TabP � PredPand S � BEP .If P is LG-a

eptable w.r.t. TabP and S, then P LG-terminates w.r.t. TabP and S.If the tabling TabP is well-
hosen w.r.t. P , then also the 
onverse holds, i.e. P is LG-a

eptablew.r.t. TabP and S i� P LG-terminates w.r.t. TabP and S.Proof ): Suppose that P is LG-a

eptable w.r.t. TabP and S. We prove that P LG-terminates w.r.t. TabP and S.Let A be an atom su
h that ~A 2 S. Let F be the LG-forest w.r.t. TabP of P [ f Ag.We prove that F 
onsists of a �nite number of �nite LG-trees.� The LG-trees in F are �nitely bran
hing.Suppose this is not the 
ase, i.e. there is an LG-tree in F whi
h is in�nitely bran
h-ing. Then, there is an LG-tree T in F whi
h is in�nitely bran
hing in a non-rootnode, whi
h is a query with leftmost atom p(t1; : : : ; tn), with p 2 TRP , whi
h isdire
tly des
ending from an atom q(s1; : : : ; sm), with p ' q, via a re
ursive 
lauseC = q(u1; : : : ; um)  : : : ; p(v1; : : : ; vn); : : :. Now, 
onsider the LG-forest Fa ofP a[f Ag. Let T a be the LG-tree in Fa 
orresponding to T . Note that the 
lauseCa instead of C is used in T a. Be
ause of this, the atom on the right of p(t1; : : : ; tn)1note that if TabP is well-
hosen w.r.t. P , then also TabPa is well-
hosen w.r.t. Pa.22



in the in�nitely bran
hing node is pa(t1; : : : ; tn). Thus, Fa 
onsists of a in�nitenumber of LG-trees (there are an in�nite number of LG-trees with predi
ate pa inthe root). But, all these pa-atoms dire
tly des
end from the node q(s1; : : : ; sm) viathe 
lause Ca in P a and hen
e, be
ause of the LG-a

eptability 
ondition, theirvalue under the level mapping j:j is smaller or equal to jq(s1; : : : ; sm)j. Be
ause j:jis �nitely partitioning on Call(P a; fAg) \BETRaP , this gives a 
ontradi
tion.� F 
onsists of a �nite number of LG-trees, i.e. ℄(Call(P; fAg)\BETabP ) <1.Suppose this is not the 
ase. A �rst possible reason for an in�nite number of LG-trees in F is an in�nitely bran
hing LG-tree in F . But we already proved that thisdoes not o

ur. The other possibility is that there exists an in�nite LD-derivationof  A in P whi
h 
ontains an in�nite dire
ted subsequen
e, su
h that this in�nitedire
ted subsequen
e has a tail Gn; Gn+1; : : : with Gi = Ai;Bi, i � n, su
h thatf ~Ai j i � ng � BETabP is an in�nite set and Rel(Ai) ' Rel(Ai+1) for all i � n. So,f ~Ai j i � ng � BETRP . Sin
e ~Ai 2 Call(P; fAg)\BETRP � Call(P a; fAg)\BETRP[TRaP ,and sin
e j:j is �nitely partitioning on this set and jAij � jAi+1j for all i � n (bythe LG-a

eptability 
ondition), this gives a 
ontradi
tion.� The LG-trees in F have �nite bran
hes.The same argumentation as in the proof of Theorem 4.1 
an be applied here.(: Suppose that the tabling TabP is well-
hosen w.r.t. P and suppose that P LG-terminates w.r.t. TabP and S. We prove that there exists a level mapping j:j su
h thatP is LG-a

eptable w.r.t. TabP , S and this level mapping j:j.Sin
e P LG-terminates w.r.t. TabP and S, we know by Theorem 5.1 that P a quasi-terminates w.r.t. TabPa and S. Note that, sin
e TabP is well-
hosen w.r.t. P , TabPais well-
hosen w.r.t. P a. By Theorem 4.1, there exists a level mapping j:j su
h that P ais quasi-a

eptable w.r.t. TabPa, S and this level mapping j:j. It is straightforward toverify that P is LG-a

eptable w.r.t. TabP , S and this level mapping j:j restri
ted toBEP . (Note that, as we already dis
ussed in the beginning of this subse
tion, the levelmapping obtained in this way satis�es more 
onditions than required by the notion ofLG-a

eptability.) 2Example 5.5 Re
all the part of the grammar program (Se
tion 2) whi
h re
ognizes the lan-guage anb: R : 8><>: s(Si; So)  a(Si; S); S = [bjSo℄a(Si; So)  a(Si; S); a(S; So)a(Si; So)  Si = [ajSo℄with TabR = fa=2g. We show that R LG-terminates w.r.t. fa=2g and S = fs(si; So)gwhere si is a ground list 
onsisting of atoms and So is a variable. Consider the followinga-transformation, Ra, of R (TabRa = fa=2; aa=2g):Ra : 8>>><>>>: s(Si; So)  a(Si; S); S = [bjSo℄a(Si; So)  a(Si; S); aa(Si; S); a(S;So); aa(S; So)a(Si; So)  Si = [ajSo℄aa(Si; So)  When applying Theorem 5.2, we only have to 
onsider the se
ond 
lause of Ra. Note that,for all a(t1; t2) 2 Call(Ra; fs(si; S0)g), t1 is a sublist of si and t2 is a variable. Also, for23



all aa(v1; v2) 2 Call(Ra; fs(si; So)g), v1 is a sublist of si and v2 is a (stri
t) sublist of v1.Consider the trivial level mapping j:j (mapping everything to 0) on Call(Ra; fs(si; So)g) \BEfa=2;aa=2g. Sin
e this set is �nite, j:j is obviously �nitely partitioning on this set. R and S,together with j:j, satisfy the 
onditions of Theorem 5.2. Hen
e, R LG-terminates w.r.t. fa=2gand S.5.2 Modular Proofs for LG-TerminationSimilarly to Se
tion 4.2, we want to be able to obtain modular termination proofs for LG-termination of the union P [ R of two programs P and R, where P extends R. Note that,be
ause of Theorem 5.1, and be
ause (P [ R)a = P a [ Ra (if P extends R), we 
an usethe modular proofs for quasi-termination of Se
tion 4.2. However, as we already noted inSe
tion 5.1, we 
an give optimised 
onditions whi
h require less 
he
king for de
reases betweenthe values under the level mapping of the head and body atoms. Again we put for PredP[R =TabP[R tNTabP[RTabP = TabP[R \ PredP ; NTabP = NTabP[R \ PredP ;TabR = TabP[R \ PredR ; NTabR = NTabP[R \ PredR:The following propositions give modular 
onditions for LG-termination of P [R without usingTheorem 5.1.Proposition 5.2 Let P and R be two programs, su
h that P extends R. Let S � BEP[R. If� R LG-terminates w.r.t. TabR and Call(P [R; S),� there is a level mapping j:j on BEPa su
h that for all A su
h that ~A 2 S, j:j is �nitelypartitioning on Call(P a [ R; fAg)\BETRP[TRaP , and su
h that{ for every atom A su
h that ~A 2 Call(P a [ R; S),{ for every 
lause H  B1; : : : ; Bn in P a su
h that mgu(A;H) = � exists,{ for every Bi su
h that Rel(Bi) ' Rel(H) or Rel(Bi) 2 TRaP ,{ for every LD-
.a.s. �i�1 in P a [R for  (B1; : : : ; Bi�1)�:jAj � jBi��i�1jandjAj > jBi��i�1j if Rel(A) ' Rel(Bi) 2 NTabP andC2(Rel(A); Rel(Bi)) does not holdthen P [R LG-terminates w.r.t. TabP[R and S.Proof Let A be an atom su
h that ~A 2 S. Let F be the LG-forest w.r.t. TabP[R of P[R[f Ag. We prove that F 
onsists of a �nite number of �nite LG-trees.If A is de�ned in R, this follows from the fa
t that R LG-terminates w.r.t. TabR andCall(P[R; S). So, suppose that A is de�ned in P . The proof that F is �nitely bran
hing,F 
onsists of a �nite number of LG-trees and F 
ontains no trees with in�nite bran
hesis a simple adaptation of the proof of the if-dire
tion of Theorem 5.2 (the adaptation issimilar to the adaptation needed to transform the proof of the if-dire
tion of Theorem 4.1into a proof of Proposition 4.1). 224



Next, we 
onsider three spe
ial 
ases of Proposition 5.2. In Proposition 5.3, we 
onsiderthe 
ase in whi
h no de�ned predi
ate in P is tabled. In Proposition 5.4, we 
onsider the 
asein whi
h all de�ned predi
ates in P are tabled. Finally, in Proposition 5.5, we 
onsider the
ase of two programs extending ea
h other.Proposition 5.3 Let P and R be two programs, su
h that P extends R and su
h that DefP �NTabP . Let S � BEP[R. If� R LG-terminates w.r.t. TabR and Call(P [R; S),� there is a level mapping j:j on BEP su
h that{ for every atom A su
h that ~A 2 Call(P [R; S),{ for every 
lause H  B1; : : : ; Bn in P su
h that mgu(A;H) = � exists,{ for every Bi su
h that Rel(Bi) ' Rel(A),{ for every LD-
.a.s. �i�1 in P [R for  (B1; : : : ; Bi�1)�:jAj > jBi��i�1 jthen P [R LG-terminates w.r.t. TabP[R and S.Proof Be
ause no de�ned predi
ate in P is tabled, P a = P . Also, for all p; q 2 NTabP\DefPwith p ' q, C1(p; q) holds. The proposition follows then from Proposition 5.2. 2Example 5.6 Re
all program R of Example 5.5. Let P be the following program whi
h parsesthe language anb (see also Se
tion 2):P : 8>>><>>>: s(Si; So; P )  a(Si; S); S = [bjSo℄; P = spt(Pa; b); a(Si; S;Pa)a(Si; So; P )  a(Si; S); a(S;So); P = apt(P1; P2); a(Si; S;P1);a(S; So; P2)a(Si; So; P )  Si = [ajSo℄; P = aAs already noted, P extends R and the only tabled predi
ate in P [ R is a=2 { see Se
tion 2for why this tabling is suÆ
ient.Let S = fs(si; So; P )g where si is a ground list 
onsisting of atoms, and So, P are distin
tvariables. We show, by using Proposition 5.3, that P [R LG-terminates w.r.t. fa=2g and S.� R LG-terminates w.r.t. fa=2g and Call(P [R; S).Note that, if a(t1; t2) 2 Call(P[R; S), then either t1 is a sublist of si and t2 is a variable,or t1 and t2 are both sublists of si. In Example 5.5, we proved that R LG-terminatesw.r.t. this �rst kind of queries. To prove that R LG-terminates w.r.t. the se
ond kind ofqueries, we 
an again apply Theorem 5.2. Sin
e the proof is similar to the one given inExample 5.5, we omit it here.� Note �rst that, if a(t1; t2; P ) 2 Call(P [R; S), then t2 is a (stri
t) sublist of t1, t1 is asublist of si and P is a variable. Let j:j be the following level mapping on Call(P [R; S)\BEfa=3g: ja(t1; t2; P )j = k t1 kl � k t2 kl, where k kl is the list-length norm. Be
ause ofthe remark above, j:j is well-de�ned. Note that we only have to 
onsider the re
ursive
lause for a=3 in the analysis. 25



{ Consider the fourth body atom in the re
ursive 
lause for a=3. If this 
lause is 
alledwith a(ti; to; P ), with to a (stri
t) sublist of ti, then the fourth body atom is 
alled asa(ti; t; P1) where to is a (stri
t) sublist of t and t is a (stri
t) sublist of ti. Hen
e,ja(ti; to; P )j = k ti kl � k to kl > k ti kl � k t kl = ja(ti; t; P1)j.{ Consider the last body atom. If the re
ursive 
lause is 
alled with a(ti; to; P ), withto a (stri
t) sublist of ti, then the last body atom is 
alled as a(t; to; P2) whereto is a (stri
t) sublist of t and t is a (stri
t) sublist of ti. Hen
e, ja(ti; to; P )j =k ti kl � k to kl > k t kl � k to kl = ja(t; to; P2)j.We 
on
lude that P [ R and S satisfy the 
ondition of Proposition 5.3, so P [ R LG-terminates w.r.t. fa=2g and S.In the next proposition, a modular termination proof for the LG-termination of the unionP [ R is given, where P extends R and all de�ned predi
ates in P are tabled.Proposition 5.4 Let P and R be two programs, su
h that P extends R and su
h that DefP �TabP . Let S � BEP[R. If� R LG-terminates w.r.t. TabR and Call(P [R; S),� there is a level mapping j:j on BEPa su
h that for all A su
h that ~A 2 S, j:j is �nitelypartitioning on Call(P a [ R; fAg)\BETRP[TRaP , and su
h that{ for every atom A su
h that ~A 2 Call(P a [ R; S),{ for every 
lause H  B1; : : : ; Bn in P a su
h that mgu(A;H) = � exists,{ for every Bi su
h that Rel(Bi) ' Rel(H) or Rel(Bi) 2 TRaP ,{ for every LD-
.a.s. �i�1 in P a [R for  (B1; : : : ; Bi�1)�:jAj � jBi��i�1 jthen P [R LG-terminates w.r.t. TabP[R and S.Proof This is a dire
t 
orollary of Proposition 5.2 (every re
ursive predi
ate in P is de�nedin P and hen
e tabled). 2Finally, we 
onsider the 
ase of two programs P1 and P2 extending ea
h other.Proposition 5.5 Let P1; P2 be two programs su
h that P1 extends P2 and P2 extends P1. LetS � BEP1[P2. If� P1 LG-terminates w.r.t. TabP1 and S \ BEP1 ,� P2 LG-terminates w.r.t. TabP2 and S \ BEP2 ,then P1 [ P2 LG-terminates w.r.t. TabP1[P2 and S.Proof Be
ause P1 extends P2 and P2 extends P1, Call(P1[P2; S)\BEPi = Call(Pi; S \BEPi ),for i = 1; 2. The proposition follows then by de�nition of LG-termination. 226



6 Related Papers and Future WorkOur work is based on, and signi�
antly extends, the results of [10℄. In [10℄, the two notions of(universal) termination under tabled exe
ution, namely quasi-termination and LG-termination,are introdu
ed and 
hara
terised. As opposed to [10℄, where it is assumed that all predi
ates inthe program are tabled, we here 
onsider programs with a mix of tabled and Prolog exe
ution,thereby providing a termination framework for `real' tabled programs. We further extendthe appli
ability of this framework by presenting modular termination 
onditions: 
onditionsensuring termination of the union P [R of two programs P and R, where P extends R.Termination proofs for (S)LD-resolution (su
h as e.g. those surveyed in [7℄) are suÆ
ient toprove termination under a tabled exe
ution me
hanism, but, sin
e there are quasi-terminatingand LG-terminating programs, whi
h are not LD-terminating, more e�e
tive proof te
hniques
an and need to be found. Besides [10℄, there are only relatively few works studying terminationunder tabling. In the 
ontext of well-moded programs, [17℄ presents a suÆ
ient 
ondition for aprogram to have the bounded term-size property, whi
h implies LG-termination. [13℄ providesanother suÆ
ient 
ondition for quasi-termination in the 
ontext of fun
tional programming. Inparallel with the work reported on in this paper, an orthogonal extension of the work of [10℄was investigated in [19℄. Namely, in [19℄ the 
onstraint-based approa
h of [9℄ for automati
allyproving LD-termination was extended to the 
ase of quasi-termination and LG-termination.More spe
i�
ally, in the 
ontext of simply moded, well-typed programs and queries, suÆ
ient
onditions for quasi-termination and LG-termination (in the 
ase that TabP = PredP ) aregiven. These 
onditions allow reasoning fully at the 
lause level, 
ontrary to those in the
urrent paper whi
h are stated for sets of 
alls. An integration of these two extensions of [10℄is straightforward.A topi
 for future resear
h is to extend our results to normal logi
 programs exe
uted undera mix of Prolog and tabled exe
ution. Another, with an arguably more pra
ti
al 
avour, isto investigate how the termination 
onditions presented here 
an form the basis of a 
ompilerthat automati
ally de
ides on | or at least guides a programmer in 
hoosing | a tabling (i.e.a set of tabled predi
ates) for an input program su
h that quasi-termination of the program isensured.A
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A Constru
tion of the Level Mapping in a Modular Termina-tion ProofIn this appendix, we present modular proofs for the quasi-termination of the program P [ R,where P extends R, by 
onstru
ting a level mapping su
h that P [R is quasi-a

eptable w.r.t.this level mapping (see De�nition 4.3 and Theorem 4.1). These modular termination 
onditionsare of a similar nature as the ones in [4℄, where modular proofs are given for SLD-termination(i.e. termination under SLD-resolution w.r.t. all sele
tion rules) and LD-termination. First,we give some properties of �nitely partitioning level mappings.Lemma A.1 � Let P be a program and L � BEP . Let f; g : L ! IN be level mappings. Iff is �nitely partitioning on C � L, then f + g : L! IN : A 7! (f + g)(A) = f(A) + g(A)is �nitely partitioning on C.� Let P1; P2 be two programs and L1 � BEP1 , L2 � BEP2 . Let f1 : L1 ! IN and f2 : L2 ! INbe level mappings. If f1, resp. f2, are �nitely partitioning on C1 � L1, resp. C2 � L2,then m(f1; f2) : L1 [ L2 ! IN :A 7! m(f1; f2)(A) := 8><>: min(f1(A); f2(A)) ; A 2 L1 \ L2f1(A) ; A 2 L1 n L2f2(A) ; A 2 L2 n L1is �nitely partitioning on C1 [ C2.Proof � Let n 2 IN. We prove that ℄((f + g)�1(n) \ C) <1.(f + g)�1(n) \ C = fA 2 C j (f + g)(A) = ng� fA 2 C j f(A) � ng= S0�m�nfA 2 C j f(A) = mgand this last set is �nite.� Let n 2 IN. We prove that ℄(m(f1; f2)�1(n) \ (C1 [ C2)) < 1.m(f1; f2)�1(n) \ (C1 [ C2)= fA 2 C1 [ C2 j m(f1; f2)(A) = ng= fA 2 C1 n C2 j f1(A) = ng[fA 2 C2 n C2 j f2(A) = ng[fA 2 C1 \ C2 j min(f1(A); f2(A)) = ngIt is obvious that the �rst two sets in the union are �nite (f1 and f2 are �nitelypartitioning on C1, resp. C2). The third set fA 2 C1\C2 j min(f1(A); f2(A)) = ngis �nite, be
ause it is a subset of the �nite set fA 2 C1 \ C2 j f1(A) = ng [fA 2 C1 \ C2 j f2(A) = ng. 2We next give a modular termination 
ondition for the quasi-termination of P [ R whereP extends R, by 
onstru
ting a level mapping, from simpler ones, su
h that P [ R is quasi-a

eptable w.r.t. this level mapping. Noti
e that we 
onsider the same 
ase as in Proposition 4.1.Proposition A.1 Let P , R be two programs su
h that P extends R. Let S � BEP[R. If29



1. R is quasi-a

eptable w.r.t. TabR, Call(P [ R; S) and the level mapping lR, de�ned onBER and �nitely partitioning on Call(P [ R; S)\ BETabR,2. there is a level mapping lP de�ned on BEP n BER and �nitely partitioning on Call(P [R; S)\BETabP nTabR su
h that� for every atom A su
h that ~A 2 Call(P [R; S),� for every 
lause H  B1; : : : ; Bn in P , su
h that mgu(A;H) = � exists,� for every 1 � i � n su
h that Bi 2 BEP nBER and for every LD-
.a.s. �i�1 in P [Rfor  (B1; : : : ; Bi�1)�:lP (A) � lP (Bi��i�1)andlP (A) > lP (Bi��i�1) if Rel(A) ' Rel(Bi) 2 NTabP andC2(Rel(A); Rel(Bi)) does not hold;3. there exists a level mapping k : kP on BEP nBER su
h that� for every atom A su
h that ~A 2 Call(P [R; S),� for every 
lause H  B1; : : : ; Bn in P , su
h that mgu(A;H) = � exists,� for every 1 � i � n and every LD-
.a.s. �i�1 in P [R for  (B1; : : : ; Bi�1)�:k A kP� ( k Bi��i�1 kP ; Bi��i�1 2 BEP nBERlR(Bi��i�1) ; Bi��i�1 2 BERthen, for the following level mapping l de�ned on BEP[R and �nitely partitioning on Call(P [R; S)\ BETabP[R l(A) = ( lP (A)+ k A kP if A 2 BEP nBER ;lR(A) if A 2 BER ;P [ R is quasi-a

eptable w.r.t. TabP[R, S, and the level mapping l. Hen
e, P [ R quasi-terminates w.r.t. TabP[R and S.Proof Be
ause of Lemma A.1, l is �nitely partitioning on Call(P [ R; S) \ BETabP[R . Weprove that P [ R is quasi-a

eptable w.r.t. TabP[R, S and the level mapping l (seeDe�nition 4.3).Let A be an atom su
h that ~A 2 Call(P[R; S). Let H  B1; : : : ; Bn be a 
lause of P[Rsu
h thatmgu(A;H) = � exists. Let �i�1 be an LD-
.a.s. in P[R for (B1; : : : ; Bi�1)�.There are two 
ases to 
onsider:� A is de�ned in R, l(A) = lR(A).Then, be
ause of 
ondition 1 in the proposition statement, lR(A) � lR(Bi��i�1)(note that be
ause P extends R, for a 
lause H  B1; : : : ; Bn in R andmgu(A;H) =�, an LD-
.a.s. in P [ R for  (B1; : : : ; Bi�1)� is the same as an LD-
.a.s. for  (B1; : : : ; Bi�1)� in R only). Sin
e A;Bi��i�1 2 BER , l(A) = lR(A) � lR(Bi��i�1) =l(Bi��i�1). In 
ase Rel(A) ' Rel(Bi) 2 NTabR and C2(Rel(A); Rel(Bi)) doesn'thold, l(A) = lR(A) > lR(Bi��i�1) = l(Bi��i�1).30



� A is de�ned in P , l(A) = lP (A)+ k A kP .{ Bi 2 BER , l(Bi��i�1) = lR(Bi��i�1).Be
ause of 
ondition 3 in the proposition statement, k A kP � lR(Bi��i�1).Hen
e, l(A) = lP (A)+ k A kP � lR(Bi��i�1) = l(Bi��i�1).Note that in this 
ase we always have thatRel(A) 6' Rel(Bi) (be
ause P extendsR).{ Bi 2 BEP nBER , l(Bi��i�1) = lP (Bi��i�1)+ k Bi��i�1 kP .Be
ause of 
ondition 2 in the proposition statement, lP (A) � lP (Bi��i�1). Andbe
ause of 
ondition 3, k A kP � k Bi��i�1 kP . Hen
e, lP (A)+ k A kP� lP (Bi��i�1)+ k Bi��i�1 kP . In 
ase Rel(A) ' Rel(Bi) 2 NTabP andC2(Rel(A); Rel(Bi)) doesn't hold, we have that lP (A) > lP (Bi��i�1), hen
elP (A)+ k A kP > lP (Bi��i�1)+ k Bi��i�1 kP .In ea
h 
ase, we 
on
lude that l(A) � l(Bi��i�1) and that, in 
ase Rel(A) ' Rel(Bi) 2NTabP[R and C2(Rel(A); Rel(Bi)) doesn't hold, l(A) > l(Bi��i�1). 2The next proposition 
onsiders the spe
ial 
ase in whi
h two programs P1 and P2 extendea
h other (this is the same 
ase as 
onsidered in Proposition 4.3).Proposition A.2 Let P1; P2 be programs su
h that P1 extends P2 and P2 extends P1. LetS � BEP1[P2. Suppose that1. P1 is quasi-a

eptable w.r.t. TabP1, S\BEP1 and a level mapping l1 on BEP1 whi
h is �nitelypartitioning on Call(P1; S \ BEP1) \BETabP1 ,2. P2 is quasi-a

eptable w.r.t. TabP2, S\BEP2 and a level mapping l2 on BEP2 whi
h is �nitelypartitioning on Call(P2; S \ BEP2) \BETabP2 ,then m(l1; l2) (see Lemma A.1) is a �nitely partitioning level mapping on Call(P1 [ P2; S) \BETabP1[P2 , and P1 [ P2 is quasi-a

eptable w.r.t. TabP1[P2, S and m(l1; l2). Hen
e, P1 [ P2quasi-terminates w.r.t. TabP1[P2 and S.Proof Note that, be
ause P1 extends P2 and vi
e versa, Call(P1[P2; S)\BEPi = Call(Pi; S\BEPi), i 2 f1; 2g. By Lemma A.1, m(l1; l2) is �nitely partitioning on Call(P1 [ P2; S) \BETabP1[P2 . Also, if H  B1; : : : ; Bn is a 
lause in Pi and mgu(A;H) = �, then anLD-
.a.s. in Pi for  (B1; : : : ; Bi�1)� is an LD-
.a.s. in Pi [ Pj (fi; jg = f1; 2g) for (B1; : : : ; Bi�1)� and vi
e versa. Then it dire
tly follows that P1[P2 is quasi-a

eptablew.r.t. TabP1[P2 , S and m(l1; l2). 2Modular proofs for the LG-termination of P [ R, whi
h 
onstru
t an appropriate levelmapping su
h that P [R is LG-a

eptable w.r.t. this level mapping, 
an be found in the sameway as in the above Propositions A.1 and A.2 for quasi-termination. We omit the details here.31


