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AbstractSeveral learning systems, such as systems based on clusteringand instance based learning, use a measure of distance betweenobjects. Good measures of distance exist when objects are de-scribed by a �xed set of attributes as in attribute value learners.More recent learning systems however, use a �rst order logic rep-resentation. These systems represent objects as models or clauses.This paper develops a general framework for distances betweensuch objects and reports a preliminary evaluation.
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1 IntroductionIn learning systems based on clustering (e.g. TIC [3], KBG [1]) and in in-stance based learning (e.g. [10, ch.4], RIBL [8]), a measure of the distancebetween objects is an essential component. Good measures exist for distancesbetween objects in an attribute value representation (see e.g. [10, ch. 4]).Recently there is a growing interest in using more expressive �rst order rep-resentations of objects and in upgrading propositional learning systems into�rst order learning systems (e.g. TILDE [2], ICL [5] and CLAUDIEN [4]).The upgrading of clustering and instance based learning systems requires todevelop a measure for the distance between �rst order objects, either de-scribed as clauses or as models of �rst order theories.Some proposals for distance measures between atoms and clauses exists(e.g. [12] and [9]). They use Hausdor� metrics to extend distances betweenatoms into distances between sets of atoms (clauses or models). This hastwo drawbacks. Firstly, the value of the Hausdor� metric depends verymuch on the most extreme value in both sets. Secondly, the similarity due tooccurrences of the same subterm (constant, variables, ...) in di�erent atoms ofthe same clause has no in
uence on the value. Other authors (e.g. [8], [1]) userather ad-hoc measures of similarity which do not comply with all axioms ofa distance, in particular with the triangle axiom (d(x; z) � d(x; y)+ d(y; z)).Attribute value systems also allow to compute a prototype [10, ch. 4]of a set of similar objects. A prototype is an object such that the sumof (or the sum of squares of) the distances between each object and theprototype is minimal. So far this notion has not been upgraded to �rst orderrepresentations.In this paper we develop a framework for distances between clauses anddistances between models. The framework can be parametrised by a meas-ure for the distance between atoms. It is general enough to be applied bothfor distances between clauses and distances between models. It takes intoaccount subterms common to distinct atoms of a set of atoms in the measure-ment of the distance between sets. Moreover, for a constant number of vari-ables, the complexity of the distance computation is polynomially boundedby the size of the objects. Initial experiments show that the framework canbe the basis of good clustering algorithms.We recall some basic concepts about distances, prototypes, logic and 
ownetworks in section 2. In section 3 we give some distance functions betweensets of unlabeled elements which will be useful in further sections. In section4 we recall some distances between atoms. We also propose some prototypefunctions for some of these distances. In section 5, we brie
y discuss theHausdor� distance. Next, we propose a framework that is a generalisationof three polynomial time computable similarity measures proposed by Eiterand Mannila. We also introduce another instance of this framework which isa distance, while still polynomially computable. We also de�ne a normaliseddistance on sets. We instantiate the general schema with a distance between1



sets of atoms (either clauses or models) in section 6. Section 7 contains someresults from initial experiments. We end with a brief discussion in section 8.2 PreliminariesDe�nition 1 (distance) Given a set of objects O, a distance function d(also called a metric) is a mapping O�O! IR such that for all x, y, z 2 O:1. d(x; y) � 0 and d(x; y) = 0, x = y,2. d(x; y) = d(y; x) (symmetry),3. d(x; z) � d(x; y) + d(y; z) (triangle inequality).Example 1 (Manhattan and Euclidian distance) Let x = (x1; : : : ; xn);y = (y1; : : : ; yn) be elements of the n-dimensional Euclidian space En. Withc1; : : : ; cn some positive real constants (weights), the (weighted) manhattandistance (dm) and the (weighted) euclidian distance (de) are de�ned as: dm(x; y) =Pni=1 cijxi � yij and de(x; y) = (Pni=1 ci(xi � yi)2)1=2.De�nition 2 (prototype) Let S = fo1; : : : ; ong with oi 2 O. p is an pro-totype (also called an euclidian prototype) of S in O for the distance d i�p 2 O and Pni=1 d(p; oi)2 = minx2OPni=1 d(x; oi)2. A function Pd : 2O ! Ois a general prototype function (also called an euclidian general prototypefunction) for d if it maps each set of objects on a prototype for it. A functionPd : O�O! O is a binary prototype function (also called an euclidian bin-ary prototype function) for d if it maps each set of two objects on a prototypefor it.De�nition 3 (manhattan prototype) Let S = fo1; : : : ; ong with oi 2 O.p is a manhattan prototype of S in O for the distance d i� p 2 O andPni=1 d(p; oi) = minx2OPni=1 d(x; oi). A function Pd : 2O ! O is a generalmanhattan prototype function for d if it maps each set of objects on a pro-totype for it. A function Pd : O � O ! O is a binary manhattan prototypefunction for d if it maps each set of two objects on a prototype for it.We also recall some preliminaries from logic. We consider terms builtfrom an enumerable set V of variables, a set C of constants, and a set F offunctors with arity > 0. A term is either a variable, a constant or of the formf(t1; : : : ; tn) with f=n a functor of arity n and t1; : : : ; tn terms. An atom isof the form p(t1; : : : ; tn) with p=n an n-ary predicate symbol and t1; : : : ; tnterms. A literal is an atom or its negation. A clause is a set of literals. Amodel is a set of atoms. We denote the set of all terms (ground terms) by T(Tg). The sets of all atoms (ground atoms) is denoted by A (Ag).The lgg (Least General Generalisation) and lss (Least Speci�c Specialisa-tion) of two atoms A and B are de�ned as follows: lgg(A;B) = G i� G � Aand G � B and 8L; L � A and L � B : L � G. lss(A;B) = S i� A � Sand B � S and 8L;A � L and B � L : S � L.2



De�nition 4 (renaming substitution) A renaming substitution is a sub-stitution of the form fx1 ! y1; : : : ; xn ! yng such that fx1; : : : ; xng is apermutation of fy1; : : : ; yng.Next, we recall some special binary relations.De�nition 5 A relation f � A�B between two sets A and B is a surjectionif 8(a; b); (c; d) 2 f : (a = c ) b = d) and 8b 2 B; 9a 2 A : (a; b) 2 f(Fig. 1). A surjection f between A and B is fair if 8x; y 2 B : jjf�1fxgj �jf�1fygjj � 1, so f maps the elements of A on elements of B as evenly aspossible. A linking f � A � B is a relation such that 8a 2 A; 9b 2 B :(a; b) 2 f and 8b 2 B; 9a 2 A : (a; b) 2 f , so all elements of A are associatedwith at least one of B and vice versa. A matching f between A and B is arelation such that 8(a; b); (c; d) 2 f : (a = c, b = d), so each element of Ais associated with at most one element of B and vice versa.
A surjection A fair surjection A linking A matchingFigure 1: Examples of relations between two sets.Finally, we recall some de�nitions on transport networks from [15]De�nition 6 (indegree and outdegree) If (V;E) is a graph and v 2 V ,then degin(v) = #fx 2 V j(x; v) 2 Eg and degout(v) = #fx 2 V j(v; x) 2 EgDe�nition 7 (transport network) N(V;E; cap; s; t) is a called a trans-port network i� (V;E) is a loop-free connected graph with s; t 2 V , degin(s) =0, degout(t) = 0 and cap is a function cap : E ! IR+.De�nition 8 (weighted transport network) N(V;E; cap; s; t; w) is a calleda weighted transport network i� (V;E) is a loop-free connected graph withs; t 2 V , degin(s) = 0, degout(t) = 0, cap is a function cap : E ! IR+ and wis a function w : E ! IR+.We say a transport network is also a weighted transport network (forw = 1)De�nition 9 (
ow) If N(V;E; cap; s; t; w) is a weighted transport network,then a function f from E to IR is a 
ow for N i�� 8e 2 E : f(e) � cap(e)� 8v 2 V n fs; tg : Pu2V f(v; u) = Pu2V f(u; v) (if there is no edge(v; u) 2 E, then f(v; u) = 0). This is called the continuity property.3



De�nition 10 (value of a 
ow) If f is a 
ow for N(V;E; cap; s; t; w), thenval(f) = Pv2V f(s; v) is called the value of fDe�nition 11 (weight of a 
ow) if N(V;E; cap; s; t; w) is a transport net-work, and f is a 
ow for N , then the weight of f is w(f) = Pe2E w(e):f(e).De�nition 12 (maximal 
ow minimal weight 
ow) If N(V;E; cap; s; t; w)is a transport network, and f is a 
ow for N , then f is called a maximal
ow if for all 
ows f 0 for N , val(f 0) � val(f). f is called a maximal 
owminimal weight 
ow i� for all maximal 
ows f 0 for N , w(f 0) � w(f).In [11] the following theorem is proved:Theorem 1 If N(V;E; cap; s; t; w) is an integer 
ow network (i.e. 8u8v :cap(u; v) 2 IN), then there is an integer maximal 
ow minimal weight 
ow ffor N (i.e. 8u8v : f(u; v) 2 IN)3 Distances between sets of unlabeled ele-mentsDe�nition 13 (measure) Let U be a universe. A measure is a functionc : 2U ! IR such that 8X 2 2U : c(X) � 0 ^ (c(X) = 0 , X = fg) and8Xi � 2U : (8i; j : Xi \Xj = �)) Pi#Xi = #([iXi).In what follows we assume that we have chosen some universe U andmeasure c.De�nition 14 Given two sets A and B, their symmetric di�erence A�B isde�ned by A�B = (A nB) [ (B n A). We also de�ne �c(A;B) = c(A�B).Lemma 1 The following property holds:c(A [ B) = [c(A) + c(B) + c(A�B)]=2Proof:We have c(A [ B) = c((A nB) [B)= c(A nB) + c(B)and c(A [ B) = c((B n A) [ A)= c(B n A) + c(A)4
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CFigure 2: Figure for the proof of theorem 3from which we derivec(A [ B) = [c(B n A) + c(A) + c(A nB) + c(B)]=2= [c(A) + c(B) + (c(B nA) + c(A nB))]=2= [c(A) + c(B) + c(A�B)]=2This proves the lemma. 2Theorem 2 �c is a distance on 2U .Proof:We prove that for all A, B and C, �c(A;B) + �c(B;C) � �c(A;C):�c(A;C) = c((A n C) [ (C n A))= c(A n C) + c(C n A)= c((A n C) nB) + c((A nC) \ B) + c((C n A) nB) + c((C n A) \B)= c((A n C) nB) + c((A \B) n C) + c((C n A) nB) + c((C \ B) n A)� c(A nB) + c(B n C) + c(C nB) + c(B n A)= �c(A;B) + �c(B;C) 2De�nition 15 We de�ne �c;n(A;B) = �c(A;B)c(A[B) .Theorem 3 �c;n is a distance on 2U .Proof:We assume that a, b, c, d, e, f and g are abbreviations for the measures ofthe parts of the sets as in �gure 2, i.e. a = c((AnB)nC), b = c((A\B)nC),etc. We know all those numbers are positive.�c;n(A;B) + �c;n(B;C) = c(A nB) + c(B n A)c(A [ B) + c(B n C) + c(C nB)c(B [ C)= a+ d+ c+ fa + b+ c+ d+ e + f + b+ c+ d+ gb + c+ d+ e+ f + g5



� a+ fa + b+ e + f + b+ gb + e+ f + g� a+ fa + b+ e + f + g + b+ gb+ e + f + g + a= a+ f + b + ga + b+ e + f + g� a + f + b+ ga + b+ d+ e+ f + g= �c;n(A;C)This proves the theorem 2Theorem 4 Given six positive real numbers x, y, z, dxy, dyz and dzx suchthat jx � yj � dxy � x + y, jy � zj � dyz � y + z, jz � xj � dzx � z + x,dxy + dyz � dxz, dyz + dzx � dyx, dzx + dxy � dzy, then one can constructa measure c and three sets A, B and C such that c(A) = x, c(B) = y,c(C) = z, c(A�B) = dxy, c(B�C) = dyz and c(C�A) = dzx.Proof: Using the same letters as in the proof of theorem 3, we have:8>>>>>>>><>>>>>>>>:
a+ b + d+ e = xb+ c + e+ f = yd+ e+ f + g = za+ d+ c+ f = dxya + b+ f + g = dzxb+ c+ d+ g = dyz (1)And we have to �nd a solution such that a, b, c, d, e, f and g are positive.Combining some equations we get2b + 2e = x + y � dxy2f + 2e = y + z � dyz2d+ 2e = z + x� dzxWe chose e = 12 minfx + y � dxy; y + z � dyz; z + x � dzxg. Without loss ofgenerality we can suppose that e = 12(x + y � dxy), 2e � y + z � dyz and2e � z + x� dzx, from which we can conclude b = 0, f � 0 and g � 0. Ourconstraints (1) simplify to2a+ 2d = x� y + dxy2c+ 2f = y � x+ dxy2d+ 2f + 2g = 2z � x� y + dxy2f = z � dyz � x+ dxy2d = z � dzx � y + dxy2e = x+ y � dxy2b = 06



Now we have already f � 0, d � 0, e � 0, b � 0. Substituting f and d inthe �rst three equations, we get 2a+ z � dzx = x2c+ z � dyz = y�dzx � dyz + dxy + 2g = 0from which we see that also a, c and g are positive.This proves the theorem. 24 Distances between atomsNienhuys-Cheng [12] de�nes a distance on Eg, the set of ground expressionsDe�nition 16 (dnc;g) The distance dnc;g is a function dnc;g : Eg � Eg ! IR,such that1. dnc;g(e; e) = 02. p=m 6= q=n) dnc;g(p(s1; : : : ; sm); q(t1; : : : ; tn)) = 13. dnc(p(s1; : : : ; sn); p(t1; : : : ; tn)) = 12nPni=1wp=n;idnc;g(si; ti) with nXi=1wp=n;i <1.We extend this to a distance function which can also handle non-groundexpressions:De�nition 17 The distance dnc is a function dnc : E � E ! IR, such that1. dnc(e1; e2) = dnc;g(e1; e2) i� e1; e2 2 Eg.2. dnc(p(s1; : : : ; sn); X) = d(X; p(s1; : : : ; sn)) = 1 with X a variable oridenti�er.3. dnc(X; Y ) = 1 and d(X;X) = 0 for all X 6= Y with X and Y variablesor identi�ers.It is straightforward to adapt the proof of [12] that dnc;g is a distance to dnc;g.Observe that dnc and dnc;g are bounded: 0 � dnc � 1.We also de�ne a general manhattan prototype function Pdnc for dnc.Therefor we de�ne a function Pdnc;h which takes as input a set S of expres-sions and returns a prototype of S for dnc and the sum of distances betweenthe prototypes and the elements of S.function Pdnc;h(S : multiset of expressions)7



� fS1; : : : ; Skg is partition of S in multisets of expressions thesame top level functor. Let Si = fti;1; : : : ; ti;mig� for all i 2 f1; : : : ; kg do{ f=n = functor(ti;1){ for j = 1::n do� Ai;j = the multiset of elements t=[j] such that t 2 Si.� Let (ti;j; Di;j) = Pnc;h(Ai;j){ ti = f(ti;1; : : : ; ti;ai){ Di = #S �#Si + 12n Paj=1Di;j� Let I be such that DI = mini=1;:::;kDi.� return (tI ; DI +D)The execution time of this function is at most linear in the sum of thedescription lengths of the objects. Setting Pdnc = tI with Pdnc;h = (tI ; DI)gives a good prototype function.Hutchinson [9] starts with de�ning a size for substitutions:De�nition 18 A real-valued function S on substitutions is called a size i�� for all substitutions �, S(�) � 0.� S(�) = 0 with � the identity substitution.� for any terms u, v and w: if �ab, �bc and �ac are substitutions such thata�ab = b, a�ac = c and b�bc = c, then S(�ac) � S(�ab) + S(�bc) andS(�bc) � S(�ac)� if u and v are terms that can be uni�ed, �us; �vs, are substitutions suchthat u�us = s and v�vs = s, and if g = lgg(u; v) and �gu; �gv aremost general substitutions such that g�gu = u, g�gv = v, then S(�gu) +S(�gv) � S(�us) + S(�vs).Given positive weights wf=n for all functors f=n, Set S(�) = Pfwf=nj9x(x isa variable and f=n occurs in x�)g. Based on this size, he de�nes a distancefunction between atoms:De�nition 19 dah;S(u; v) = S(�u) + S(�v) with �u and �v substitutions suchthat g�u = u and g�v = v with g = lgg(u; v).We extend this result with a binary prototype function for dah;S.De�nition 20 (Pdah) Pdah is a function Pdah : E�E ! E such that Pdah(u; v) =lgg(u; v).One can show that Pdah(u; v) is a binary manhattan prototype for fu; vgfor the distance dah;S for any size S.In [14], a third distance is de�ned, which can be seen as an extension to[12]. 8



5 Distances between sets of pointsThe Hausdor� distance. Well known is the Hausdor� distance (e.g.[12]). Given X, a set of points, and d, a distance function between points,dh : 2X � 2X ! IR is de�ned as:dh(A;B) = max�maxa2A (minfd(a; b)jb 2 Bg) ;maxb2B (minfd(a; b)ja 2 Ag)�While this function has all the properties of a distance function, it doesnot take into account much information about the points in the sets (it isdetermined by the distance of the most distant element of both sets to thenearest neighbour in the other set). Therefore, it is not very well suited forapplications in �rst order logic, where it is plausible that two sets of atomsthat di�er only (but perhaps very strongly) in one atom are very similar. Soit is very desirable to have a better distance function.Manhattan distances based on optimal mappings. Eiter and Man-nila [7] discuss a family of Manhattan measures between sets which we canformulate as instances of the following scheme:d�(A;B) = minr2m�(A;B)8<:24 X(x;y)2r d(x; y)35+ #(B n r(A)) + #(A n r�1(B))2 :M9=;where m� is a function that maps each pair (A;B) 2 2X � 2X to a relationbetween A and B (a subset of A�B), M is a constant (representing a largeor the maximal distance between 2 points), r(A) = fbj(a; b) 2 r ^ a 2 Ag,and r�1 = f(b; a)j(a; b) 2 rg.This means that one sums the distances of the pairs of elements whichare in r and adds a penalty M=2 for each element that does not match withan element from the other set.The authors discuss three instantiations:� m� = ms with ms(A;B) the set of all surjections from the larger of Aand B to the smaller of A and B (surjection-measure ds).� m� = msf with mfs(A;B) the set of all fair surjections from the largerof A and B to the smaller of A and B (fair surjection-measure dfs).� m� = ml withml(A;B) the set of all linkings between A andB (linking-measure dl).They show that these measures can be evaluated in polynomial time, butare not distance functions (the triangle inequality is violated). Using match-ings (m� = mm with mm(A;B) the set of all matchings between A and B)one obtains another instantiation for which we prove in [13] the followingtheorems: 9
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Figure 3: triangle inequality for matchings-distanceTheorem 5 dm(A;B) is a distance function.Proof: dm(X; Y ) = 0, X = Y follows trivially from the de�nition andthe fact that d is a good distance.dm(X; Y ) = dm(Y;X) follows trivially from the de�nition.There only remains to prove that dm(A;C) � dm(A;B)+dm(B;C). Giventhree object sets A;B;C 2 2X . Let mAB be an optimal matching1 betweenA and B and mBC be an optimal matching between B and C. Sodm(A;B) = 24 X(x;y)2mAB(B) d(x; y)35+ #(A nm�1AB(B)) + #(B nmAB(A))2 :M(2)dm(B;C) = 24 X(x;y)2mBC (B) d(x; y)35+ #(B nm�1BC(C)) + #(C nmBC(B))2 :M(3)Let A0 = A n m�1AB(B), C0 = C n mBC(B), BAC = mAB(A) \ m�1BC(C),BA = mAB(A) nBAC , BC = m�1BC(C) nBAC , B0 = B n (BAC [BA [BC) (seeFig. 3).We have from (2) and (3)dm(A;B) = 24 X(x;y)2mAB d(x; y)35+ #B0 +#BC +#A02 :M (4)dm(B;C) = 24 X(x;y)2mBC d(x; y)35+ #B0 +#BA +#C02 :M (5)Let mAC = mBC � mAB. This is a matching between A and C. Thenm�1AC(C) = m�1AB(BAC) and mAC(A) = mBC(BAC). As the optimal matching1the matching which minimises the formula10



is at least as good, we havedm(A;C) � 24 X(x;z)2mAC d(x; z)35 + #(A nm�1AC(C)) + #(C nmAC(A))2 :M� 24 X(x;z)2mAC d(x; z)35 + (#BA +#A0) + (#BC +#C0)2 :Md(x; z) � d(x;mAB(x)) + d(mAB(x); mAC(x)) as z = mAC(x) and d is adistance. Thusdm(A;C) � Xx2m�1AC(C)[d(x;mAB(x)) + d(mAB(x); mAC(x))]+#BA +#A0 +#BC +#C02 :MNow #BA+#A0+#BC +#C0 � #BA+#B0+#C0+#BC +#B0+#A0,sodm(A;C) � Xx2m�1AC(C)[d(x;mAB(x)) + d(mAB(x); mAC(x))]+#BA +#B0 +#C0 +#BC +#B0 +#A02 :M� 264 Xx2m�1AC(C) d(x;mAB(x))375 + #BC +#B0 +#A02 :M+ 264 Xx2m�1AC(C) d(mAB(x); mAC(x))375 + #BA +#B0 +#C0+2 :M� 264 Xx2m�1AB(B) d(x;mAB(x))375 + #BC +#B0 +#A02 :M+ 264 Xx2m�1BC(C) d(mBC(x); mAC(x))375+ #BA +#B0 +#C0+2 :M� dm(A;B) + dm(B;C)This proves the theorem. 2Theorem 6 If the time to compute the distance between two points is boundedby a constant, then the time to compute dm(A;B) is bounded by a polynomialin the sum of the sizes of A and B.Proof: Since d can be computed in unit time, we can compute alld(a; b) for a 2 A; b 2 B in time O(#(A)#(B)). Let A = fa1; : : : ; amg andB = fb1; : : : ; bng We can construct a graph G = (V;E) such that V =11
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ow problem from s to t in G: from theorem 1 we know thatsome solution of an integer network problem is an integer 
ow. Through each(s; ai) and each (bi; t) 
ows exactly one unit. Each 
ow corresponds with amatching from A to B. If a unit 
ows from ai to bi a weight d(ai; bi) is addedto the weight of the 
ow. If a unit 
ows from ai to b� (or from a� to bi),ai (bi) is not matched with any element of B (A) and M=2 is added to theweight of the 
ow. Note that the maximal 
ow is equal to (#(A) + #(B)).The minimal weight maximal 
ow problem is a well-known problem fromgraph theory (see e.g. [11] and can be solved in polynomial time. This provesthe theorem. 2Proposition 1 If d(a; b) is invariant for renaming substitutions i.e. d(a; b) =d(a�r; b�r) for all atoms a and b and for all renaming substitutions �r thendm(A;B) is invariant for renaming substitutions.We can develop also a similar scheme for Euclidian measures (the squareof the distances between elements in the relation m is used). Our result alsoholds for this scheme. 12



Normalised matching distances. In some applications it is desirable towork with distances in the interval [0; 1]. Having a distance between pointswhich is in this interval, one can obtain such a distance between sets of points.M can be set to 1 when d(x; y) is bounded by 1 and the general formula fordistances between sets can be simpli�ed into:dm(A;B) = X(x;y)2mAB d(x; y) + #(B nmAB(A)) + #(A nmBA(B))2where mBA = m�1AB` and mAB is the matching which results in the minimalvalue.We de�nedm;n(A;B) = 2P(a;b)2mAB d(a; b) + #A +#B � 2#mABP(a;b)2mAB d(a; b) + #A+#B �#mABif #A +#B > 0 and dm;n(fg; fg) = 0.Theorem 7 dm;n is a good distance, bounded from above by 1.Proof:Wemust prove that given three setsX, Y and Z, dm;n(X; Y )+dm;n(Y; Z) �dm;n(X;Z).Now let x = #X, y = #Y , z = #Z, dxy = 2:dm(X; Y ), dyz = 2:dm(Y; Z)and dzx = 2:dm(Z;X). One can verify that x, y, z, dxy, dyz and dzx satisfy theconditions of theorem 4, so we can �nd sets A, B and C such that c(A) =#X, c(B) = #Y , c(C) = #Z, c(A�B) = dxy = 2:dm(X; Y ), c(B�C) =2:dm(Y; Z) and c(C�A) = 2:dm(Z;X).We have �c;n(A;B) = c(A�B)c(A [ B)applying lemma 1 we get�c;n(A;B) = 2:dm(X; Y )[c(A) + c(B) + c(A�B)]=2 :Replacing c(A), c(B) and c(A�B) by #X, #Y and 2:dm(X; Y ), we get�c;n(A;B) = 2:dm(X; Y )[#X +#Y + 2:dm(X; Y )]=2We �ll in the de�nition of dm:�c;n(A;B) = 2P(a;b)2mXY d(a; b) + #X +#Y � 2#mXY[#X +#Y + 2P(a;b)2mXY d(a; b) + #X +#Y � 2#mXY ]=2from which we see �c;n(A;B) = dm;n(X; Y )13



Similary, we have �c;n(B;C) = dm;n(Y; Z) and �c;n(A;C) = dm;n(X;Z).We know from theorem 3 that �c;n is a distance, so�c;n(A;B) + �c;n(B;C) � �c;n(A;C)from which we can conclude the needed triangle inequality. This proves thetheorem. 2Proposition 2 If d(a; b) is invariant for renaming substitutions then dm;n(A;B)is invariant for renaming substitutions.Generalisation We now generalise the notion of matching distance using
ow networks. This also solves some problems that might arise when compar-ing sets of di�erent sizes. This is achieved by making it possible to normalisethe 
ow through the objects.De�nition 21 (Weighting function) A weighting function W for X is afunction that maps each object A 2 2X to a function W [A] : A! IR.De�nition 22 (Size under weighting function) The size of an object A 22X under a weighting function W is Pa2AW [A](a)Example 2 The function W1 with W1[A] = f(a; 1=#A)ja 2 Ag is a weight-ing function such that the size of all objects A 2 X under this weightingfunction is 1.De�nition 23 (distance network) Given a set X, a distance d on X,a constant M , and a weighting function W for X. Then for all A;B 22X with A = fa1; : : : ; amg and B = fb1; : : : ; bng, if Q � Pni=1W [A](bi) +Pni=1W [B](ai), we de�ne a distance network between A and B for d, Mand W in X to be N [X; d;M;W;A;B] = N(V;E; cap; s; t; w) with V = A [B [ fs; t; a�; b�g, E = (fsg � (A [ fa�g)) [ ((B [ fb�g) � ftg) [ ((A [fa�g) � (B [ fb�g)), 8a 2 A; 8b 2 B : w(s; a) = w(b; t) = w(s; a�) =w(b�; t) = w(a�; b�) = 0^w(a; b) = d(a; b)^w(a�; b) = w(a; b�) = M=2 and8a 2 A; 8b 2 B : cap(s; a) = W [A](a) ^ cap(b; t) = W [B](b) ^ cap(s; a�) =Q�Pmi=1W [A](ai)^cap(b�; t) = Q�Pnj=1W [B](bj)^cap(a; b) = cap(a�; b) =cap(a; b�) = 1 ^ cap(a�; b�) =1.Proposition 3 The weight of a maximal 
ow minimal weight 
ow of a dis-tance network does not depend on Q.De�nition 24 (net
ow distance) Given a set X, a distance d on X, aconstant M , and a weighting function W for X. Then for all A;B 2 2X , wede�ne the net
ow distance from A to B under d, M and W in X, denoteddNX;d;M;W (A;B), to be the weight of the minimal weight maximal 
ow problemfrom s to t in N [X; d;M;W;A;B]. 14



Notation 1 We use Xi2f1::m;�g expri to denote mXi=1 expri + expr�Theorem 8 The net
ow distance satis�es all properties of a distance.Proof: We denote dNX;d;M;W by dN . We use the notations used in de�n-ition 23 We prove the three needed properties:� dN(A;A) = 0.If B = A then ai = bi and d(ai; bi) = 0. So if we let the 
ow consist of
ows from s to ai (or a�) to bi (or b�) to t, then this 
ow has weight 0.� dN(A;B) = dN(B;A).This follows from the fact that the solution of a minimal weight max-imal 
ow problem has the same weight as the solution obtained withthe source and sink are reversed.� dN(A;B) + dN(B;C) � d(A;C)We can see that dN(A;B) + dN(B;C) is the weight of the solution ofthe minimal weight maximal 
ow problem in �gure 5. Also, d(A;C) isthe weight of the solution of the minimal weight maximal 
ow problemin �gure 6 We now prove that for each 
ow f1 for �gure 5, there existsa 
ow f2 for �gure 6 that has the same total 
ow and weight which issmaller or equal.Suppose we have a 
ow for �gure 5. Then, let{ f2(s�; a�i ) = f1(s; ai), f2(s�; a��) = f1(s; a�), f2(b�i ; t�) = f1(bi; t)and f2(b��; t�) = f1(b�; t).{ for j = 1::n;�, TBj = Pi2f1::m;�g f1(ai; bj) = Pk2f1::r;�g f1(bj; ck)The equality Pi2f1::m;�g f1(ai; bj) = Pk2f1::r;�g f1(b0j; ck) holds be-cause for j = 1::n: Pi2f1::m;�g f1(ai; bj) = f1(bj; r) = cap(bj ; r) =W [B](bj) = cap(r; b0j) = f1(r; b0j)Pk2f1::r;�g f1(b0j; ck) and becausePi2f1::m;�g f1(ai; bj) = f1(bj; r) = cap(bj; r) = Q� Xj=1::nW [B](bj) =cap(r; b0j) = f1(r; b0j) Xk2f1::r;�g f1(b0j; ck) (one can prove that theedges (bj; r) and (r; b0j) must be saturated (f1(bj; r) = cap(bj ; r))in this graph for a manimal 
ow.{ f2(a�i ; c�k) = Pj2f1::n;�g f1(ai;bj):f1(bj ;ck)TBjWe can verify that f2 is a 
ow for the network in �gure 6. The leasttrivial part of this is the continuity in a�i and c�k. For a�i is:Xu f2(u; a�i )�Xu f2(a�i ; u) = f2(s�; a�i )� Xk2f1::r;�g f2(a�i ; c�k)= f1(s; ai)� Xk2f1::r;�g Xj2f1::n;�g f1(ai; bj):f1(bj; ck)TBj15



= f1(s; ai)� Xj2f1::n;�g f1(ai; bj):Pk2f1::r;�g f1(bj; ck)TBj= f1(s; ai)� Xj2f1::n;�g f1(ai; bj)= 0The continuity in c�k can be veri�ed similarly.We can also see that f2 is a maximal 
ow.The only thing that remains to be proved is that the weight of f2 issmaller than the weight of f1.We havew(f2) = Xi2f1::m;�g Xk2f1::r;�g f2(a�i ; c�k)w(a�i ; c�k)= Xi2f1::m;�g Xk2f1::r;�g Xj2f1::n;�g f1(ai; bj):f1(bj; ck)TBj w(a�i ; c�k)(since w(a�i ; c�k) = d(a�i ; c�k) � w(ai; bj) + w(bj; ck) = w(ai; bj) + w(bj; ck))� Xi2f1::m;�g Xk2f1::r;�g Xj2f1::n;�g f1(ai; bj):f1(bj; ck)TBj [w(ai; bj) + w(bj; ck)]= Xi2f1::m;�g Xk2f1::r;�g Xj2f1::n;�g f1(ai; bj):f1(bj; ck)TBj w(ai; bj)+ Xi2f1::m;�g Xk2f1::r;�g Xj2f1::n;�g f1(ai; bj):f1(bj; ck)TBj w(bj; ck)= Xi2f1::m;�g Xj2f1::n;�g f1(ai; bj)w(ai; bj) + Xk2f1::r;�g Xj2f1::n;�g f1(bj; ck)w(bj; ck)= Xi2f1::m;�g Xj2f1::n;�g f1(ai; bj)w(ai; bj) + Xk2f1::r;�g Xj2f1::n;�g f1(bj; ck)w(bj; ck)= w(f1)This proves the theorem. 26 Distances between sets of atomsIn the previous section, we developed functions for measuring the distancebetween two sets of points which, contrary to the Hausdor� distance, returna value which depends on all points in the two sets. In our application ofinterests, our \points" are atoms and the sets are either clauses or models.Simply taking an existing distance function between atoms and applying thedistance functions of the previous section is not what we aim at as it ignoresthe similarity between di�erent atoms in a set.16
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Figure 5: Network for dN(A;B) + dN(B;C)
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Figure 6: Network for dN(A;C)Example 3 Let A = fr(xt1; xc1); p(xt1; x); q(xc1; x)g, B = fr(xt2; xc2); p(xt2; y); q(xc2; y)gand C = fr(xt4; xc3); p(xt3; y); q(xc1; v)g be sets of atoms. Applying any ofthe distance functions of the previous section, one obtains d(A;B) = d(A;C).However, A is, up to renaming, equivalent to B while di�erent from C. Notethat A and B are renamings of lgg(A;B), while A is not a renaming oflgg(A;C).We want to adjust the distance functions of the previous sections with afactor accounting for the recurrence of terms in di�erent atoms of the sameset. Our approach is to generalise the two sets so that their distance becomessmaller, to add factors accounting for the complexity of the substitutionsneeded to return to the original set and to set the cost of a renaming to 0.In what follows, dm is the distance function between sets of atoms basedon a distance function d between atoms, e.g. as de�ned in the previous sec-tion. Let � be a set of substitutions, and let cost : S ! IR be a function on�. A family of potential distances between sets of atoms A and B is:d�cost(A;B) = min�a;�b2�;X;Y 2A dm(X; Y ) + cost(�a) + cost(�b)where A = X�a, B = Y �b. 17



With appropriate choices for � and cost one can obtain that d�cost is adistance function2. However we have to be careful to obtain computationallyfeasible solutions (we want to measure the distance between models consistingof hundreds of atoms). We should somehow limit the number of generalisa-tions and thus the class of candidate substitutions. In the following we givean example of how this can be doneOne possible choice which is in agreement with the intuitions sketched inexample 3 is to allow only renaming substitutions.Restricting the substitutions to �r, the set of all renaming substitutions,and setting the cost of substitutions to 0, we obtain a function which, asdesired, returns 0 for sets of atoms which are equivalent up to a renaming ofthe variables.Theorem 9 If dm is invariant under renaming substitutions, thend�r0 (A;B) = min�a;�b2�r;X;Y 2A dm(X; Y ) where A = X�a, B = Y �bis a distance function on sets of atoms.Proof: Note that the inverse of a renaming substitution is a renamingsubstitution and that the composition of two renaming substitutions is alsoa renaming substitution. To prove the triangle inequality, we have to prove:d�r0 (A;C) � d�r0 (A;B) + d�r0 (B;C).Let AB = A��1ab and BA = B��1ba be the sets of atoms used to computed�r0 (A;B) and BC = B��1bc and CB = C��1cb be the sets of atoms used to com-pute d�r0 (B;C) i.e. d�r0 (A;B) = dm(AB; BA) and d�r0 (B;C) = dm(BC ; CB).Let AC = AB�baand CA = CB�bc. We have:d�r0 (A;C) � dm(AC ; CA) = dm(AB�ba; CB�bc) by de�nition of d�r0 (1)dm(AB�ba; CB�bc) � dm(AB�ba; B) + dm(B;CB�bc) because dm is distance (2)Now dm(AB�ba; B) = dm(AB�ba; B��1ba �ba) because ��1ba �ba = �= dm(AB�ba; BA�ba) = dm(AB; BA) because dm is invariant under renaming= d�r0 (A;B)Similarly: dm(B;CB�bc) = d�r0 (B;C).Combining this with (1) and (2) gives:d�r0 (A;C) � d�r0 (A;B) + d�r0 (B;C). 2Example 4 Let A = fr(xt1; xc1); p(xt1; x); q(xc1; x)g andC = fr(xt4; xc3); p(xt3; y); q(xc1; v)g. The distance is minimal withX = fr(xt; xc); p(xt; x); q(xc; x)g and Y = fr(xt; xc); p(xt3; x); q(xc; y)g. Xand Y di�er on one position in the p atom and one position in the q atom,so the distance will be non-zero.7 Results in practiceWe present some preliminary empirical results for relational instance basedlearning using d�r0 .2With only the empty substitution in � and with zero cost function we obtain dm.18



7.1 MutagenesisAs a �rst experiment, we did simple instance based learning on the mutagen-esis database [16]. Using a 9-nearest-neighbours method, we tried to predictthe classes of all examples. In a �rst (propositional) experiment using onlythe numerical attributes lumo and logp in an euclidian distance, 77% of theexamples was predicted correctly. Next, we performed the same experimentwith only structural data (so we didn't make use of the numerical attributeslumo and logp). As instance of our scheme we used the manhattan, unnorm-alised, matching distance with renaming substitutions based on the distancednc from [12] between atoms. We obtained 83%. This is signi�cantly betterthan what we obtained using the propositional data (the logp and lumo at-tributes) that correlates very well with mutagenicity. This shows that ourdistance performs well on pure structural data.7.2 DiterpenesThe diterpene database is described in [6], where also some experimentalresults with FOIL, RIBL, TILDE and ICL are reported. This are all classi-�cation systems (which make use of information that assigns a class to eachexample in the training set during the building of the decision tree).TIC is a clustering system based on TILDE. Clustering does not makeuse of class information during the building of the decision tree (See also[3] for more information on evaluating clustering trees via prediction). TICuses a distance measure for choosing the best tests. Unfortunately, untilnow only euclidian distances (on the propositional part of the data) couldbe used. Using a �rst order measure much better results can be reached.We extended TIC such that our new distances can be used. We used for theatom-level a manhattan distance on the components of the atoms. For thesecond level, we used the distance based on matchings (dm) as well as thesimilarity measures dl and ds from [7]. The deterpenes database does notcontain variables, so we do not need a third level for our distance.The following table summarises the results we obtained: The �rst columngives the system used, the second gives the results using only the attribute-value part of the data and the third gives the results using all data.We see that, for the second level the distance dm performs better thanthe similarity measures ds and dl.This result obtained by TIC which doesn't use class information is com-parable to that of good classi�cation systems which do use class informationduring the induction of the tree. It also shows that the use of a �rst or-der distance measure is superior to attribute-value measures, and that it ispossible to construct distance measures for �rst order models which performwell in practice.
19



System Propositional First orderFOIL 70.1% 78.3%RIBL 79.0% 91.2%TILDE 78.5% 90.4%ICL 79.1% 86.0%TIC 78.2%TIC - matchings (dm) 84.8%TIC - linkings (dl) 77.6%TIC - surjections (ds) 79.3%8 DiscussionWe developed a scheme for distances between clauses in three levels. Onthe �rst level one chooses a distance between atoms, e.g. [9], [12] or [14].The second level upgrades this distance to a distance between sets of atoms.We developed a scheme for similarity between sets of points and an instancewhich is a real distance function, computable in polynomial time. Multiplevariants are possible. We developed also a prototype function for sets ofpoints.Next, in the third level, we developed a variant which takes into accountthe \similarity" of the matched \points", i.e. of the matched atoms in setsof atoms and their common subterms.We did clustering experiments using instances of this scheme, i.e. distancefunctions between models. We obtained promising results, much better thanwhen data are represented in an attribute value setting, and comparable toother �rst-order learners.In further work, more experiments could be done to investigate the ap-plications of the given framework. Also, we can investigate the use of thedistance in [14] in this framework.AcknowledgementsMaurice Bruynooghe is supported by the Fund of Scienti�c Research, Flanders.This work is supported by the European community Esprit project no. 20237,Inductive Logic Programming 2.References[1] G. Bisson. Conceptual clustering in a �rst order logic representation. InProceedings of the 10th European Conference on Arti�cial Intelligence,pages 458{462. John Wiley & Sons, 1992.[2] H. Blockeel and L. De Raedt. Top-down induction of �rst order logicaldecision trees. Arti�cial Intelligence, 101(1-2):285{297, June 1998.20
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